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Abstract

Over the past three decades, there have been great advances in the burgeoning field
of quantum information science, from the proposal of quantum key distribution that
holds the promise of unconditionally secure communication, to quantum teleportation
that harnesses entanglement to achieve communication that was previously confined
to the realm of science fiction. Most of these possibilities were not foreseen before the
union of quantum mechanics and the conventional information theory. The remarkable
achievements emerged alongside the recognition that ultimate limits, such as the no-
go theorem on noiseless linear amplification and the no-cloning theorem, exist on the
performance of quantum devices. In practice, limited experimental resources also pose
critical constraints on the benefits one can obtain from quantum mechanical systems
over their classical counterparts.

In this thesis, we introduce various post-selection-based continuous variable (CV)
quantum information protocols, showing that the aforementioned limitations can be
efficiently surmounted by forgoing determinism. We demonstrate quantum informa-
tion tasks with a finite success probability that would otherwise be impossible deter-
ministically. Moreover, we showcase that the inclusion of such post-selection obviates
the requirement for highly non-classical resources in a variety of quantum information
processings–when benchmarked on the same criterion.

First, we heuristically study the properties of the post-selection filter that was origi-
nally proposed to emulate a noiseless linear amplifier (NLA). In particular, two equiva-
lent implementations of NLA, i.e. the measurement-based NLA and the physical NLA,
are investigated and compared in terms to their abilities to preserve the Gaussianity
of an arbitrary input state and their success probability. The link between these two
amplifiers is further clarified by integrating them into a measure-and-prepare setup.
We conclude that the equivalence between the measurement-based and the physical
approaches holds valid only when the effective parameters–the amplification gain, the
cut-off, and the amplitude of the input state–are taken into account. We provide one
concrete application of the measurement-based NLA as a 1-to-infinity cloner with fi-
delity surpassing its quantum limit.

The first application of the post-selection filter is concerned with quantum amplifi-
cation. The noise properties of deterministic phase-insensitive amplifiers are discussed,
whereby the signal to noise ratio inevitably degrades in compliance with the Heisenberg
uncertainty principle. We demonstrate a noise-reduced quantum amplifier that circum-
vents this noise penalty at the expense of finite success probability. Here a measurement-
based NLA is profitably combined with a deterministic linear amplifier, making it pos-
sible for the signal-to-noise ratio of an incoming optical signal to be enhanced phase
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insensitively. The concatenation of the two amplifiers introduces the flexibility that al-
lows one to tune between the regimes of high-gain or high noise-reduction, and control
the trade-off between these performances and a finite heralding probability. We report
amplification with a signal transfer coefficient of Ts > 1 with no distortion of the output
state. By partially relaxing the demand of output Gaussianity, we can obtain further im-
provement to achieve a Ts = 2.55±0.08 with an amplification gain of 10.54. In addition,
we construct a quantum cloning machine based on this hybrid linear amplifier for ar-
bitrary coherent input states. We demonstrate the production of multiple clones (up to
five) with fidelity of each clone consistently exceeding the corresponding the no-cloning
limit.

Furthermore, we consider employing the post-selection algorithm in more general
quantum information protocols where nonlinearities are involved. To this end, we de-
velop two squeezers as optical parametric amplifiers, each producing fairly pure (best
purity of 1.12) squeezed output up to 11 dB. We describe in detail the considerations
made when designing the exact configuration of the squeezers. We experimentally char-
acterize the pump threshold, escape efficiency, and the phase noise in presence of our
system and conclude that the squeezers are capable of producing a high-magnitude of
squeezing where the ultimate limit resides in the available optical coating techniques.

Additionally, we engineer a post-selection-based high-fidelity quantum squeezing
gate. Such a squeezing gate is an indispensable building block for constructing a
universal CV quantum computer. In comparison to the conventional squeezing gate,
post-selection leads to a significant enhancement in fidelity regardless of the input
state. Unity fidelity, that would require infinitely squeezed sources in the conventional
scheme, now can be achieved with a modest level of ancillary squeezing. In particular,
we report a squeezing fidelity of 98.49% for a target squeezing of−2.3dB, achieved with
−6 dB of squeezed ancilla. This result would be impossible conventionally even if an
infinitely squeezed state was at our disposal.

Finally, we propose and experimentally demonstrate a heralded CV quantum tele-
porter. Several appealing features of our teleportation scheme are analyzed. Firstly,
as opposed to the conventional teleportation, high fidelity does not necessarily re-
quire highly squeezed resources. More remarkably, unity fidelity, that is conventionally
unattainable, is achievable with imperfect EPR correlation. Secondly, our teleporter has
the potential to resolve one of the long-standing problems of CV quantum teleportation:
all existing experiments are confined to table-top demonstrations (a maximum of 30 m).
This limit is ascribed to the fact that CV entanglement is extremely vulnerable to loss
and noise. Thanks to the post-selection, our heralded teleporter works in analogy to
an error-corrected channel able to compensate any loss incurred on the receiver’s sta-
tion. Unity fidelity is attainable regardless of the channel transmission, rendering the
teleporter more resilient to channel imperfections. Thirdly, our teleporter, when oper-
ates in the non-unity gain regime, provides access to the operational region where the
signal transfer coefficient Tq > 2. This is forbidden conventionally in compliance with
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the Heisenberg uncertainty principle. By employing the current teleportation scheme,
telecloning and tele-amplification can be achieved with fidelity surpassing the corre-
sponding quantum limit. We anticipate it to have numerous applications in quantum
communication and computation, such as long-distance quantum networks and dis-
tributed quantum computation.
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Chapter 1

Introduction

The discoveries of superposition and entanglement have spurred new perspectives for
defining, encoding, manipulating, and transmitting information, which in turn has fos-
tered a deeper understanding of the often counter-intuitive nature of quantum physics.
These advances have given rise to an intriguing research field called quantum infor-
mation, which lies at the intersection of quantum physics and conventional informa-
tion theory. The unique properties of quantum mechanical systems are harnessed to
realize information tasks that have no classical analogue [1, 2, 3, 4]. Its supremacy is
evidenced in absolutely secure quantum communication [5, 6, 7, 8, 9], exemplified by
quantum key distribution, that is otherwise impossible classically and also in quan-
tum computation that has significantly higher operational speed over its classical coun-
terpart [10, 11, 12, 13, 14, 15, 16]. Nevertheless, these appealing possibilities come at
the price of fundamental limits, that in some scenarios, pose undesirable bounds on
the performance of the quantum technologies. One such example is the well-known
quantum no-cloning theorem incurred due to the linearity and unitarity of quantum
mechanics [17]. It states that an unknown quantum state cannot be duplicated with
arbitrarily high accuracy. The physics underlying such limitations resides in the argu-
ment that in principle one cannot carry out pefectly accurate measurement simultane-
ously on non-commuting observables or conjugate quadratures of an electromagnetic
field [18, 19, 20]. However, post-selection was proposed recently as a way to overcome
these limits [21, 22]: it was demonstrated that in various quantum information tasks,
the fundamental quantum limits can be overcome by renouncing determinism. By em-
ploying conditional operations, the performance of quantum information systems can
be enhanced substantially without requiring a corresponding increase in physical quan-
tum resources. As such for resource intensive information tasks, the exploitation of
post-selection allows one to really profit in practice from quantum supremacy. This
thesis explicitly investigates post-selection as a novel approach to enhance the perfor-
mance of continuous-variable (CV) quantum information processing. In particular, we
explore the versatile applications of this post-selection algorithm, including entangle-
ment distillation, noiseless amplification, quantum cloning, quantum computation and
quantum teleportation. We envisage post-selection will become a useful component of
the conventional Gaussian toolbox and hence be of great interest in continuous variable
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2 Introduction

quantum information and quantum metrology.

Part Ⅰ

Introduction

Refined Gaussian Toolbox and

Generation of Squeezed Resource 

Theoretical Quantum Optics

and Experimental Techniques

Squeezing and Entanglement

Generation

Post-Selective CV

Quantum Information Protocols

Conclusions

Inverse Gaussian

Post-Selection Filter

Part Ⅱ

Hybrid Linear Amplifier

and its Applications

High-fidelity 

Quantum Teleportation

In-line Squeezing Gate

Figure 1.1: Thesis plans.

As illustrated in Fig. 1.1, this thesis comprises two main parts. In Part I, we first
introduce some of the basic elements in the Gaussian toolbox for CV quantum informa-
tion processing. We present the filter function that is used throughout the thesis and the
construction of two squeezers that provide the nonlinear resources for some of the work
in this thesis.

More specifically, we present in chapter 2 some of the fundamental light fields and
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basic Gaussian operations that are relevant to the work in this thesis. In addition, we
review briefly the quasi-probability distribution of these light fields.

Some experimental techniques that have been frequently used in the experiments
during my PhD study are briefly discussed in chapter 3. In particular, we describe
in detail the phasor diagram and sideband picture of various quantum states. We also
analyze the outcome of the most commonly used Gaussian measurement, i.e. the homo-
dyne measurement, and show how to extract error signals from the homodyne output
to implement relative phase locking. Another frequently used locking technique, the
Pound-Drever-Hall locking, is introduced as well.

We present, in chapter 4, an overview of a post-selection filter function that possesses
an inverse Gaussian profile. This filter function serves as a crucial element in the second
part of this thesis and provides a powerful tool to refine the aforementioned Gaussian
toolbox. We examine thoroughly the behavior of this post-selection filter with respect to
various figure of merits.

Finally, in chapter 5, we present how we designed and built a pair of doubly-
resonant squeezers where squeezed vacuum is produced through optical parametric
amplification. These squeezers provide the premier nonlinear resource for the work
presented in the second part of this thesis. What follows in this chapter is a thorough
characterization of the performance of the squeezers and the experimental results of our
squeezing generation.

The second part of this thesis is concerned with applications of the filter function in
various quantum communication and computation protocols.

As a concrete example to verify how the filter function can be utilized to facilitate
quantum communication, we propose in chapter 6 a hybrid linear amplifier that con-
catenates a deterministic linear amplifier and a measurement-based noiseless linear am-
plifier. We experimentally demonstrate that this hybrid linear amplifier overcomes the
inevitable degradation of signal-to-noise ratio (SNR) of a deterministic phase-insensitive
linear amplifier. In particular, we report an SNR enhancement up to 4 dB with an am-
plitude gain of 10.54, equivalent to a power gain of 111.09. It is the first experimental
demonstration of optical phase-insensitive amplification with enhanced signal-to-noise
ratio with only linear optics. Moreover, we extend the amplification scheme to realize
quantum cloning of arbitrary coherent states with unprecedented fidelity that signifi-
cantly surpasses the no-cloning limit.

Chapters 7 and 8 provide, respectively, the theoretical modelling and experimen-
tal demonstration of a universal squeezing gate (SG). Thanks to the inclusion of post-
selection, our SG is able to obtain high output fidelity without the conventional neces-
sity of highly squeezed ancilla. Unity fidelity, that is impossible deterministically, is
achievable via our SG scheme.

In chapter 9, we propose a heralded high-fidelity quantum teleportation protocol,
which obviates two technical hurdles of the conventional teleporter. Firstly, near-unit
fidelity is achievable via our scheme with a modest magnitude of squeezing that would



4 Introduction

otherwise require perfect EPR correlation (equivalent to infinite squeezing) in a conven-
tional CV teleporter. Secondly, our heralded teleporter is capable of correcting loss on
the receiver’s station: regardless of the channel transmission, unit fidelity is always ob-
tainable at the expense of reduced success probability. The teleporter becomes resilient
to channel loss and hence the distance of teleportation can be extended to arbitrary
lengths.

Finally, the main results of this thesis are summarized in chapter 10, where we pro-
vide an outlook on future projects in light of the work presented in this thesis.

A large portion of the content of this thesis has been published in, or submitted to
international peer-reviewed journals or conference proceedings. The following is a list
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Chapter 2

Theoretical Quantum Optics

This chapter provides an overview of some fundamental knowledge about quantum
optics that constitutes the theoretical basis of this thesis. In particular, we describe
briefly the quantization of the electromagnetic field which leads to the invention of
the creation and annihilation operators. We also introduce the quadrature operators
that are extensively used to characterize a quantum light field. Various optical states
that are related to the work in this thesis are presented. The final section is concerned
with the quasi-probability representations for these states, among which we focus our-
selves on the Wigner function and the Husimi Q function. Further details on a com-
prehensive description of quantum optics theory can be found in many textbooks, such
as [23, 24, 25, 26].

2.1 Fundamental Quantum Optical Fields

2.1.1 Quantization of Electromagnetic Field

The classical behaviour of an electromagnetic field can be elegantly described by the
Maxwell’s equations, whereby the electric field that is restricted to a certain volume of
space is given by [24]

E(r, t) = i
∑
k

(
}ωk
2ε0

)1/2 [
αkuk(r)e−iωkt − α∗ku∗k(r)eiωkt

]
. (2.1)

Here the normalization factor (}ωk/2ε0)1/2 is chosen such that the Fourier amplitudes
αk and α∗k are dimensionless, where ωk refers to the mode angular frequency, } the
reduced Plank constant and ε0 the free space permittivity. The vector mode functions
uk form a base set for expanding the electric field and their exact expression depends on
the boundary condition of the volume under consideration. The fact that these vector
modes are non-interacting and orthogonal simplifies the analysis of the overall electric
field. Because each mode is independent of one another, the full statistical description
of the entire electromagnetic field can be treated as product of the distribution function
for each individual mode. Consequently, the corresponding total energy, namely the

7



8 Theoretical Quantum Optics

Hamiltonian, of the electromagnetic field can be derived

H =
1

2

∫
(ε0E

2 + µ0H
2)dr =

∑
k

}ωk
(
α∗kαk +

1

2

)
, (2.2)

where H and µ0 denote the magnetic field and the magnetic permeability of free space
respectively.

Quantization of the electromagnetic field is then accomplished by transforming the
complex amplitudes αk and α∗k into a pair of mutually adjoint operators âk and â†k
known as the creation and annihilation operators of the electromagnetic field. Note
that âk and â†k should satisfy the boson commutation relations,[

âk, â
†
k′

]
= δkk′ , [âk, âk′ ] =

[
â†k, â

†
k′

]
= 0, (2.3)

due to the fact that photons are bosons. The quantized electromagnetic field can be
expressed in terms of the creation and annihilation operators

E(r, t) = i
∑
k

(
}ωk
2ε0

)1/2 (
âke
−iωkt − â†ke

iωkt
)
. (2.4)

Accordingly, the Hamiltonian in Eq. (2.2) now becomes

Ĥ =
∑
k

}ωk
(
â†kâk +

1

2

)
, (2.5)

which is the sum of energy in each mode k with respect to the number of photons con-
tained in the mode and the vacuum fluctuation 1/2}ωk. This represents the intrinsically
unavoidable noise associated with all measurements that is imposed by quantum me-
chanics and is often termed the quantum noise limit. Equation (2.5) implies that the elec-
tromagnetic field can be regarded as an ensemble of modes, each representing a simple
harmonic oscillator.

Quantization of the electromagnetic field also gives rise to a particularly intriguing
quantum state: the Fock state or photon number state, |nk〉, being the eigenstate of the
quantized Hamiltonian Ĥ in (2.5). Here, nk denotes the number of photons in mode
k. Such quantum state has no classical analogue and it forms a complete orthonormal
basis

〈nk|mk〉 = δnm,

∞∑
nk=0

|nk〉〈nk| = 1, (2.6)

and hence can be utilized for representing other quantum states. With the photon num-
ber state being defined, the physical interpretation of the creation and annihilation op-
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erators becomes apparent. Application of the operators âk and â†k to |nk〉 yields

âk|nk〉 =
√
nk|nk − 1〉, â†k|nk〉 =

√
nk + 1|nk + 1〉. (2.7)

This means by applying âk or â†k on a photon number state, one quanta of energy }ωk
is added or subtracted from the state. In addition, we introduce the photon number
operator n̂k

n̂k = â†kâk. (2.8)

The action of n̂k upon a Fock state |nk〉 yields the mean photon number of the state:
n̂k|nk〉 = nk|nk〉.

2.1.2 Quadrature Operators and Heisenberg Uncertainty Relation

In quantum mechanics, operators must be Hermitian to represent physically measur-
able quantities. As the creation and annihilation operators are non-Hermitian, they
do not correspond to any measurable observables. We therefore define the following
quadrature operators for electromagnetic fields, which are analogous to the in-phase
and in-quadrature components of a classical electronic signal defined in the rotating
frame [25],

X̂+k = âk + â†k, X̂−k = −i(âk − â†k). (2.9)

Here, X̂+k and X̂−k indicate the amplitude and phase quadratures of the electromag-
netic field, respectively. Substituting Eq. (2.9) into Eq. (2.3), we find that these quadra-
ture operators satisfy the following commutation relation,[

X̂+, X̂−

]
= 2i. (2.10)

In accordance with the Heisenberg uncertainty principle, Eq. (2.10) implies that the mul-
tiplication of the quadrature fluctuations, ∆X̂+ and ∆X̂−, must be larger than 1 (the
convention } = 2 is used here) :

∆X̂+∆X̂− ≥ 1. (2.11)

This shows that the amplitude and phase quadratures of an electromagnetic field can-
not be determined simultaneously with perfect precision regardless of the measurement
device that is employed. More generally, this uncertainty relation holds valid for any
conjugate quadratures, that can be represented by rotations of X̂+ and X̂−, of an elec-
tromagnetic field.
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(a) (b)

(c) (d)

Figure 2.1: Phase space diagram showing the noise contours at half maximum of the full 2-
dimensional Wigner function (see Sec. 2.2.1) of (a) vacuum state, (b) thermal state, (c) coherent
state, and (d) squeezed state.

2.1.3 Coherent States and Displacement Operator

Quantum states where the product of uncertainty in its amplitude and phase saturates
the inequality (2.11) are typically called minimum-uncertainty states. One such example
is the so called coherent state |α〉 where ∆X+ = ∆X−, as illustrated in Fig. 2.1 (a). It
is of great practical relevance as it approximates the direct output of a highly stabilized
laser operating above threshold. In this regard, it is typically referred to as a quasi-
classical state, but the distinctive uncertainty associated with its quadrature amplitudes
can still be utilized in a broad range of quantum information protocols, such as the
CV quantum key distribution [27, 28, 29, 30], random number generation [31, 32], and
quantum cloning as will be discussed in chapter 6.4.

Coherent states are the eigenstates of the annihilation operator

â|α〉 = α|α〉, (2.12)

and can be obtained by applying a displacement operation D̂ upon a vacuum state

|α〉 = D̂(α)|0〉 = exp
(
αâ† − α∗a

)
|0〉. (2.13)
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A coherent state can be expanded in terms of Fock states as

|α〉 =
∑
|n〉〈n|α〉 = e−|α|

2/2
∑ αn

(n!)1/2
|n〉. (2.14)

The number of photons contained in a coherent state |α〉 follows a Poissonian distribu-
tion,

Pn = |〈n|α〉|2 =
|α|2ne−|α|2

n!
, (2.15)

with the mean and standard deviation of photon number being 〈α|n̂|α〉 = |α|2 and ∆n̂ =

|α|, respectively, where n̂ refers to the photon number operator defined in Eq. (2.8).

Like Fock states, coherent states also form a complete (overcomplete in fact) basis
that can be used to represent arbitrary quantum states despite the fact that coherent
states are non-orthogonal:

I =
1

π

∫
|α〉〈α|d2α, 〈α|β〉 = exp

(
−1

2
|α|2 − 1

2
|β|2 − α∗β

)
, (2.16)

where d2α = d(Re{α})d(Im{α}) and I is the identity operator. Expanding a density op-
erator of an electromagnetic field, ρ̂, in terms of coherent states gives the P representation
of the light field

ρ̂ =

∫
P (α)|α〉〈α|d2α. (2.17)

This was first introduced independently by Glauber [33] and Sudarshan [34]. P (α) in
Eq. (2.17) is a quasi-probability distribution of α, because for light fields that exhibit
non-classical properties, P (α) may take on negative values or become highly singular.
One prominent example is the Fock state, of which the P function possesses a singu-
larity point at origin and is zero over the entire complex plane spanned by |α〉〈α|. For
squeezed states and quantum states exhibitting photon anti-bunching phenomena, the
P function appears to be negative [35, 25, 24]. In these situations, it is not possible to in-
terprete the P function as a conventional probability distribution. Nevertheless, in spite
of the mathematical problems arising in such situations, the P function indeed provides
a fairly illuminating way to manifest the exotic quantum nature of a light field.

Thermal States

Unlike coherent states which are coherent superposition of Fock states, thermal states
result from the mixture of Fock states and therefore are considered as classical states. Its
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density operator is diagonal in the Fock state basis

ρ̂th(n̄th) =

∞∑
n=0

n̄nth
(n̄th + 1)n+1

|n〉〈n|, (2.18)

where n̄th denotes the average photon number of the state. A thermal state is re-
garded as the most fundamental Gaussian state since every Gaussian state can be de-
composed into thermal states [35]. It also maximizes the von Neumann entropy S =

−Tr(ρ̂logρ̂) [35]. The covariance matrix of a thermal state is given by Vth = (2n̄th + 1)I,
where I is the 2× 2 identity matrix.

2.1.4 Squeezed States and Squeezing Operator

As sketched in Fig. 2.1 (d), imagine a stretching force and a compressing force are ap-
plied, respectively, on the two conjugate quadratures of the ball representing a coher-
ent state, we obtain consequently another minimum-uncertainty state, that is the pure
squeezed state. In contrast to a coherent state with equal uncertainty in the conjugate
quadratures, the noise in the squeezed quadrature is suppressed, while the noise in
the anti-squeezed quadrature is amplified accordingly to adhere to the uncertainty rela-
tion (2.11).

A squeezed vacuum |0, ε〉 may be generated by applying the unitary squeezing op-
erator Ŝ(ε) on vacuum,

|0, ε〉 = Ŝ(ε)|0〉 = exp

(
ε∗a2 − εa†2

2

)
, (2.19)

where ε = re2iφ and r is called the squeezing factor; φ represents the angle of the squeezed
state, as illustrated in Fig. 2.1 (d). The noise suppression in the squeezed quadrature
emerges from the pairing effect that is encapsulated in Ŝ(ε): the action of the squeezing
operation always creates or eliminates a pair of photons simultaneously that, as a con-
sequence, correlates the upper and lower sidebands of the carrier field. In this way the
uncertainty in one particular quadrature is reduced even below the standard quantum
noise at the expense of an increased uncertainty in the conjugate quadrature.

The amount of noise suppression of a squeezed state is characterized by the squeez-
ing factor r as follows

∆X+s = e−r, ∆X−s = er. (2.20)

The asymmetry in the uncertainties reaches its ultimate limit when r → ∞. For this
infinitely squeezed state, its squeezed quadrature is measurable with perfect accuracy;
meanwhile, the information about its anti-squeezed quadrature is completely lost. We
will show in chapter 5 that the squeezing operator Ŝ(ε) is equivalent to the unitary
operator for time evolution of a degenerate parametric amplifier (OPA) in the interaction
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picture [24] and it is this close connection that advices OPA as a promising candidate for
experimental squeezing generation.

Alternatively by displacing a squeezed vacuum, one can obtain the bright squeezed
state, that is |α, ε〉 = D̂(α)Ŝ(ε)|0〉. Because D̂(α) and Ŝ(ε) are non-commuting operators,
the two operations can only be swapped if D̂(α) is replaced by D̂(β) where β = αcoshr+
α∗eiφsinhr.

Squeezing Purity

Other than the squeezing factor r, purity is often used as another important figure of
merit to quantify the squeezing quality. It is defined as the product of the variances of
the squeezed and anti-squeezed quadratures

Ps = 〈(∆X+s)
2〉〈(∆X−s)2〉. (2.21)

The impurity of a squeezed state therefore denotes it is no longer a minimum-
uncertainty state. In practice, any optical loss experienced by the squeezed state would
deteriorate its purity; therefore, special precautions need to be taken to minimize losses
in the experimental system.

2.1.5 Two-mode Squeezed States and Its Covariance Matrix

The two-mode squeezed state is of paramount importance for CV quantum informa-
tion, for it exhibits the Einstein-Podolski-Rosen (EPR) correlation that is an unique fea-
ture of quantum states. More specifically, for such a state, its conjugate quadratures,
X̂±, of one mode can be precisely and simultaneously determined better than that is al-
lowed by the Heisenberg uncertainty principle, based on a full knowledge of X̂± of the
other mode, although the two modes are spacelike separated so any measurement on
one mode should have no effect on the other mode. Similar correlation was described
between the momentum and position of two remotely located particles in the seminal
work of Einstein, Podolski, and Rosen [36], and was later referred to as entanglement.
The authors argued that this spooky action at a distance is only possible if information
can transfer faster than the speed light and hence the quantum wave function does not
provide a complete description of reality. The so called “local hidden variable” theory
was then proposed to account for this bewildering behavior of the entangled particles.
To verify whether or not entanglement exists turned out to be an extremely difficult
technical challenge. Therefore, the argument was left open for more than 50 years un-
til recent loophole-free Bell test experiments successfully observe a contradiction with
local realism [37, 38, 39].
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The two-mode squeezed state can be expressed mathematically as [35]

|r〉EPR =
√

1− λ2

∞∑
n=0

(−λ)n|n〉a|n〉b, (2.22)

where λ = tanhr ∈ [0, 1] characterizes how strong is the correlation between the two
modes a, b. The generation of a two-mode squeezed state is accomplished through the
unitary two-mode squeezing operator

Ŝ2(r) = exp
[
r(âb̂− â†b̂†)/2

]
. (2.23)

Acting on the two-mode vacuum, it gives Ŝ2(r)|0〉a|0〉b = |r〉EPR. Similar photon pairing
embedded in the one-mode squeezing operator appears here between the two inter-
acting modes. Thus, a correlation resembling the original EPR paradox is established
between the modes’ quadrature amplitudes.

In practice, Ŝ2(r) can be directly achieved via a non-degenerate parametric amplifier
(NOPA) [40]. This can be readily seen by the Hamiltonian describing an NOPA system
in the interaction picture,

ĤNOPAI = i}χ
(
â†1â
†
2e
−2iωt − â1â2e

2iωt
)
, (2.24)

which corresponds explicitly to Ŝ2(r) where r = }χ/2. â1 and â2 in Eq. (2.24) denote
the annihilation operators for the signal and idler modes respectively. Apart from us-
ing NOPA, an alternative approach (passive method) to produce the two-mode squezed
state is to mix two single-mode squeezed states that are out of phase on a 50:50 beam-
splitter [41]. We adopt this indirect method to prepare entanglement for the teleporta-
tion experiment that shall be presented in chapter 9 in this thesis.

Covariance Matrix of the Two-mode Squeezed State

Any Gaussian state can be fully characterized by its coherent amplitudes, 〈X̂+〉 and
〈X̂−〉, and its covariance matrix. The remaining section is devoted to study the covari-
ance matrix of the two-mode squeezed state. We shall consider in particular the two-
mode squeezed vacuum. The conventional definition of a covariance matrix is given
by [35]

Vij =
1

2
〈{∆X̂i,∆X̂j}〉 =

1

2
〈X̂iX̂j + X̂jX̂i〉 − 〈X̂i〉〈X̂j〉. (2.25)

where ∆X̂ := X̂ − 〈X̂〉 and {, } is the anticommutator. It provides a complete descrip-
tion of the second moments of an arbitrary quantum state. The variances of quadrature
operators are denoted by its diagonal elements which are sufficient for characterizing
single-mode quantum states. The complementary non-diagonal elements instead de-
note the statistical correlations between different modes which are significant for un-
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derstanding the non-classicality of a multi-mode quantum state. So the full knowledge
of a Gaussian state can be obtained.

We first calculate the variance of the amplitude quadrature X̂+ of the two modes a
and b

V11 = V33 = 〈(∆X̂+a)
2〉 = 〈X̂2

+a〉 − 〈X̂+a〉2

(1− λ2)

∞∑
n=0

λ2n
[
〈n, n|(âa + â†a)|n, n〉2 + 〈n, n|(âa + â†a)

2|n, n〉
]

(1− λ2)
∞∑
n=0

λ2n
[
0 + 〈n, n|2â†aâa + 1|n, n〉

]

(1− λ2)
∞∑
n=0

λ2n(2n+ 1) =
1 + λ2

1− λ2
= cosh(2r).

(2.26)

Here we have used Eq. (2.9) in the above derivation. Similarly, for the phase quadrature
X̂−, we have

V22 = V44 = cosh(2r). (2.27)

The correlation between the conjugate quadratures of the two modes can be obtained
similarly,

V12 =
1

2

(
〈X̂+aX̂−a〉+ 〈X̂−aX̂+a〉 − 2〈X̂+a〉〈X̂−a〉

)
= (1− λ2)

∞∑
n=0

λ2n
[
i〈n, n|

(
(â†a)

2 − â2
a + 1

)
|n, n〉+ i〈n, n|

(
(â†a)

2 − â2
a − 1

)
|n, n〉

]
− 0

=
1

2
(i− i) = 0.

(2.28)
Indeed, there is alwasys no correlation being observed between conjugate quadratures
regardless of which mode do they belong to, i.e.

V14 = V21 = V23 = V32 = V34 = V41 = V43 = 0. (2.29)

In addition, we calculate the correlation between the same quadrature of the two modes,
which turns out to be

V13 =
1

2

(
〈X̂+aX̂+b〉+ 〈X̂+bX̂+a〉 − 2〈X̂+a〉〈X̂+b〉

)
= 〈X̂+aX̂+b〉

= 〈âaâb〉+ 〈âaâ†b〉+ 〈â†aâb〉+ 〈â†aâ
†
b〉 = 〈âaâb〉+ 〈â†aâ

†
b〉.

(2.30)
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where

〈â†aâ
†
b〉 = (1− λ2)

∞∑
n=0

λ2n〈n, n|
∞∑
m=0

λm(m+ 1)m+ 1,m+ 1〉

= (1− λ2)

∞∑
n′=0

λn
′+1

∞∑
m=0

〈n′ + 1, n′ + 1|λm(m+ 1)|m+ 1,m+ 1〉

= (1− λ2)
∞∑
n′=0

∞∑
m=0

λn
′+m+1δn′,m

= (1− λ2)
∞∑
m=0

λ2m+1(m+ 1) =
λ

1− λ2
= cosh(2r)sinh(2r).

(2.31)

Follow the similar steps, we find

〈âaâb〉 = cosh(2r)sinh(2r). (2.32)

Substituting Eq. (2.31) and (2.32) into (2.30) gives V13 = sinh(2r). The covariance matrix
of the two-mode squeezed vacuum is obtained that takes the form

VEPR =

(
coshrI sinhrZ

sinhrZ coshrI

)
, (2.33)

where I is the identity matrix and Z := diag(1,−1). Consider the joint quadrature
operators q̂− := (X̂+a − X̂+b)/

√
2 and p̂+ := (X̂−a + X̂−b)/

√
2, their variances can be

deduced

〈(∆q̂−)2〉 = 〈(∆p̂+)2〉 = e−2r. (2.34)

This coincides with the EPR correlation, thereby implying the presence of bipartite en-
tanglement in a two-mode squeezed vacuum. In particular, as the squeezing factor
increases r → ∞, perfect EPR correlation is obtained: X̂+a = X̂+b and X̂−a = −X̂−b,
indicating that the uncertainty of the quadrature amplitudes of mode b are diminished
(including quantum shot noise) once the quadrature amplitudes of mode a are ascer-
tained.

We also note that the measure of entanglement in a two-mode squeezed state is of
great significance for quantifying its non-classicality, but is outside the scope of this
thesis. This topic has attracted considerable attentions and so far various entanglement
measures have been proposed. For a more in-depth description see, for example, the
von Neumann entropy [42], inseperability criterion [43], entanglement of formation [44],
logarithmic negativity [45], and EPR steering [46].
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2.2 Representations of Quantum Light Fields

2.2.1 Quasi-Probability Distribution: Wigner Function and Husimi Q Func-
tion

We have described two representations of the electromagnetic field: expanding its den-
sity operator in terms of Fock states (see Sec. 2.1.1) reveals its photon number distribu-
tion which, however, conceals the information about its quadrature amplitudes; on the
other hand, the Glauber-Sudarshan P representation (see Sec. 2.1.3) maps the operators
in an infinite-dimensional Hilbert space to probability distribution well adapted to clas-
sical mathematical analysis. However, a number of mathematical problems arise once
non-classical light fields are considered. As such there remains an incentive to intro-
duce more general framework for representing quantum optical systems. To this end,
two quasi-probability distributions relevant to the work in this thesis are explored in the
following.

Wigner Function

The first quasi-probability distribution introduced to quantum mechanics was the so
called Wigner function [47], which is also the most accessible distribution function from
the experimental viewpoint. The Wigner function of a general density operator is de-
fined as

W (q, p) =
1

π}

∫ ∞
−∞

dx〈q − x|ρ̂|q + x〉e(
2ipx
} ), (2.35)

where q and p are the eigenvalues of the quadrature operators X̂+ and X̂− in
Eq. (2.9). In particular for an N -mode Gaussian state with mean quadrature vector
x = (X̂+1, X̂−1, . . . , X̂+N , X̂−N ) and covariance matrix V (see Eq. (2.25)), its Wigner
function can be more succinctly expressed as [35]

W (x) =
exp

[
−(1/2)(x− x̄)TV−1(x− x̄)

]
(2π)N

√
det [V]

, (2.36)

where x̄ := (〈X̂+1〉, 〈X̂−1〉, . . . , 〈X̂+N 〉, 〈X̂−N 〉) is the mean of the quadrature vector,
and det [V] stands for the determinant of the matrix V. Note that although the Wigner
function is always positive and well behaved for Gaussian states, it exhibits negativity
for some non-Gaussian states, such as Fock states.
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Husimi Q Function

An alternative function is the Husimi Q function that is the direct projection of the density
operator on a coherent state

Q(α) =
〈α|ρ̂|α〉
π

. (2.37)

It is therefore positive since the density operator is a positive operator and is bounded
by Q(α) < 1/π. Physically the Q function represents the probability distribution for
obtaining α when an optimal simultaneous measurement is conducted on X̂+ and X̂−.
Due to the non-commuting feature of X̂+ and X̂−, one unit of shot noise is added to the
width of the distribution that would otherwise be obtained if the two quadratures are
measured individually. For example, the Q function of a coherent state is given by

Q(β) =
|〈α|β〉|2

π
=
−|α− β|2

π
, (2.38)

which is a Gaussian distribution centred at (Re(β), Im(β)). It has a variance of 2, which
is twice that of what we found when individual measurements of the conjugate quadra-
tures are performed instead. Note that the P function is accessible via dual-homodyne
detection or heterodyne detection.

The three quasi-probability distributions are closely related: Wigner function is ob-
tainable via a Gaussian convolution of the P function, while the Husimi Q function is
the Gaussian convolution of Wigner function. Other representations also exist, such as
the generalized P function [48] and R representation [24].

The quasi-probability representations provide a way to define Gaussian states which
are CV states that have a Wigner representation in terms of Gaussian functions [35].
Together with Gaussian operations which denote the transformations between Gaussian
states, they constitute the primary elements in the Gaussian toolbox for analyzing CV
quantum information systems. Note that for a Gaussian state, the first two moments of
its quadrature amplitudes, namely their expectation values and the covariance matrix,
are sufficient for a complete characterization of the state [49].



Chapter 3

Gaussian Toolbox and Its
Experimental Realization

This chapter describes some elementary operations in the Gaussian toolbox for continu-
ous variable quantum information and their corresponding experimental implemen-
tations. The operations are formulated mathematically and explained as to provide
readers an insight in the underlying physics. We start with the linearization of field
operators, which forms the basis for analyzing the amplitude and phase modulations
detailed in the following section. This sideband modulation offers a way to realize the
displacement operation. Based on it, we obtain two equivalent pictorial representations
of quantum fields, namely the phasor diagram and sideband models. Moreover, we give
a brief overview of the output of a homodyne detection which is the most commonly
used Gaussian measurement. We describe in detail how its output can be utilized to
extract error signals to facilitate phase locking. The rest of this chapter is devoted to the
PDH locking technique that is frequently used throughout this thesis.

3.1 The Quantum Sideband Modulations

We have presented the rigorous mathematical description of a state of light using quasi-
probability distributions (see Sec. 2.2), which however does not provide a physically
intuitive interpretation for the properties of a light field. Besides, the general distri-
bution function describing a free-propagating light field needs to be derived from the
complex stochastic differential equations in the Shrödinger picture [24, 25]. However,
the mathematical difficulty in this situation outweighs its generality. In this section, we
introduce an alternative route for representing a state of light in the Heisenberg picture
by means of linearization of field operators [50, 51]. This consequently gives rise to two
particularly useful avenues to visualize an optical system, namely the sideband picture
and the phasor diagram (equivalent to the ball-on-stick picture) [52, 53, 25].

19



20 Gaussian Toolbox and Its Experimental Realization

3.1.1 Linearization of Operators

As we shall show, linearization of the field operators serves as a building block for de-
veloping theoretical models for many concepts in quantum optical experiments. This
includes the analysis of loss, detections, and unitary Gaussian operations. More ex-
plicitly, in situations where the modulations and fluctuations of interest are relatively
small compared to the amplitude of the laser beam, we can decompose the annihilation
operator of a light field into two components,

â(t) ≈ α+ δâ(t). (3.1)

The c-number component represents the steady-state expectation value of the operator
and is hence independent of time, and δâ(t) describes the time-varying fluctuation of
the operator. The decomposition assumes the following conditions that are well suited
for most of the CV optical experiments

〈δâ(t)〉 = 0, |δâ(t)| � |α|. (3.2)

The former indicates the fluctuation of the light field has no net contribution to the
field amplitude, while the latter signifies that fluctuation is negligible compared to the
average intensity of the light field. As a result, the higher order fluctuation terms are
neglected. Using Eq. (2.9), the linearized quadrature operators can be obtained

δX̂+(t) = δâ(t) + δâ†(t), δX̂−(t) = i
(
δâ†(t)− δâ(t)

)
. (3.3)

Note that the fluctuation operators δX̂± are equivalent to ∆X̂± defined in the previous
chapter.

3.1.2 Sideband Picture: Classical Phasor diagram and Sideband models

Historically, it was originally elucidated by Caves that any state of light can be repre-
sented by a phasor diagram of the quadrature operators of the light field [52, 53, 25].
This quantum phasor diagram can actually be obtained by applying a conventional
quantization on the classical phasor diagram that has been well developed. Thus in
the following, the classical phasor diagram and sideband picture are introduced first,
which are subsequently extended to the quantum regime.

Consider a classical optical field of frequency ω0 that is normally referred to as the
carrier,

α(t) = α0e
iω0t. (3.4)

As shown in Fig. 3.1, it can be represented by a complex phasor in a coordinate system
that is defined by its real and imaginary components and rotates at carrier frequency ω0.
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Figure 3.1: Phasor diagram of the carrier (a), the amplitude (b) and phase (c) modulations. (d)
and (f) illustrate, respectively, the sidebands’ evolutions involved in the amplitude and phase
modulations. The corresponding phasor evolutions are shown in (e) and (g).

This pictorial representation of light field is known as the rotating frame where the carrier
phasor becomes a stationary reference and the time-dependent sideband modulations
can be visualized as rotating vectors on top of the carrier field, resulting in a final output
field being the sum of all the vectors.

Applying an amplitude modulation of frequency Ωm on the carrier field gives

α(t) = α0e
iω0t (1−Mcos(Ωmt))

= α0

[
eiω0t − M

2

(
ei(ω0−Ωm)t + ei(ω0−Ωm)t

)]
,

(3.5)

where M refers to the modulation depth. Note that the amplitude modulation creates
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two sideband frequency components at ω0+Ωm and ω0−Ωm, depicted as small blue pha-
sors on Fig. 3.1 (d). The two sideband phasors are perfectly correlated: the upper and
lower sidebands have the same amplitudes and their rotations relative to the carrier are
synchronized, which means the phase components produced by individual sideband
are completely cancelled out with each other such that pure amplitude modulation is
attained.

Following the same methodology, we obtain a phase modulated light field that is
described by

α(t) = α0e
iω0eiMcos(Ωmt)

= α0e
iω0t

(
1 + iMcos(Ωmt)−

M2

2
cos2(Ωmt) + · · ·

)

= α0e
iω0t − α0M

2

4
eiω0t + iα0

M

2

(
ei(ω0−Ωm)t + ei(ω0+Ωm)t

)
− α0M

2

8

(
ei(ω0−2Ωm)t + ei(ω0+2Ωm)t

)
+ · · · .

(3.6)

Two distinctions are drawn here between the amplitude and phase modulations by com-
paring Eq. (3.5) and (3.6). First, unlike the amplitude modulation where only a single-
frequency sideband is created, the phase modulated field can be decomposed into the
carrier field and an infinite set of sidebands, equally spaced at Ωm. Second, apart from
the phase modulation attributed from the sideband components ±Ωm, ±3Ωm, there are
amplitude modulation introduced as well owing to the sideband components ±2Ωm,
±4Ωm. These residual amplitude modulaitons contaminate the purity of the phase mod-
ulation and implies that no absolutely pure phase modulation is in principle achievable.
However, in situations where the modulation depth is small, i.e. M � 1, the higher-
order sidebands including the undesirable amplitude remnant can be neglected. Hence
Eq. (3.6) can be faithfully approximated by

α(t) ≈ α0

[
eiω0t + i

M

2

(
ei(ω0+Ωm)t + ei(ω0−Ωm)t

)]
. (3.7)

Likewise, we present the sideband picture of phase modulated beam in Fig. 3.1 (f). The
first-order upper and lower sidebands, shown as blue phasors, are rotating in clockwise
and anti-clockwise, respectively, at frequency Ωm relative to the carrier. In addition, the
phasor diagram for phase modulation in the complex plane is depicted in Fig. 3.1 (g),
where the dashed red phasor denotes the original input beam whilst the light red vector
stands for the output beam.

Before we leave the discussion of sideband modulations, there is one more thing we
need to point out. Aside from the small angle expansion applied above in Eq. (3.6), an
alternative complete expression of the phase modulation is given by the Bessel function
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as follows [54]

α(t) = α0e
iω0

(
J0(M) +

∞∑
l=1

Jl(M)
(
eilΩmt + e−ilΩmt

))
, (3.8)

where Jl(M) are the Bessel functions of the first kind.

3.1.3 Phasor diagram and Sideband Picture of Quantum States

(a) (b) (c)

(d) (e) Tim
e

(f) (g)

Figure 3.2: (a) Sideband picture for the vaccum state where the tiny dashed blue phasors rep-
resent the fluctuation operator δâ(t) in Eq. (3.1); phasor diagram (b) and sideband picture (c) for
a coherent state. (d) shows the phasor diagram for an infinitely phase squeezed vacuum, whilst
(e) illustrates the corresponding time evolution of its correlated upper and lower sidebands.
Similarly, we present the phasor diagram and sidebands evolution of an infinitely amplitude
squeezed vacuum, respectively, in (f) and (g).

In the previous section, we introduced the linearization of quantum mechanical op-
erators, where â (â†) are decomposed into a steady-state component, α, and a frequency
dependent fluctuation operator, δâ(ω) (δâ†(ω)). This enables the description of quan-
tum optical fields in the sideband picture directly in analogy to its classical counter-
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part: α here corresponds to the carrier field at frequency ω0 whilst δâ(ω) and δâ†(ω)

are analogues to the upper and lower sidebands of the classical optical field [53, 55],
as shown in Fig. 3.2. This correspondence is revealed by a direct comparison between
Eq. (2.1) and (2.4). Formalism derived in Sec. 2.1.2 remains valid in this sideband picture,
where the amplitude fluctuation remains fluctuations in the amplitude quadrature, i.e.
δX+ = δâ+ δâ† and phase fluctuation is simply the fluctuation in the phase quadrature,
i.e. δX− = i(δâ† − δâ).

Quantum noise (QN), as depicted in Fig. 3.2 (a), is represented by sideband phasors
rotating randomly with respect to each other and the carrier at all frequencies; a com-
bined modulation at every quadrature is created as a net effect. The length of the QN
phasor vectors are determined by vacuum fluctuation, which on average should create a
field strength of

√
}ω0/2. Note that although the QN phasors are very tiny compared to

the carrier due to } ' 1.055×10−34 J ·s, their existence highlights the fundamental quan-
tum nature of an electromagnetic field, in stark contrast to its classical representation in
Fig. 3.1.

The uncorrelated fluctuation operators shown in Fig. 3.2 (a) can also be equivalently
represented in quadrature space (X+, X−) as Fig. 3.2 (b). The upper and lower side-
bands QN phasors here constitute various non-deterministic, time-varying amplitude/
phase uncertainty vectors. In particular for a coherent state, due to the equal uncer-
tainty in the amplitude and phase quadratures, the uncertainty vectors comprise an
uncertainty circle that can be emulated as an circular shading area in Fig. 3.2 (b). To-
gether with a stationary phasor, it illustrates the phasor diagram of a coherent state.
It is a hybrid diagram that embodies both the quantum and classical properties of the
coherent state.

With the help of phasor diagram and sideband model, the non-classical squeezing
generation can be intuitively interpreted as the occurrence of correlation between the
upper and lower sidebands. The squeezing factor r in Eq. (2.20) determines how well
the correlation is. For example, a squeezed vacuum that is infinitely squeezed in phase
quadrature can be intuitively visualized as sidebands being parallel and rotating in
phase to each other and the carrier (see Fig. 3.2 (e)). These perfectly correlated side-
bands create amplitude modulation alone and the lack of phase modulation results in a
perfect noise reduction in the phase quadrature.

3.1.4 Experimental Realization of Amplitude and Phase Modulations

In our laboratory, we exploit the commercial products from Newport, namely 4104NF
and 4004, to realize amplitude and phase modulation, respectively. These modulators
employ the Pockels effect, also referred to as the electro-optic effect, of the LiNbO3 bire-
fringent crystal. By applying an alternating electric field on the crystal, its refractive
index along a particular optical axis (which axis is affected is determined by the prop-
erty of the nonlinear crystal) changes in proportional to the applied electric field, which
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Figure 3.3: (a) and (b) illustrate, respectively, the experimental realization of phase and ampli-
tude modulations using birefringent crystals, whilst (c) shows the actual configuration of the
amplitude modulation in our laboratory.

in turn incurs an additional phase shift on the polarization component of the incident
beam parallel to that optical axis. The change of refractive index is typically very small,

n→ n+ ∆n = n− 1

2
ςn3E = n− 1

2
ςn3E(0)cos(Ωmt), (3.9)

due to the small Pockels coefficient, ς , which typically lies in the range 10−12 to 10−10

m/V [56]. Here E refers to the external electric field and Ωm the modulation frequency.
Nevertheless, the accumulated phase change can be significant if the beam travels a
distance substantially exceeding its wavelength.

The experimental realizations of amplitude and phase modulation are depicted in
Fig. 3.3 (b) and (a), respectively. A single anisotropic LiNbO3 crystal is utilized for phase
modulation, with its orientation being configured such that a vertically polarized beam
passing through the crystal maintains its polarization, but experiences a sinusoidal
phase change due to the change of refractive index along the direction of the electric
field. Amplitude modulation, on the other hand, can be realized by rotating the nonlin-
ear crystal by 45◦, as shown in Fig. 3.3 (b). The polarization of the incoming beam is then
decomposed into two orthogonal components, one being parallel and the other perpen-
dicular to the optical axis of the crystal. These two orthogonally polarized components
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are subject to different phase shifts due to the change of refractive index enforced by the
external electric field. In this situation, the nonlinear crystal works equivalently to a po-
larization retarder with retardation varying at cos(Ωmt). Consequently, an elliptically
polarized beam is produced which is subsequently fed through a polarizer selecting
either the vertical or horizontal polarization component, and henceforth intensity mod-
ulation ensues. Here we realize the amplitude modulation in an alternative way (see
Fig. 3.3 (c)): two of the same crystals as that being utilized in the phase modulator are
mounted in series with their optical axis at 90◦. This arrangement stabilizes the perfor-
mance of the crystal, reducing the fluctuation of refractive index cause by ambient tem-
perature changes (less than 1mrad/◦C). Another advantage of such dual crystal setup
lies in its flexibililty that allows for simultaneous amplitude and phase modulations, as
well as single sideband modulations. Which particular modulation is implemented is
dependent upon the input polarization and the external electric field applied on each
crystal [57].

We also point out that other than utilizing the electo-optical effect, a common alter-
nate is to employ the acousto-optical effect [56, 25] to implement sideband modulations
and the corresponding devices are called acousto-optical modualtors (AOM). The idea
is rooted in the observation that a proportional perturbation of the refractive index of
a crystal is incurred by a standing acoustic wave created through the external electric
field. When light passes through the crystal, it experiences the Bragg diffraction with
the diffraction angle being modulated by the electric field. The intensity of the reflected
beam that is proportional to the intensity of the sound wave is modulated as the result.

Rules for aligning the Amplitude and Phase Modulators

The alignment of the amplitude and phase modulators comply exactly with the working
mechanism of the nonlinear crystal illustrated in Fig. 3.3 (a) and (c).

The incoming light beam is prepared to be vertically polarized. To preclude any
wavefront distortion, the light beam needs to be collimated to possess a beam waist
lying in the range 100 ∼ 250 µm. It is then fed through a Glan-Thompson to purify its
polarization. We align both the horizontal and vertical position of the phase modulator
to maximally retain the polarization purity of the incident beam so as to ensure the
polarization of the output beam is still vertical. Precautions need to be taken meanwhile
to ensure no distortion appears on the beam’s spatial mode. The amplitude modulator
is aligned following the same procedures and lastly a quarter wave plate is placed in
between the phase and amplitude modulators and rotated to maximize the transmitted
power of the end polarizer.

Ideally, the amplitude modulator should be only producing amplitude modulations,
and likewise for the phase modulator provided that the modulation depth is small.
However, there is cross-talk between the two modulations in practice. The worse the
alignment of the modulators are, the more significant the cross-talk is. Such cross-talk
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deteriorates the purity of the modulation and in turn affects adversely any phase lock-
ing relying on the modulation signals. We exploit a balanced homodyne detection to
measure the cross-talk, as shown in Fig. 3.4 (a). By locking the homodyne consecutively
to amplitude and phase, we are able to measure the residual modulation coming from
the modulation on the conjugate quadrature. Figure 3.4 (b) showcases the experimen-
tal results where cross-talk cancellation of 41.7 dB for phase and 40.3 dB for amplitude
are observed, respectively. For typical quantum information experiments, a cross-talk
cancellation above 35 dB should be satisfactory.

3.2 Displacement Operation

In Sec. 2.1.3, we introduced coherent state as resulting from applying the displacement
operator, D̂(α) = exp

(
αâ† − α∗a

)
, upon a vacuum state (see Eq. (2.13)). In spite of this

elegant mathematical expression, one would ask what is the realistic device to imple-
ment such a transformation. One way to realize D̂(α) is to apply sideband modulations
as detailed in the previous section. Consider a carrier field, α(t), it was shown that am-
plitude/phase modulation with modulation depth M � 1 equivalently performs the
role of the displacement operator D̂(Mα/

√
2)/ D̂(iMα/

√
2) [25]. Therefore, a direct

correspondence between amplitude/phase modulation and amplitude/phase displace-
ment is established.

Another way to experimentally emulate a displacement operator is to combine the
target signal beam with a bright coherent beam on a beamsplitter (BS) with transmis-
sivity approaching 1. As shown in Fig. 3.5, consider an arbitrary single-mode quantum
state ρin, pure or mixed, couple it with an auxiliary bright coherent state, |β = βx + iβy〉,
on a BS with transmissivity η. Once the following conditions are fulfilled

|β| → ∞, 1− η → 0, (3.10)

so |β|
√

1− η is approximately constant, it has been proved that evolution of the input
signal is governed by [58]

ρ̂out = Trβ
[
Ûρin ⊗ |β〉〈β|Û †

]
= D̂(β′)ρ̂inD̂

†(β′), (3.11)

obtained as a partial trace over the auxiliary mode. β′ = β
√

1− η denotes the modula-
tion enforced on the signal beam that is transferred from the original modulation on the
auxiliary beam. The operator Û refers to the BS operator in the interaction picture

Û(η) = exp
[
arccos(

√
η)(â†b̂− âb̂†)

]
. (3.12)

A better approximation to D̂ is attained by attenuating the transmissivity η, which, how-
ever, would require an auxiliary beam with higher intensity.

Whilst the transformation in Eq. (3.11) holds for general single-mode signal beam, its
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Figure 3.4: (a) Experimental layout for measuring the cross-talk between amplitude and phase
modulations; LO: local oscillator, GT: glan-thompson polarizer, HVAmp: high voltage amplifier,
PID: PID servo controller, and η: transmissivity of the beamsplitter for the homodyne detection,
which is set to be 50:50 here in order to realize a balanced homodyne measurement. Demod-
ulation is carried out by mixing down the subtracted photocurrent with the same modulation
signal and low-pass filtering out the high frequency components. The encoded sideband infor-
mation is extracted via demodulation and hence an error signal is obtained. The error signal is
fed through a field programmable gate arrays (FPGA) system where a digital PID controller is
executed. The resultant signal, after passing through a high-voltage amplifier, is sent back to the
piezoelectric actuator (PZT) attached to one mirror on the LO to lock it in-phase to the signal
beam. (b) Experimental results for cross-talk measurement between the amplitude and phase
modulations that are displayed on an electronic spectrum analyzer (SA). The SA settings are:
resolution bandwidth (RBW): 10 kHz; video bandwidth (VBW): 10 kHz; sweep time: 4.07×10−2

s.

validity can be intuitively verified by concerning ourselves with a coherent signal beam
and the input-output relation for quadrature operators in this diagram (see Fig. 3.5).



§3.3 Gaussian Measurements 29

Auxiliary beam
GT GT

PM AM

Signal beam

Output beam

Figure 3.5: Emulating a displacement operation by combining a bright auxiliary beam and the
target signal beam on a highly biased beamsplitter.

Under the action of a BS with transmissivity η, the quadrature operators of its input
modes, x̂ := (X̂+a, X̂−a, X̂+b, X̂−b), are transformed via the symplectic map

x̂→

( √
ηI

√
1− ηI

−
√

1− ηI √
ηI

)
x̂, (3.13)

where I denotes the 2 × 2 identity matrix. We thus obtain the quadrature operators of
the output mode exiting the BS

X̂+out =
√
ηX̂+in +

√
1− ηX̂+aux, X̂−out =

√
ηX̂−in +

√
1− ηX̂−aux, (3.14)

where the subscripts in and aux stand for the input and the auxiliary beam, respectively.
Recall that a displacement operator D̂(β) with β = βx + iβy implements the translation

x̂→ x̂ + dβ, (3.15)

where dβ = (βx, βy). Because a displacement D̂(β) is enacted upon the bright auxiliary
beam in vacuum, its quadrature operators can be written as

X̂+aux = βx + δX̂+aux, X̂−aux = βy + δX̂+aux. (3.16)

Since both the signal and auxiliary beams are coherent states, 〈(δX̂±in)2〉 =

〈(δX̂±aux)2〉 = 1. By substituting Eq. (3.16) into (3.14), one can notice that a faith-
ful approximation to D̂(β′) on the signal beam is achievable by satisfying η → 1 and
β = β′/

√
1− η.

3.3 Gaussian Measurements

Directly detecting a light field with a single photodetector suffices for the purpose of
probing simply the intensity noise of the light beam. However, this direct detection
is not capable of differentiating between quadratures. Especially for investigating the
quadrature variances of quantum states possessing non-symmetric Wigner functions in
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phase space, a reference beam is required to interrogate an arbitrary quadrature am-
plitude. A device that is designed to this end is called homodyne detection [59] and its
schematic is plotted in Fig. 3.4 (a). Homodyne detection is the most commonly used
Gaussian measurement in CV quantum information processing. The reason resides in
the observation that its outcome reveals exactly the quasi-probability distribution of the
quadrature of interest, i.e. the marginal integral of the two-dimensional Wigner function
(see Eq. (2.35)) over the conjugate quadrature [60]

P (X̂+) =

∫
W (q, p)dp, P (X̂−) =

∫
W (q, p)dq. (3.17)

In addition, its significance is due in part to the recognition that repeatitive homo-
dyne detection in different quadratures enables the full tomography for any quantum
state [61, 62, 63], and in part to the fact that concatenation of two homodyne measure-
ments in conjugate quadratures, often called dual homodyne detection, provides us an
access to the simultaneous estimation of both quadrature amplitudes.

3.3.1 Homodyne Detection

Consider an optical field of interest, âin, interfering with a reference beam on a BS with
transmissivity of η. The reference beam is commonly termed the local oscillator (LO)
and its intensity is significantly higher than that of the signal beam. The input mode
undergoes the linear unitary Bogoliubov transformation(

âo1

âo2

)
→

( √
η

√
1− η

−
√

1− η √
η

)(
âin

eiθ âLO

)
, (3.18)

where θ denotes the relative phase between the LO and the signal beam; âo1, âo2, are the
two output modes emerging from the BS.

In terms of balanced homodyne detection where η = 0.5 (it is otherwise called un-
balanced homodyne), photocurrents of the two detectors are given by

io1(t) =
gD

2
â†o1(t)âo1(t) =

gD

2

(
α∗o1 + δâ†o1(t)

)
(αo1 + δâo1(t))

=
gD

2

(
α2

in + α2
LO + 2αinαLOcosθ + αin

(
δX̂+in(t) + δX̂−θLO(t)

)
+αLO

(
δX̂+LO(t) + δX̂θ

in(t)
))

,

io2(t) =
gD

2
â†o2(t)âo2(t)

=
gD

2

(
α2

in + α2
LO − 2αinαLOcosθ + αin

(
δX̂+in(t)− δX̂−θLO(t)

)
+αLO

(
δX̂+LO(t)− δX̂θ

in(t)
))

.

(3.19)
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Here we applied Eq. (2.9), (3.1) and (3.18) and omitted the higher-order terms, e.g. âinâin.
Here, gD is the amplification gain of the photodetectors that is defined as [64]

gD =
ηdiodee

hν
, (3.20)

where e denotes the electronic charge, h Planck’s constant, ν (Hz) the optical frequency
and ηdiode the photodiodes efficiency. X̂θ in Eq. (3.19) stands for the generalized quadra-
ture operator

X̂θ = cosθX̂+ + sinθX̂−, θ ∈ [0, 2π] . (3.21)

Taking the sum and subtraction of these photocurrents, we obtain

isum(t) = gD

(
α2

in + α2
LO + αinδX̂+in(t) + αLOδX̂+LO(t)

)
,

isub(t) = gD

(
2αinαLOcosθ + αinδX̂

θ
LO(t) + αLOδX̂

θ
in(t)

)
.

(3.22)

Neglecting the terms scaled by αin because |αin| � |αLO|, Eq. (3.22) simplifies to give

isum(t) = gD

(
α2

LO + αLOδX̂+LO(t)
)
,

isub(t) = gD

(
2αinαLOcosθ + αLOδX̂

θ
in(t)

)
.

(3.23)

In practice, the subtracted photocurrent is considered as the output of the balanced ho-
modyne, consisting of a DC component and an alternating (time-dependent) AC com-
ponent that carries the noise spectrum of the signal beam. Equation (3.23) gives great
insights into the importance of a bright local oscillator beam: it amplifies the quantum
attributes of the light field under interrogation which may otherwise be disguised in the
electronic noise of the probing device, i.e. electronic noise of the detector itself and the
spectrum analyzer.

The efficiency of the homodyne detection is normally quantified by the fringe visi-
bility for the interference between the signal and LO. More precisely, the total detection
efficiency, ηD, is then given by

ηD = ηdiodeVIS2 = ηdiode

(
imax − imin

imax + imin

)2

= ηdiode

(
αinαLO

α2
in + α2

LO + αinαLO

)2

, (3.24)

where ηdiode refers to the quantum efficiency of the detector photodiodes. Any imperfect
situation with VIS < 1, that may arise from the mismatch of LO to the signal beam either
in terms of spatial modes or polarization modes, would result in an additional coupling
between the LO and the modes orthogonal to signal that are occupied by vacuum. As
a result, the output photocurrent of the homodyne detector in Eq. (3.19) now contains
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two items

io1(t) =
gD

2

(√
1− ηDâ

†
o1 +

√
ηDâ

†
v

)(√
1− ηDâo1 +

√
ηDâv

)
, (3.25)

where âv represents the uncorrelated vacuum fluctuation. Equation (3.24) implies that
by enhancing the mode-matching between the signal and LO, a higher detection effi-
ciency is attainable. This can be achieved by adjusting the lens configurations to ensure
the shape of the LO’s spatial mode coincides with that of the signal beam. On the other
hand, the alignment mirrors need to be carefully tuned to ensure their beam waists lie
at the same position. These two alignments complement each other and result in an
enhanced overlap between the two modes. Any inefficiency involved in the homodyne
detection would be considered as loss. Thus, enhancement of the homodyne efficiency
is particularly crucial for the squeezing measurement that will be discussed in chapter 5
of this thesis. An elegant analysis on this topic can be found in Prof. Ping Koy Lam’s
thesis [53].

3.4 Locking Techniques

Feedback control, as opposed to the open-loop control, is extensively used in classical
engineering to continuously correct the behavior of a dynamical system [65]. The cor-
rection is achieved by comparing the actual and desired outputs of the system, where
the deviation is typically referred to as error signal. Through modification of the error
signal, e.g. via the Proportional-Integral-Derivative (PID) controller, and adjustment of
system parameters based on the modified error signal, the action of the system under
control tends to reduce the deviation to zero. We can, by the same token, actively con-
trol and stabilize the performance of a quantum optical system in order to lock it to a
desired operating condition.

Among all types of locking techniques, here we present two most regularly used
locking methods in quantum optical experiments. One is phase locking to maintain the
relative phase between two interfering beams, and the other is the Pound-Drever-Hall
locking [66, 67, 68], used to keep optical cavities on resonance.

3.4.1 Relative Phase Locking

Recall the homodyne and feedback setup presented in Fig. 3.4 (a), and suppose the
signal beam is only phase modulated at frequency Ωm. Photocurrent for either of the
outgoing modes of the BS is given by (see Eq. (3.19))

io1(t) =
gD

2

(
α2

in + α2
LO + 2αinαLOcosθ + δX̂+in(t) (αin + αLOcosθ)

+δX̂−in(t)αLOsinθ + δX̂+LO(t) (αLO + αincosθ) + δX̂−LO(t)αinsinθ
)
,

(3.26)
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Figure 3.6: The error signal extracted from the output of a homodyne detection superimposed
by the DC output of the detectors.

which results in an output noise power,

〈|δio1|2〉 =
g2

D

4

(
〈(δX̂+in)2〉

(
α2

in + 2αinαLOcosθ + α2
LOcos2θ

)
+ 〈(δX̂−in)2〉α2

LOsin2θ

+〈(δX̂+LO)2〉
(
α2

incos2θ + 2αinαLOcosθ + α2
LO

)
+ 〈(δX̂−LO)2〉α2

insin2θ
)
.

(3.27)
Using the substitution 〈(δX̂±in)2〉 = 〈(δX̂±LO)2〉 = 1, since the signal beam and LO are
shot noise limited, the variance of the photocurrent can thus be simplified as

〈|δio1|2〉 =
g2

D

2

(
α2

in + α2
LO + 2αinαLOcosθ

)
. (3.28)

Owing to the cosine phase modulation applied on the signal beam, the relative phase
between LO and signal are varying as a function of time, i.e. θ = θ0 +Mcos(Ωmt), where
θ0 denotes the average phase and M is the modulation depth. For the case of a small
modulation depth (M � 1), the following approximation holds valid

cos(θ) = cos (θ0 +Mcos(Ωmt)) = cosθ0cos [Mcos(Ωmt)]− sinθ0sin [Mcos(Ωmt)]

≈ cosθ0 − sinθ0Mcos(Ωmt).

(3.29)
Substituting Eq. (3.29) into Eq. (3.28) gives

〈|δio1|2〉 =
g2

D

2

[
αin + α2

LO + 2αinαLO (cosθ0 − sinθ0Mcos(Ωmt))
]
. (3.30)

The sideband error signal can then be recovered by demodulating Eq. (3.30), which is
mathematically described by multiplication of the signal by a cosine function oscillating
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at the same frequency Ωm, i.e.[
g2

D

2

(
α2

in + α2
LO

)
+ g2

DαinαLOcosθ0

]
cos(Ωmt)− g2

DαinαLOsinθ0M

(
cos(2Ωmt) + 1

2

)
.

(3.31)

Physically, the demodulation is equivalent to shifting all frequency components up and
down by Ωm based on the convolution theorem. Applying further a low pass filter on
the demodulated signal to select only the DC component, we obtain the phase locking
error signal

ξES,PM = g2
DMαinαLO

sinθ0

2
, (3.32)

which is plotted in Fig. 3.6 along with the DC output of the homodyne detectors. Notice
that the zero crossings of the error signal lie at every θ0 = Nπ, N ∈ Z, implying that
with phase modulated signal beam, the LO and signal will always be locked in phase.
So far we have used only one of the outgoing modes of the BS to derive the error signal.
In practice, however, subtraction of the two photocurrents is more commonly utilized

〈|δio1|2〉 − 〈|δio2|2〉 = 2g2
DαinαLOcosθ. (3.33)

Following the methodology detailed above, the same error signal would be obtained
after demodulation and filtering.

Amplitude Modulation

Applying instead amplitude modulation on the signal beam, that is
αin→αin (1−Mcos(Ωmt)), the subtracted noise power becomes

〈|δio1|2〉 − 〈|δio2|2〉 = 2g2
DαinαLO (1−Mcos(Ωmt)) cosθ. (3.34)

Similarly, the final phase locking error signal is attainable by demodulating the sub-
tracted detector photocurrents and filtering out the high frequency components,

ξES,AM = g2
DMαinαLOcosθ0. (3.35)

Equation 3.35 indicates that the application of amplitude modulation, unlike the phase
modulation, would enable one to lock the local oscillator in quadrature (out of phase)
to the signal beam.

3.4.2 PDH Locking

Pound-Drever-Hall locking was originally proposed as a powerful technique for stabi-
lizing the frequency of a laser by locking it to a Fabry-Parot cavity [66, 67, 68]. It exploits
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Figure 3.7: Schematic for locking the mode cleaner (MC) on the fundamental beam (1064nm)
using PDH technique. φ: phase shift to compensate any unequal delay between the signal and
the electronic local oscillatior for demodulation and to provide a way to select either the sine or
the cosine components of the detector output; GT: glan-thompson polarizer; LPF: low pass filter
used to isolate the low frequency component of the output of the mixer; HVAmp: high voltage
amplifier, PID: PID controller implemented by a LabVIEW FPGA system.

differences in the cavity’s response when the frequency of its incident beam changes
about resonance: above resonance, an increase in the laser’s frequency increases the re-
flected power; on the contrary, below resonance, an increase in the laser’s frequency
reduces the reflected power. Interrogation of the reflected power thus creates an error
signal that reveals changes in the laser’s frequency and in turn can be fed back to the
laser to stabilize its frequency. Although frequency stabilization remains its primary us-
age, it has a much wider domain of applications. A prominent example is to probe and
control the length of a cavity to keep it on resonance to a particular incoming laser, as
shown in Fig. 3.7.

Recall a light field that is phase modulated at frequency Ωm (see Eq. (3.6))

α(t) ≈ α0

[
eiω0t + i

M

2

(
ei(ω0+Ωm)t + ei(ω0−Ωm)t

)]
(3.36)

and is injected into a symmetric, lossless cavity. The reflected field of the cavity can then
be expressed as

αref(t) = α0

[
F(ω0)eiω0t + i

M

2
F(ω0 + Ωm)ei(ω0+Ωmt) + i

M

2
F(ω0 − Ωm)ei(ω0−Ωmt)

]
,

(3.37)

where

F(ω) =
r
(
eiφ − 1

)
1− r2eiφ

, (3.38)

is the reflection coefficient of the cavity. It depends on r, the reflectivity of the input
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coupler and φ, the phase the light picks up per cavity round trip:

φ = 2π
L

λ
= 2π

f

νfsr
. (3.39)

Here, L denotes the cavity round trip length, f is the laser frequency while νfsr = c/nL

is the free spectral range of the cavity; n refers to the refractive index of the cavity space.
The power in the reflected beam that is given by α∗ref(t)αref(t) can be derived,

Pref = α2
0

[
|F(ω0)|2 +

M2

4

(
|F(ω0 + Ωm)|2 + |F(ω0 − Ωm)|2

)
−MRe [F(ω0)∗F(ω0 + Ωm)−F(ω0)F(ω0 − Ωm)∗] sin(Ωmt)

−M Im [F(ω0)∗F(ω0 + Ωm)−F(ω0)F(ω0 − Ωm)∗] cos(Ωmt)] .

(3.40)

Here we omitted the terms involving e±2iΩmt that result from the interference between
the two sidebands. In situation where the modulation frequency is high, namely Ωm �
νfsr/f , the sidebands are far from resonance which are therefore fully reflected. This
means F(ω0 ± Ωm) ≈ −1, so

F(ω0)∗F(ω0 + Ωm)−F(ω0)F(ω0 − Ωm)∗ ≈ −i2Im [F(ω0)] , (3.41)

thereby only the cosine term dominates and the sine term vanishes. The resulting error
signal is attainable by mixing Pref with cos(Ωmt) and extracting only the DC component

ξPDH,ES = α2
0M Im (F(ω0)∗F(ω0 + Ωm)−F(ω0)F(ω0 − Ωm)∗) . (3.42)

We plot ξPDH,ES in Fig. 3.8 (a). It is noteworthy that the zero crossing of error signal
occurs when either the carrier or the sidebands is resonant in the cavity. Nevertheless,
because the sign of the error signal’s slope is opposite for the carrier and the sidebands,
one can always lock the cavity only to the carrier by inverting the electronic feedback
gain.

Conversely, if a low frequency modulation is applied, i.e. Ωm � νfsr/f , the standing
wave built up inside the cavity stays always in equilibrium with the incoming light
field, so F(ω0)∗F(ω0 + Ωm)−F(ω0)F(ω0−Ωm)∗ is purely real [67]. Pulling out the sine
term in Eq. (3.40), we obtain the error signal

ξPDH,ES = α2
0MRe [F(ω0)∗F(ω0 + Ωm)−F(ω0)F(ω0 − Ωm)∗] , (3.43)

which is plotted in Fig. 3.8 (b).
In both circumstances, the error signals arise from the beating between the side-

bands and the carrier. Thanks to the contribution of α2
0, the negligible sideband signal

is amplified, rendering the error signal observable.
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Figure 3.8: The PDH locking error signal for (a) high frequency phase modulation with Ωm =

4% free spectral range, and (b) low frequency phase modulation with Ωm = 0.1% free spectral
range. The reflectivity of the input coupler is 0.9975.
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Chapter 4

Inverse-Gaussian Filter and
Measurement-Based Noiseless
Linear Amplification

Overview

In this chapter, we introduce an inverse Gaussian filter that serves as an essential com-
ponent in this thesis. As shall be shown in chapter 6 – 9, it can be adopted in a wide
range of CV quantum information tasks that involve a measurement-and-feed-forward
stage. In particular, we show that it can be utilized to improve the fidelity of a squeezing
gate, to enhance the signal-to-noise ratio of coherent states, to enable quantum cloning
with fidelity surpassing the no-cloning limit, and to improve the fidelity of quantum
teleportation. We thus believe it provides an effective and versatile tool to refine the
conventional Gaussian toolbox for CV quantum information.

The filter function was originally formulated to emulate a noiseless linear amplifier
(NLA) [22], due to the fact that present physical implementations of NLA are consid-
erably resource and technique intensive [69, 70, 71, 72, 73, 74, 75]. Moreover, the suc-
cess rates of these experiments are significantly lower than the theoretical expectation,
thereby rendering the implementations quite unreliable in practical quantum informa-
tion tasks, especially in field deployment settings. J. Fiurás̆ek et al. proposed that in
circumstances when NLA precedes a dual homodyne directly, its function can be faith-
fully simulated by an appropriate post-processing on the measurement outcomes. This
virtual emulation of NLA is called a “measurement-based NLA (MB-NLA)”. In this way,
the experimental challenges are mitigated.

In this chapter, we first provide a review of the construction of the filter function in
the context of noiseless linear amplification. Parameters that determine the performance
of the filter function are discussed. We then present a detailed study on the similarities
and differences between the measurement-based and the physical implementations of
NLA by investigating their abilities to preserve the input Gaussianity and their probabil-
ities of success. Moreover, by embedding both amplifiers into a feed-forward loop, we

39
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construct two noiseless linear amplifiers that produce free-propagating amplified quan-
tum states. The respective signal-to-noise ratios and fidelities of the two amplitication
shemes are examined as well. We conclude that the way how MB-NLA’s performance
depends upon the effective parameters coincide with that of its physical counterpart;
however, subtle differences remain. Only if one takes into account of all the parameters,
their equivalence holds valid.

The above study provides quantitative criteria for engineering the filter function so
that the trade-off between different figure of merits can be optimized. It is therefore of
great instructional significance to the rest of the thesis.

The work presented in this chapter has been published in the journal article:

• J. Zhao J. Y. Haw, S. M. Assad, T. Symul, and P. K. Lam. Characterization of
measurement-based noiseless linear amplifier and its applications. Physical Review A 96,
012319, (2017).

4.1 Introduction

It is well known, since the seminal work of Caves [76], that deterministic phase-
preserving amplification would inevitably introduce additional noise. Although this
serves as the crucial basis for secure quantum communication, it imposes unavoid-
able limits on signal processing and quantum metrology. The first ingenious idea to
evade this noise penalty was proposed by Lund and Ralph [21], and independently by
Fiurás̆ek [22]. A device called noiseless linear amplifier (NLA) was proposed which can
amplify probabilistically the amplitude of an input state and meanwhile preserves its
noise characteristics. This proposal opens up many promising applications in quantum
computing and communication, such as quantum key distribution [77, 78, 79, 72, 74],
quantum cloning [80], entanglement distillation [69, 81, 82], quantum repeater [83],
phase estimation [75], and error correction [84].

However, even should one sacrifice some untriggered events, exact implementation
of the NLA would still necessitate a vanishing success probability. Nevertheless, prac-
tical benefits of the noiseless amplification can be retained, if one further renounces
the exactness of the NLA to reach a compromise between fidelity and success proba-
bility. A faithful approximation can be made by restricting the distribution of input
states to a finite set [85] or alternatively, by truncating the working space of the am-
plifier. Physical implementations of NLA include methods such as quantum scissor
[21, 86, 69, 70, 71, 72], photon addition-subtraction [87, 88, 73, 74], and noise addition
[75]. Here, they are designated as physical NLA (P-NLA), for they take an input state
and transform it into an amplified free-propagating output state. P-NLA has also been
studied theoretically in several aspects, in particular, on optimizing the architecture and
the success probability for different input distributions [89, 90, 85]. More recently, the
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cascading of P-NLA and a deterministic linear amplifier was proposed and investigated
as a part of a continuum of linear amplifiers [91]. However, due to various technical dif-
ficulties, current experiments on P-NLA are yet restricted to small gains and small input
amplitudes.

For the case where the amplifier directly precedes a dual homodyne measurement,
for example in quantum key distribution, probabilistic NLA can be emulated by con-
ditioning upon the measurement records via a classical filter function [79, 81, 92].
This post-selection scheme, which we term as measurement-based NLA (MB-NLA), was
shown to be equivalent to its ideal physical counterpart as long as the measurement that
follows the amplification is informationally complete [81]. It is demonstrated experi-
mentally that such post-selection scheme permits distillation of entanglement beyond
the accessible with a perfect entangled resource experiencing the same loss [81]. Re-
cently, it was proposed that MB-NLA can be integrated into continuous variable quan-
tum teleportation [93] and quantum cloning protocol [94] to surpass the deterministic
bounds.

In spite of this, in practice, it is not apparent how the effective parameters of an
MB-NLA affect its performance and how they relate to those of a P-NLA. For instance,
analogous to truncating the amplification operator on the photon number basis for a P-
NLA, the MB-NLA also requires a virtual cut-off on the post-selection filter to emulate
an NLA. Since increasing this cut-off will deteriorate the success probability, one might
conclude that it resembles the truncation of a P-NLA. However, as we shall demonstrate
in this chapter, the P-NLA truncation and the MB-NLA cut-off indeed act in a different
manner. In fact, only when one takes into account of all of the relevant effective param-
eters (i.e. input amplitude, effective gain, and cut-off) can such equivalence between the
measurement-based and the physical implementations be drawn.

In this work, we provide a detailed analysis on the MB-NLA, focussing in partic-
ular on coherent-state input. We compare the performance of MB-NLA with a P-NLA
scheme based on an optimal positive-valued measure (POVM) [89, 90] which maximizes
both the success probability and the fidelity. We show that the requirement for MB-NLA
to obtain output statistics closely resembles that of an NLA is to choose appropriately
the effective parameters appropriately.

4.2 Construction of the Inverse-Gaussian Filter

The filter function is constructed following the idea to recover the same statistical prop-
erties of the output of an ideal NLA, which is the exact implementation of a noiseless
linear amplifier. We first recall that such an ideal NLA can be represented by the un-
bounded amplification operator gn̂ with g > 1, that realizes the following transforma-
tion [21, 22]:

gn̂ |α〉 = e
1
2

(g2−1)|α|2 |gα〉 . (4.1)
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Figure 4.1: Two equivalent noiseless linear amplification schemes. (a) An ideal NLA immedi-
ately followed by a dual homodyne measurement. (b) Measurement-based NLA that emulates
the NLA by applying Gaussian post-selection on the measurement outcomes.

Here n̂ refers to the photon number operator. As discussed in [79, 81], the statistics of a
POVM set {πk} upon the output of an arbitrary quantum map

∑
iEiρE

†
i can be recon-

structed by instead conditioning on measurements ({π̃k}=
∑

iE
†
i πkEi) on the original

state. Although this reconstruction is valid in general, for unphysical quantum map-
ping, for example, NLA, it is permissible only when the POVM set {π̃k} is information-
ally complete (IC)[81]. A dual homodyne measurement, which is essentially a coherent
state projection, is such an IC-POVM.

Based on Eq. (4.1), we can write down the Q function of the amplified state:

Q (α) =
1

π

〈
α|gn̂ρing

n̂|α
〉

= exp
[(
g2 − 1

)
|α|2

] 1

π
〈gα|ρin|gα〉 , (4.2)

where ρin denotes the input state. Performing a change of variable, α = αm/g, we get

Q (αm) = exp

[(
1− 1

g2

)
|αm|2

]
1

π
〈αm|ρin|αm〉 . (4.3)

This equation allows us to determine the appropriate post-selection filter to approxi-
mate an ideal NLA prior to a dual homodyne measurement, as illustrated in Fig. (4.1).

In Refs. [79, 92], it was shown how noiseless amplification can be achieved virtually
through a Gaussian post-selection. Comparison of Eqs. (4.2) and (4.3) provides a three-
step recipe for emulating the ideal NLA with gain g via a measurement-based algorithm.
We first perform a dual homodyne measurement on an input state ρin, resulting in a
measured value αm that follows the probability distribution

p (αm) =
1

π
〈αm|ρin|αm〉 . (4.4)
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We then employ a probabilistic filter on the measurement records to realize the pre-
factor exp

[(
1− 1

g2

)
|αm|2

]
in Eq. (4.3). To make the filter probability convergent, the

filter is truncated by a real cut-off parameter αc, resulting in a piecewise function given
by

f (αm) =

exp
[(
|αm|2−α2

c

) (
1− 1

g2

)]
if |αm| < αc,

1 otherwise.
(4.5)
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Figure 4.2: MB-NLA filter function as a function of the filter strength g, where g =

1.3, 2.0, 5.0, 10.0, 13.0 are shown in darker to lighter blue. The cut-off is chosen to be αc = 2.0

and the acceptance probability here is plotted in the logarithmic scale.

In Fig. 4.2, we plot the filter function to obtain a clear visualization of its profile,
where we see a inverse Gaussian shape that denotes the acceptance probability of data
points based on their amplitude. In practice, all measurement outcomes with magnitude
less than αc are selected with probability specified by Eq. (4.5); a lower acceptance rate
is enforced on data points with small amplitudes, i.e. close to the center of origin. On
the contrary, data samples lying beyond the cut-off αc are kept with unity probability.
The overall effect leads to a displaced distribution given by

p̃ (αm) =
1

p
(mb)
S

p (αm) f (αm) , (4.6)

where p(mb)
S denotes the success probability of the MB-NLA:

p
(mb)
S =

∫∫
d2αm p (αm) f (αm) . (4.7)

The final step to emulate an ideal NLA is a linear rescaling that maps αm to gα. The
output after this step will be distributed according to Q(mb)(α), where

Q(mb)(α) = p̃ (gα) g2, (4.8)
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by requiring Q(mb)(α)d2α = p̃ (αm) d2αm. It is this last step that ensures the noise char-
acteristic of the input state is preserved during amplification.
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Figure 4.3: Procedures of an MB-NLA. (a) Distribution of the input state, revealed by a direct
dual homodyne measurement. (b) Probability distribution after implementing the filter function
with cut-off αc. (c) The final probability distribution after rescaling which leads to the target
distribution with the input mean being amplified by a factor of g.

In the following, we shall concern ourselves explicitly with a coherent input state
|α0|. Without loss of generality, the analysis can be straightforwardly generalized to
other Gaussian states. Figure (4.3) provides a pictorial representation of the aforemen-
tioned three steps for constructing the filter function. Note that in accordance with
Eq. (4.4), a direct dual homodyne measurement is first performed on the input to reveal
its probability distribution:

p (αm) =
1

π
exp

(
− |αm − α0|2

)
. (4.9)

The real part of this distribution is centered at Re(α0) and has a variance of
Var[Re(αm)]=Var[Im(αm)]=0.5, as shown as curve (a) in Fig. 4.3. Next, we apply the fil-
ter function in Eq. (4.5) which increases both the mean and variance of the distribution
by g2 (see Fig. 4.3 (b)). Lastly, a change in variable is performed to rescale the distribu-
tion by 1/g; by doing this, the mean is reduced to gα0, while the variance goes back to
0.5. The net effect of post-selection together with the post-rescaling on the statistics of a
coherent state is hence to approximately increase its mean by g and simultaneously pre-
serves its minimum-uncertainty noise characteristic (Fig. 4.3 (c)). Due to a finite cut-off
αc, there is a discontinuity of the gradient of the resultant distribution appearing around
αc/g, as shown in Fig. 4.3, curves (b) and (c). More specifically, the output distribution
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after post-selection ends up being

Q(mb)(α) =
1

p
(mb)
S


g2

π exp
(
− |α− gα0|2

)
exp

[(
g2 − 1

) (
|α0|2 − α2

c
g2

)]
if |α| < αc

g ,

g2

π exp
(
− |gα− α0|2

)
otherwise,

(4.10)

which is essentially a concatenation of two Gaussian distributions joined at the circle
|α| = αc/g. The success probability p(mb)

S will be discussed in the next section. To ex-
emplify the amplification, we plot Q(mb)

(α) in Fig. 4.4 for an input coherent state with
amplitude of α0=0.5, and several different cut-offs. The performance of the MB-NLA is
examined with respect to the ideal NLA under varying filter strengths. Among all the
plots, only Figs. 4.4 (e), 4.4 (i), and 4.4 (j) resemble the output of an ideal NLA. As the
filter strength increases, the output starts to be squeezed along the radial direction, and
a larger cut-off is demanded to eliminate this contamination of the output distribution.
As we further enhance the filter strength, i.e. in the limit of g � 1, the output distribu-
tion eventually asymptotes a Dirac delta function centered at αc/g, and finally tends to
be 0 as g →∞, irrespective of the amplitude of the input state.

4.2.1 Probability of Success

We characterize in this section the heralding rate of the post-selection acting upon the
outcomes of a homodyne detection on a coherent input. It is parametrized by three
effective parameters, namely the filter strength g, the cut-off αc, and the amplitude of
the coherent input |α0|, which can be expressed as

p
(mb)
S =

g2

π
exp

[(
g2 − 1

)(
|α0|2 −

α2
c

g2

)] ∫∫
|α|<αc

g

exp
(
− |α− gα0|2

)
d2α

︸ ︷︷ ︸
p

(mb)
S,in

+
g2

π

∫∫
|α|≥αc

g

exp
(
− |gα− α0|2

)
d2α

︸ ︷︷ ︸
p

(mb)
S,out

. (4.11)

The first term p
(mb)
S,in involves an integration, within a circle with radius of αc/g, of a

two-dimensional Gaussian distribution centered at gα0. The second term p
(mb)
S,out can be

rewritten as 1/π
∫∫

|α|≥αc
exp

(
− |α− α0|2

)
d2α, which is independent of g. Although both

terms contribute to the total success probability, only the fraction p
(mb)
S,in represents the

part of the output that is properly amplified. In contrast, the fraction p(mb)
S,out is the rem-

nant from the input distribution that is retained with unity probability due to its lying
beyond the cut-off. The total success probability is plotted in Fig. 4.5 (a) as a function of
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f

k

Figure 4.4: Output distribution of a measurement-based NLA. Dashed blue line depicts the Q
distribution of an input coherent state with a real amplitude of 0.5, while the red solid line refers
to the distribution of the outcomes of an MB-NLA with different cut-offs and filter strengths. As
a reference, the output distribution of an ideal NLA is superimposed in dotted black line. Note
that the output distribution of an MB-NLA consists of two Gaussian distributions joined at the
green circle (dot-dashed) with radius of |α| = αc/g. The contour levels are 0.1, 0.2, 0.3, and so
forth. The x and y axes are Re(α) and Im(α), respectively. The probability density contours are
plotted with incremental steps of 0.1. Some output contours have higher local values due to the
more confined distribution in phase space.

the filter strength for different cut-offs, and in Fig. 4.5 (c) as a function of cut-off at dif-
ferent filter strengths. We see that the success probability decreases rapidly as g and αc

increase. For example, at a fixed gain g = 2, the success probability drops from 10−4 to
10−11 when αc rises from 4 to 6. (Fig. 4.5 (c)).

It is noteworthy that for a fix αc, the success probability p
(mb)
S,in tends to be a con-

stant at the limit of large gain g, as shown in Fig. 4.5 (a). This phenomenon is a direct
consequence of the mechanism of the MB-NLA. We notice that, as g becomes relatively
large compared to the input amplitude and the cut-off, the filter function asymptotes to
exp

(
|αm|2 − α2

c

)
when |αm| < αc (see Eq. (4.5)). In this situation, the filter becomes in-

dependent of g, as is illustrated in Fig. 4.2. As a result, the measurement outcomes lying
within the cut-off amplitude will always be kept with a constant nonzero probability.
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Figure 4.5: Success probabilities of MB-NLA (left column) and P-NLA (right column), respec-
tively, with varying filter strengths and cut-offs. The probabilities of success in (a-d) are plotted
in the logarithmic scale.

More specifically, p(mb)
S,in tends to be independent of g which can be expressed as:

p
(mb)
S,in

∣∣∣
g→∞

=

∫∫
|α|<αc

1

π
exp

[
2 Re(αα∗0)− |α0|2 − α2

c

]
d2α

= exp
[
−|α0|2 − α2

c

] αc
|α0|

I1(2|α0|αc) , (4.12)

where I1 is the modified Bessel function.

4.3 Comparing the Measurement-based NLA and the Physical
NLA

Consider that the filter function originates from the idea to emulate an NLA by a
measurement-based scheme, it is thus instructive to compare the performances of the
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direct implementation of an NLA, the so called “physical NLA (P-NLA)” and the
“measurement-based NLA (MB-NLA)” in different operational regimes. We believe this
comparison would be helpful to illuminate the behavior of the filter function.

4.3.1 An Ideal Physical Implementation of NLA

Here we look in particular at a theoretical model that realizes the NLA optimally with
both working probability and fidelity saturating the theoretical bound [89]. Amplifica-
tion with a gain of g in this architecture is carried out by a two-outcome POVM, where
the successful outcome is specified by the operator [90]

M̂S =
1

gNc

bNcc∑
n=0

gn |n〉 〈n|︸ ︷︷ ︸
M̂S,1

+
∞∑

n=dNce

|n〉 〈n|

︸ ︷︷ ︸
M̂S,2

. (4.13)

In analogy to αc of the filter function in Eq. (4.5), the photon number truncation Nc

fulfills the projection of the operator gn̂ onto the subspace spanned by the firstNc eigen-
states and therefore ensures the amplification is physical. For an input state ρin, we can
calculate the success probability of the P-NLA

p
(phy)
S = Tr

(
M̂SρinM̂

†
S

)
. (4.14)

Here, p(phy) denotes also the optimal success probability achievable for any physical
implementation of an NLA. More specifically, it can be expressed as the sum of two
terms,

p
(phy)
S = Tr

(
M̂S,1ρinM̂S,1

)
︸ ︷︷ ︸

p
(phy)
S,1

+ Tr
(
M̂S,2ρinM̂S,2

)
︸ ︷︷ ︸

p
(phy)
S,2

, (4.15)

where p(phy)
S,2 is independent of g. Similar to the success probability of an MB-NLA in

Eq. (4.11), the first term results from a proper amplification while the events in the sec-
ond term arise due to the truncation on the operating space of operator gn̂ when a finite
cut-off Nc is enforced (c.f. Eq. (4.13)). For an input coherent state, p(phy)

S can be written
analytically as [89, 90]

p
(phy)
S = 1−Q

(
Nc + 1, |α0|2

)
+ (4.16)

g−2Nc exp
[
(g2 − 1) |α0|2

]
Q
(
Nc + 1, |gα0|2

)
. (4.17)
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Here, Q(N,λ) is the regularized incomplete gamma function defined as the ratio of the
incomplete gamma function Γ (N,λ) over the complete gamma function Γ (N)

Q (N,λ) = Γ (N,λ) /Γ (N) . (4.18)

The resultant output state of the P-NLA can be expressed as

ρS =
M̂SρinM̂

†
S

p
(phy)
S

. (4.19)

4.3.2 Output Husimi Q Fuction

We first compare the two distinct NLA schemes by examining their respective output
Husimi Q distributions. For comparison, in Fig. 4.6, we plot Q(phy)(α) with the same
input amplitude α0 = 0.5 and filter strengths g = 2, 3, 4, 5 as those in Fig. 4.4. Similar
to the MB-NLA, the physical NLA emulates an ideal NLA faithfully only when the
truncation point Nc properly accommodates |α0| and g (Fig. 4.6 (e) and 4.6 (i)).
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Figure 4.6: Output distribution of a physical NLA. Dashed blue line gives the distribution of the
input coherent state with amplitude of α0 = 0.5. Dotted black line gives the output distribution
of an ideal NLA with infinite photon number cut-off. Red solid line is the distribution of the
outcome of a physical NLA with photon number cut-offs of Nc = 1, 3, and 5, and different filter
strengths. For a fixed amplification gain, a larger cut-off would lead to a better approximation
of an ideal NLA. The contour levels are 0.1, 0.2 and 0.3. The x and y axes are Re(α) and Im(α),
respectively.

By comparing Fig. 4.4 and 4.6, we note that while the output of a P-NLA is always
a physical state, the output distribution of MB-NLA does not necessarily represent a



50 Inverse-Gaussian Filter and Measurement-Based Noiseless Linear Amplification

valid Husimi Q-distribution and thus can result in an unphysical state. We emphasize
that the MB-NLA is not an emulation of the P-NLA, but rather the device to reconstruct
the measurement statistics of an ideal NLA (see Eq. (4.3)). For example, when the input
to a P-NLA is a Fock state, the probabilistic output is the same Fock state regardless of
the cut-off Nc. However, for MB-NLA, as long as the cut-off is finite, the output will not
be an exact Fock state.

4.3.3 Probability of Success

We then compare MB-NLA and P-NLA with respect to their success probabilities. Both
p

(mb)
S (c.f. Eq. (4.11)) and p

(phy)
S (c.f. Eq (4.16)) are plotted as functions of filter strengths

for different cut-offs (Fig. 4.5 (a,b)), and alternatively as functions of cut-offs at varying
filter strengths (Fig. 4.5 (c,d)).

We note that the trend of how the success probability of a P-NLA descends resembles
that of an MB-NLA, that is the higher the cut-off Nc, the lower the success probability,
but the better the P-NLA approximates an ideal NLA. While the relation between the
MB-NLA cut-off αc and the P-NLA photon-number cut-off Nc is not straightforward
due to different implementation mechanisms, comparison of the plots suggests that the
success probability of the former is much lower. For example, at g=2 the output Q
functions of the two amplifiers exhibit similar features at αc = 6 (Fig. 4.4 (e)) andNc = 5

(Fig. 4.6 (i)). However, their corresponding success probabilities under these settings
differ by 8 orders of magnitude (see Figs. 4.5 (a) and 4.5 (b)). Nevertheless, it is worth
emphasizing that, in contrary to p(mb)

S , which is attainable using current techniques [81,
94], p(phy)

S stands for the upper bound of the success probability of a P-NLA.

For completeness, in Fig. 4.5 (e) and Fig. 4.5 (f), we depict p(mb)
S and p

(phy)
S with

varying cut-offs for different input amplitudes α0. We see that as |α0| gets larger, the
success probability for both amplifiers actually increases. In fact, under a fixed cut-
off, a higher input amplitude will result in a larger fraction of the amplified output
lying beyond cut-off which are always kept with unit probability. The undesirable part
p

(mb)
S,out (p(phy)

S,2 ) therefore accounts for a larger fraction of the overall success probability.
The output distribution, as a result, departs increasingly from that of the ideal NLA.
This observation implies that success probability on its own is not a complete figure of
merit to characterize the performance of an amplifier; it has to be combined with other
measures able to quantify the closeness of the amplifier to an ideal NLA operation.

Another implication of these plots is that in situations where the amplifiers are acting
on a distribution of input states with different amplitudes, the net success probability
will be a weighted sum of the success probability for each individual input. Because the
success probability varies between input coherent states with different amplitude, the
output will be distributed in a different manner than the input.
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Figure 4.7: Schematic of embedding (a) P-NLA and (b) MB-NLA into a measure-and-prepare
setup. AM: amplitude modulator; PM: phase modulator.

4.3.4 Applications: Measure-and-Prepare Amplifiers

In this section, we present two applications for the MB-NLA as a building block of, re-
spectively, a measure-and-prepare (M-P) amplifier and a 1-to-infinity cloner. Moreover,
the amplifier and cloner are also constructed based on the P-NLA for comparison. The
output signal-to-noise ratio (SNR) and the cloning fidelity of both the MB-NLA-based
and P-NLA-based schemes are subject to scrutiny to explore their similarity and differ-
ence.

In Fig. 4.7 (a), we integrate an MB-NLA into a measure-and-prepare diagram, which
consists of a dual homodyne measurement followed by a displacement on a vacuum
state by gainG. By doing this, we are able to generate a free-propagating amplified copy
of the input, mitigating the drawback of the measurement-based NLA. To compare the
performance of the MB-NLA with respect to its physical counterpart, we simply replace
the MB-NLA with P-NLA followed by a dual homodyne, as depicted in Fig. 4.7 (b).

In both setups, when the measured distribution is used to displace a vacuum state,
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the resultant output will be a statistical mixture of coherent states given by

ρout =

∫∫
d2α Q (α)

∣∣∣∣ G√2
α

〉〈
G√

2
α

∣∣∣∣ , (4.20)

where G is an electronic gain applied before the displacement.
To quantify the performance of the M-P amplifiers, we calculate the output SNR as

our figure of merit, which is defined as the ratio of the signal of interest over its accom-
panied noise. More specifically, recall the quadrature operators defined in Eq. (2.9)

X+ = a+ a†, X− = i(a† − a), (4.21)

where X+ and X− refer to the amplitude and phase quadratures of the electric field.
Without loss of generality, throughout the rest of this chapter, we focus on the amplitude
quadrature measurement and the conclusion holds valid for the phase quadrature. The
mean and variance of X+ are given by

〈X+〉 = Tr [X+ρout] =

∫∫
d2 Q (α) 2Re(α) , (4.22)

〈δ(X+)2〉 = Tr
[
X2

+ρout
]
− Tr [X+ρout]

2

=

∫∫
d2α Q (α)

(
4Re(α)2 + 1

)
, (4.23)

where the electronic gain G has been set to
√

2. The SNR for X+ quadrature is hence
given by 〈X+〉2/〈δ(X+)2〉. In the following three subsections, we examine and compare
the mean, variance, and SNR of the two distinct setups with varying filter strengths,
cut-offs, and input amplitudes.

M-P Amplifiers with Varying Filter Strengths

We plot the output mean, variance, and SNR for the MB-NLA-based M-P amplifier in
Figs. 4.8 (c), 4.8 (e), 4.8 (g) as a function of the filter strength with three different cut-off
values. Similar plots for P-NLA-based M-P amplifier are presented in Figs. 4.8 (d), 4.8
(f), 4.8 (h). For an ideal NLA implementing gn̂ over the entire Hilbert space, the output
mean is 2gRe(α0), which increases linearly with g. However, in practise, due to a finite
cut-off, both P-NLA and MB-NLA will inevitably deviate from the ideal mean as the
filter strength increases. This drop off occurs earlier for a smaller cut-off. Note that for
both amplifiers, there is a saturation point of the output mean after which the mean
stops growing, drops instead as the filter strength increases, and finally degrades to
zero as the filter strength goes to infinity. Even though the expectation values for MB-
NLA and P-NLA exhibit similar behavior, the two amplifiers indeed produce essentially
different output distributions. For P-NLA, an increasing filter strength yields eventually
a Fock state with photon number of Nc and henceforth, the mean of the X quadrature
is zero. In contrast, the output distribution of the MB-NLA tends to squash along the
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Figure 4.8: (left column) MB-NLA with varying filter strengths and cut-offs αc=4, 6, and 8 rep-
resented, respectively, by dotdashed blue, dotted black, and dashed red curves. (right column)
P-NLA with varying filter strengths and photon number cut-offsNc=1, 3, and 5 (dotdashed blue,
dotted black, and dashed red). For all plots, the input state has an amplitude of α0 = 0.5. For
comparison, the orange-thick line is shown to illustrate the results based on an ideal amplifier
with an inifinite cut-off.

radial direction, which gradually becomes a delta function peaked at αc/g. In other
words, in the high gain regime,

〈X〉phy → 0 and 〈X〉mb →
αc
g
. (4.24)
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Ideally, the minimum variance of the output state would be G2 + 1 = 3. This can
be seen as a gain of

√
2 is needed to compensate for the 50:50 beamsplitter in the dual

homodyne setup. For both P-NLA-based and MB-NLA-based amplifiers, the variance
remains close to 3 for relatively small g, denoting that the input state is properly am-
plified. However, as g continues to increase, the output variance of the two amplifiers
start to behave in completely different manner. For the P-NLA-based amplifier, the out-
put variance becomes slightly less than 3, and decreases gradually as the filter strength
goes up. This reveals the fact that the cut-off no longer suffices, with respect to the filter
strength, to preserve the Gaussianity of the input state, such that the output standard
deviation is squeezed along the X quadrature whilst being anti-squeezed along the P
quadrature in compliance with the Heisenberg uncertainty principle (Fig. 4.6). As the
filter strength keeps increasing, the variance rises rapidly, surpasses 3, and eventually
approaches 2Nc + 2, i.e.

lim
g→∞

Var [X]phy = 2Nc + 2 . (4.25)

This implies that in the limit of high filter strength, the P-NLA generates a Fock state
with photon number of Nc. In contrast, for the MB-NLA, the output variance decreases
monotonically with the filter strength, and asymptotes 1, i.e.

lim
g→∞

Var [X]mb = 1 . (4.26)

In this extreme situation, output distribution after the MB-NLA operation becomes a
delta function centered at αc/g, and therefore, is no longer a Q-representation of any
bona fide quantum state. In order to circumvent such problem, we propose that a suffi-
ciently large cut-off should meet the following condition

αc ≥ g2|αmax
0 |+ βg/

√
2, β ≥ 1 . (4.27)

As discussed in Sec. 4.2, the resultant distribution of an MB-NLA is a concatenation
of two Gaussians joint at the circle which centered at the origin, and has a radius of
αc/g. Setting the cut-off to be β (β ≥ 1) standard deviations away from the amplified
mean ensures that the cut-off region is sufficient in embracing the desired part of the
output distribution, which is denoted by the first part of the piecewise function Qmb (α)

in Eq. (4.10). Since a larger β leads to a smaller success probability, a compromise should
be made between the success probability and the fidelity with respect to an ideal NLA.
Here, in order to preclude any distortion of the output distribution while optimizing the
success probability, we suggest β to be 3, so that 99.9% of the amplified distribution lies
within the cut-off circle.

We now look at the SNR of the output state. Analytically it is 4g2Re(α0)2/3 in the
ideal case, which increases quadratically with the filter strength. But realistically, al-
though the SNRs of both amplifiers increase at first as a function of the amplification
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gain, eventually the SNRs diverge from the ideal curve due to the cut-offs being too
small to embrace most of the amplified output (Fig. 4.8 (g) and (h)). From Eq. (4.24),
we conclude that SNRs of both amplifiers asymptote to zero in the large-filter-strength
limit.

M-P Amplifiers with Varying Cut-offs
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Figure 4.9: (left column) MB-NLA (left column) and P-NLA (right column) with varying cut-
offs. For all plots, we have an input amplitude of α0 = 0.5 and varying filter strengths (g=1.5, 2,
2.5, and 3, shown in brighter to darker blue). Note that while the cut-off αc for the MB-NLA is
continuous, the photon number truncation Nc for the P-NLA only takes discrete values.
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Next, we study alternatively the output mean, variance, and SNR as a function of
cut-offs by fixing the filter strength to be g = 1.5, 2, 2.5, and 3. Figs. 4.9 (c), 4.9 (e), 4.9 (g)
plot, respectively, the output mean, variance, and SNR for an MB-NLA-based amplifier,
while Figs. 4.9 (d), 4.9 (f), 4.9 (h) illustrate those for a P-NLA-based amplifier.

In Figs. 4.9 (c) and 4.9 (d), we see the quadrature mean of the output grows mono-
tonically with the cut-off until a turning point occurs after which, no further change in
the mean is noted. This indicates that for a particular filter strength, there exists a cut-off
where the output mean (and SNR) and the success probability can be optimized. The
larger the filter strength is, the larger this optimal cut-off is to achieve a better approxi-
mation of the ideal NLA. For the P-NLA-based M-P amplifier, when the cut-off is zero,
no amplification is applied, and every data point is accepted. However, in contrary, the
M-P amplifier based on the MB-NLA still gives a g-dependent output mean 2Re(α0)/g

as a result of the rescaling operation.

Due to the same reason, we notice in Fig. 4.9 (e) that the output variance of an MB-
NLA-based amplifier is also g-dependent (2/g2) at zero cut-off, whereas the variance
of a P-NLA-based amplifier always starts at 3 regardless of the filter strength. Interest-
ingly, we notice that the output variance for the two schemes exhibit completely dif-
ferent characteristics: on one hand, the output variance of the MB-NLA-based scheme
remains unchanged for small cut-offs, demonstrating that the unamplified portion p(mb)

S,out

in Eq. (4.11) dominates; on the other hand, the output variance of a P-NLA-based am-
plifier under a small cut-off decreases at first until a minimum point is reached where
the output distribution is no longer Gaussian. Apart from this discrepancy, the out-
put variances for both amplifiers increase when the applied cut-off is beyond a certain
threshold, and finally coinciding with that of an ideal NLA.

Both the MB-NLA-based and P-NLA-based amplifiers share the same trend as far
as SNR is concerned, as can be seen in Figs. 4.9 (g) and 4.9 (h). They both reach the
expected value after increasing sublinearly with the cut-off. Hence, we conclude that if
the figure of merit is SNR, the MB-NLA turns out to work equivalently to P-NLA when
cut-off is tunable, and the filter strength is fixed.

M-P Amplifiers for Different Input Amplitudes

Now we consider the action of the two M-P amplifiers on coherent states with differ-
ent amplitudes (α0=0.5, 1.0, 1.5, and 2.0). We vary the cut-off while keeping the filter
strength constant: g=1.5. Notice that the output mean of the P-NLA-based scheme
starts from 2Re(α0), whilst that of the MB-NLA-based scheme starts from 2Re(α0)/g.
As discussed before, this results from the rescaling operation in MB-NLA.

As we increase the input amplitude, the output variance of both amplifiers descend
to a minimum as the cut-off increases, after which the variances go up gradually, and
finally match the results of an ideal NLA. The higher the input amplitude is, the smaller
the minimum variance is, and the larger the cut-off required to approximate the ideal
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Figure 4.10: (left column) Performance of the MB-NLA (left column) and P-NLA(right column)
with different input amplitudes as a function of cut-offs. For all plots, the filter strength is fixed
at g = 1.5 and the results of an ideal NLA with infinite cut-off are shown in orange-dotted lines
for comparison. Plotted curves (brighter to darker blue) are for α0 = 0.5, 1, 1.5, and 2.0.

NLA is, though at the expense of a lower success probability.

By comparing the SNRs in Figs. 4.10 (g) and 4.10 (h), we note that unlike P-NLA,
the maximum SNR of an MB-NLA can even surpass that is attainable with an ideal
NLA. This phenomenon becomes more dramatic when the input amplitude is higher.
Nevertheless, this bump in SNR appears when the output mean is smaller than the ideal
case, and it is the deamplification of the variance that pushes up the SNR. This suggests
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that while the SNR is a good measure of the performance of a P-NLA, as is suggested in
[91], precautions should be taken when it is used to quantify the action of an MB-NLA.

4.3.5 Applications: 1→∞ Cloner

In this section, we look at a potential application of MB-NLA by constructing an NLA-
based 1→∞ cloner, for which we use cloning fidelity as our figure of merit. As shown
in [95], the optimal N -to-M cloning transformation of coherent states that yields copies
identical to the input will necessarily induce a minimum amount of additional noise

σ2
N,M =

M −N
MN

, (4.28)

Therefore, the maximum achievable N -to-M cloning fidelity is upper bounded by

FN,M =
MN

(MN +M −N)
. (4.29)

Here, we show that by integrating a noiseless linear amplifier into a M-P setup, it is
possible to build a 1→∞ cloner with fidelity surpassing its fidelity bound (F1,∞=1/2).

The schemes of the P-NLA-based and the MB-NLA-based 1→∞ cloners are pictured
in Fig. 4.7, with gain G being set to G =

√
2/g. We compare the two schemes by investi-

gating their fidelity with respect to the target state |α0〉:

Fc = 〈α0|ρout|α0〉

=

∫∫
d2α Q (α) exp

[
−
∣∣∣∣αg − α0

∣∣∣∣2
]
. (4.30)

It can be derived that the cloning fidelity using an ideal NLA is

Fi =
1

1 + 1
g2

. (4.31)

This equation implies that the ideal fidelity grows monotonically as a function of the
filter strength, and eventually would approach 1.

Similar to Sec. 4.3.4, we analyze in the following the effects of the filter strength,
the cut-off, and the input amplitude on the fidelity of the cloners. We see that a high
fidelity is obtainable as long as an appropriate combination of filter strength and cut-off
is applied. However, due to the finite cut-off, the increasing filter strength eventually
results in a fidelity approaching exp

(
−|α0|2

)
. Remarkably, in Fig. 4.10 (a), we note that

the fidelity of the MB-NLA-based cloner can even surpass that of the cloner using an
ideal NLA, which is never the case for its physical counterpart. This is because when
the cut-off becomes not sufficiently large, the output state after a P-NLA preserves its
physical nature. Although the variance of one quadrature is squeezed, the variance
of the conjugate quadrature is correspondingly enlarged. The MB-NLA, however, can
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produce a distorted output distribution as discussed in Sec. 4.2, which may no longer
represents any real physical state.

We now change to another perspective to examine the behavior of the cloners under
varying cut-offs. As depicted in Fig. 4.9 (b), the common feature of both amplifiers is
that a higher peak fidelity can be achieved provided a larger filter strength is allowed.
In particular, as we increase the cut-off, the fidelity of a P-NLA-based cloner gradually
approaches the ideal fidelity. The fidelity of an MB-NLA-based cloner (see Fig. 4.9 (a)),
on the contrary, goes beyond the ideal fidelity. As the cut-off keeps growing, it degrades
back to the ideal result. This degradation is more pronounced when a smaller filter
strength is applied.

We plot the cloning fidelity versus cut-off when higher input amplitude is consid-
ered for MB-NLA in Fig. 4.10 (a), and for P-NLA in Fig. 4.10 (b). We notice that for both
schemes, when a small cut-off is applied, a high fidelity is only obtainable with a small
input amplitude. This imposes a limit to the input amplitude when one implements
an NLA-based cloner with small cut-off due to experimental constraints. In order to
reach the optimal fidelity for higher input amplitude, a larger cut-off is required with
subsequent reduction in the success probability, and also increase in the experimental
difficulty.

4.4 Conclusions and Summary

In summary, we provide the recipe for constructing the inverse-Gaussian filter that is
utilized throughout this thesis. Considering that such a filter was originally proposed
to emulate a noiseless linear amplifier, which is referred to as the “measurement-based
NLA”, we investigate its functionality by studying the behavior of the MB-NLA and
comparing its performance with the direct implementation of NLA, the so-called ”phys-
ical NLA”. On the one hand, we have examined their subtle differences in terms of
the output Q distribution, the signal-to-noise ratio, and the fidelity when embedding
both amplifiers into a measure-and-prepare setup to generate free-propagating ampli-
fied states. On the other hand, we have demonstrated the scenarios within which their
equivalence holds. We note that the performance of both amplifiers depends on three
effective parameters: the input amplitude, the filter strength, and the cut-off. These
parameters dominate the trade-off between the amplification success probability and
other figure of merits. In comparison with the optimal P-NLA, the major disadvantage
of MB-NLA is its exceedingly low success probability. This discrepancy rises exponen-
tially as the cut-off increases. Another drawback of MB-NLA is its inability to produce
a free-propagating amplified state, as illustrated in [81]. This is a direct consequence of
its inherent post-selective feature; nevertheless, there has emerged a novel hybrid ap-
proach by combining the deterministic linear amplifier and MB-NLA to alleviate this
constraint [94, 91].

In addition, we observe that MB-NLA indeed concatenates two Gaussian distribu-
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tions and hence, a sufficient cut-off should satisfy the criterion that the part of amplified
states lying beyond the circular cut-off area is negligible. We provide the explicit ex-
pression of such criterion which offers a quantitative instruction for choosing cut-off in
the work presented in this thesis. We show theoretically that once an insufficient cut-
off is adopted, the output becomes distorted towards the edge of the circle, and in the
large-filter-strength limit, eventually tends to a delta function independent of the input
amplitude. It is this property that allows MB-NLA to attain the noise figure and fidelity
that exceed the maximum achievable using an ideal NLA. Thus, we assert that fidelity
alone cannot quantify conclusively the properties of the amplifier; success probability
as well as the output distribution are more valuable characteristics. In applications that
require extraction of signals masked under noise, SNR would be a particularly useful
figure of merit.

We believe the results shown in this section, from the operational viewpoint, should
provide helpful instructions in reconciling the effective parameters, and hence optimiz-
ing the utility of the filter function under different circumstances.



Chapter 5

Construction and Characterization of
Doubly-Resonant Bow-tie Squeezers

The construction of two optical parametric amplification (OPA) squeezers and the in-
vestigation of their performance form the theme of this chapter. We first give a brief re-
view on the breakthroughs in squeezing generation on various experimental platforms.
The classical behaviour of the squeezer is theoretically modelled by solving the classical
cavity equations of motion. In addition, the noise properties of the cavity modes are
obtained by solving the quantum Langevin equation of the squeezer. We lay particular
emphasis on the considerations that have been made for configuring the squeezer cavity
from both the optical and mechanical perspectives. Finally, we present the experimental
characterization of the squeezer parameters, namely its pump threshold, the intra-cavity
loss, and the escape efficiency. We report a direct observation of 9.7 dB squeezing, corre-
sponding to 11.5 dB squeezing after correction for the detection loss. A squeezed beam
of purity 1.17 was measured. We emphasize that our system is capable of producing
higher degree of squeezing by optimizing all relevant squeezer parameters.

5.1 Overview of Squeezing Generation on Different Platforms

The prediction of sub-shot-noise light fields dates back to 1927 when Kennard consid-
ered a particular time evolution of the Gaussian wave packet, where the quadrature
variances may be arbitrary as long as they comply with the Heisenberg uncertainty
principle [194]. Such nonclassical light fields had attracted a number of theoretical in-
vesigations thereafter and the terminology “squeezing” and “squeezing operator” were
first introduced by Hollenhorst [195] and Caves [196].

Extensive experimental research had been devoted to this promising area, but it
was not until 1985 that the first squeezing was witnessed in a four wave mixing sys-
tem by Slusher and colleagues [96]. They reported a modest squeezing level of 0.3 dB,
arising from the third-order nonlinear interaction between a bright light field and a
sodium atomic vapor. Soon after in 1986, another landmarking experiment was success-
fully conducted by Wu et al. [98] where a dramatically higher noise suppression (4 dB)

61
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Figure 5.1: Progress in squeezing generation on different platforms, starting from the pioneer-
ing work with four wave mixing till now [96] – [193] (cited from left to right, top to bottom in
sequence).

was achieved via a sub-threshold triply resonant optical parametric oscillator (OPO).
Also impressive was their demonstration of squeezed state as a minimum-uncertainty
state for the first time. The team employed instead the second-order nonlinearity of a
MgO:LiNbO3 crystal. This circumvents the requirement of a large third-order nonlinear
coefficient, which was encountered in the initial atomic experiment. In addition, the
cavity configuration offers an appealing way to enhance the nonlinear interaction, so a
bright pump beam is not necessary.

The OPO, when seeded by a weak beam at the fundamental frequency, can operate
as a phase-sensitive amplifier. It can be utilized to produce the so-called bright squeez-
ing as opposed to the squeezed vacuum. The presence of the seed beam offers more op-
erational flexibility: one can apply a phase modulation on the beam and use it to lock the
final homodyne station as well as the relative phase between the pump and fundamen-
tal fields. Such a configuration is conventionally termed OPA which can be regarded as
a sub-category of the OPO/OPA squeezing as their underlying physics is the same. Sub-
stantial progress has been made following this route (cavity OPO/OPA), thanks to the
advances in the relevant techniques including coating, polishing, locking, and detec-
tion. One particular contribution is from the manufacturing of the periodically-poled
potatssium titanyl phosphate (PPKTP) crystal. The periodic poling technque enables
the quasi-phase matching, where the phase matching condition is satisfied by simply ad-
justing the crystal temperature. Compared to other nonlinear materials, the PPKTP



§5.1 Overview of Squeezing Generation on Different Platforms 63

crystal also exhibits lower absorption at the squeezing wavelength, and a smaller green-
light-induced infrared absorption (GLIIRA) [192]. In fact, among all different platforms
shown in Fig. 5.1, OPO/OPA remains the most appealing and reliable approach for
squeezing generation. It produced not only the first squeezing of magnitude surpassing
10 dB [156], but also the state-of-the-art squeezing level of 15 dB [192].

Apart from the cavity configuration, pulsed lasers with high peak intensity can also
be used to provide highly concentrated field in the χ2 crystal and hence a reasonable
parametric gain. Squeezing over a bandwidth comparable with the phase-matching
bandwidth of the crystal is therefore obtainable. The first squeezing generation adopt-
ing this approach (0.6 dB) was demonstrated by Slusher’s group in 1987 [104]. This
result had been improved to 5.8 dB in 1994 [120]; however, due to the limited squeezing
bandwidth and the technical difficulties in matching the temporal modes of LO to the
squeezed beam, the squeezing of 5.8 dB remains the highest record in this regime.

The inverse process to OPO/OPA, based on parametric upconversion or second
harmonic generation (SHG), offers an alternative strategy for generating amplitude
squeezed beams. Theoretical predictions of SHG squeezing evolved from using sin-
gle pass configuration [197] to a doubly-resonant cavity [121]. The development was
prompted by the realization that none of the available nonlinear mediums could pro-
vide sufficient nonlinearity in the former configuration. As a demonstration of princi-
ple, the first SHG squeezing experiment was carried out by Pereira et al. in 1988 [106]
by means of a Fabry-Parot cavity containing a nonlinear LiNbO3 crystal. A noise sup-
pression of 0.6 dB at the fundamental field, corresponding to 2.0 dB SHG squeezing,
was attained around 4 MHz. This result was further improved by Sizmann et al. (2.2
dB) using a LiNbO3 crystal that had been polished as a monolithic resonator [108]. Such
monolithic geometry allows different cavity transfer functions for the fundamental and
the second-harmonic beams, and hence an enhancement in the nonlinear interaction. A
later experiment using the same monolithic geometry reported a noise suppression of 3

dB, notwithstanding that the squeezing lifetime was only around miliseconds [118].

Doubly-resonant cavities were, for a long time, believed to be indispensable for SHG
squeezing until people realized singly-resonant cavities were also applicable in 1994. As
such, the operational difficulties of a doubly-resonant setup were mitigated, but the ease
of implementation came at the price of an intrinsic limit on the achievable squeezing:
under ideal conditions, the best possible noise suppression is nearly 90%, correspond-
ing to a squeezing of 10 dB. The best up-to-date SHG squeezing was achieved in 1995
by Tsuchida where 2.4 dB (5.2 dB after correcting detection loss) SHG squeezing was
directly measured at 7.5 MHz [123]. In this experiment, the commonly used LiNbO3

crystal was replaced by a KNbO3 crystal, resulting in a larger nonlinearity and hence a
higher magnitude of squeezing. One technical issue associated with any SHG squeez-
ing is that the best squeezing is obtainable at low frequency which, however, would be
disguised in the high intensity noise of the laser itself. This detrimental effect can be
alleviated by inserting a mode cleaner cavity on path of the fundamental beam. The
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cavity serves as a low pass filter, so high-frequency noise are eliminated. As a result, the
squeezing generation becomes significantly more stable, as evidenced by [124], where
1.6 dB (3 dB inferred) of noise suppression was observed consistently for hours.

Amplitude squeezing has also been achieved by driving a semiconductor laser with
a noiseless pump current. The noise suppression stems from the dipole interaction be-
tween the internal field and the electron-hole pairs. Original experiment demonstrated
a noise suppression of 7 dB. This squeezing record has never been surpassed; however
it only exists in the negative-feedback loop of the semiconductor laser [97]. Later exper-
iments observed the first open-loop squeezing of 3 dB [110], and later improved to 5.9

dB in 1996 [125].

Apart from the conventional approach of OPO/OPA squeezing (below-threshold),
operating OPO above threshold provides an alternative method for amplitude squeez-
ing. Because the two output modes of the parametric downconversion are corre-
lated, their intensity difference exhibits noise level below shot noise. The experimen-
tal demonstration was first accomplished (1.55 dB) in 1987 [103] and improved more
recently to 9.2 dB in 1998 [129].

The observation of squeezed light, an authentic quantum light field, opens the av-
enue for a wide range of new applications such as entanglement generation, quantum
metrology, secure quantum communication, and quantum computation. Inspired by all
these new possibilities, great endeavours have been made to increase the magnitude of
squeezing over the past 30 years, which culminated with a very recent demonstration
of 15 dB squeezing via a hemilithic OPA by Schnabel’s group [186]. Such achievement
would not have been possible without the numerous development of requisite technolo-
gies for squeezing experiments: the improvements in optical coating and polishing, the
refinement of phase locking techniques, the manufacturing of periodically poled nonlin-
ear crystal having less loss and defects, the availability of low noise and frequency stabi-
lized lasers, and the invention of high-efficiency photodiodes. The advances in squeez-
ing generation of recent years have, in turn, spurred new technical investigations. For
instance, the 15 dB squeezing opens a way to resolve the long-standing technical issue
of calibrating the quantum efficiency of InGaAs photodiodes [186].

Other than refinement of the existing techniques, there has been a recent trend to-
wards the production of squeezing on various new platforms. Squeezing on minia-
turized devices such as integrated photonic chips were reported independently by Fu-
rusawa et al. (4.0 dB) [181] and Lobino (1.38 dB) [193]. Moreover, miniaturization was
made possible by abandoning the typical bow-tie or hemilithic cavity configuration, and
instead adopting a novel monolithic design. In the work of Brieussel et al. [189], a bulk
of LiNbO3 crystal was specially machined by precision diamond turning to form a sta-
ble cavity geometry, whereby 2.6±0.5 dB squeezing was measured. These miniaturized
devices hold great promise of better scalability, have the potential to be embedded into
other quantum processors, and to serve as interfaces between different quantum infor-
mation platforms. Furthermore, it was shown that the interaction between optical fields
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and a mechanical oscillator is capable of reducing noise below shot noise [178, 184],
which could be of great usage in quantum metrology. Leveraging the advanced fabrica-
tion of integrated chips, Painter et al. reported noise reduction of 0.2 dB (4.5%) from a
micromechanical resonator coupled to an on-chip nanophotonic cavity [179]. Different
from previous experiments that rely on atomic ensembles, squeezing generated by a sin-
gle quantum emitter (single atom) was successfully implemented by coupling the atom
into a high-finesse optical resonator [174], and a semiconductor quantum dot [185].

In summary, all approaches use one kind of nonlinear effect or another. We plotted
the different sources of squeezed light in Fig. 5.1. A thorough review on the production
of squeezing can be found in [25, 53, 194, 198].

5.2 Theoretical Modelling of the Squeezers

Theoretical modelling of the two home-built squeezers is provided in this section. We
begin with the general formalism of OPA/OPO, where the parametric interaction is sig-
nificantly enhanced by incorporating the nonlinear crystal into a bow-tie cavity, called
here the squeezers. By solving the cavity equations of motion, we analytically derive the
output noise spectra as well as some important squeezer parameters, namely the pump
threshold and the escape efficiency. Instead of aiming for a comprehensive theoretical
description for OPA which can be found in [199, 200, 201, 24, 202], we lay particular
emphasis on the characterization of the two squeezers in our laboratory.

(a) (b)

(c)

Pump

Idler

Downconversion(DOPA)

Signal

Signal

Pump

Upconversion (SHG)

Pump

Signal

Idler

Downconversion(OPO)

Pump

Signal

Downconversion(NOPA)

(d)

Idler

Figure 5.2: Three wave mixing is usually known as a parametric interaction process. It takes
place when there are three waves interacting with each other through a second-order nonlin-
ear medium. Depending on which of the three waves serves as input, and which is emitted as
output, it takes the form of (a) degenerate optical parametric amplifier, (b) nondegenerate opti-
cal parametric amplifier, (c) optical parametric oscillator and (d) parametric upconversion, also
known as the second harmonic generation (SHG) when ω1 = ω2.

When an optical beam traverses through a dielectric medium, the induced dipole
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polarization P can be expanded in terms of the optical electric field ε as [201]

P = ε0

(
χε+ χ(2)ε2 + χ(3)ε3 + · · ·

)
, (5.1)

where ε0 is the permittivity of free space and χ(n) is the nth order nonlinear susceptibil-
ity of the medium. Discovery of the nonlinear relationship between P and ε enabled a
host of intriguing phenomena: as shown in the preceding section, the Kerr effect orig-
inating from the third-order nonlinearity gives rise to the first observation of squeezed
light and remains a compelling candidate for squeezing generation. Here we consider
implicitly the second-order nonlinear effect. It has been utilized to produce the ampli-
tude and phase modulations based on the Pockel effect (see Sec. 3.1.4). It also forms the
basis of the three wave mixing process, where the mixing of two harmonic components
at frequencies ω1 and ω2

ε(t) = Re
{
E0(ω1)eiω1t + E0(ω2)eiω2t

}
(5.2)

produces a polarization P containing components at frequencies, 0, 2ω1, 2ω2, ω± =

ω1 ± ω2. This can be seen by taking P = ε0χ
(2)ε(t)2. Although all five frequency com-

ponents can be possibly created, in practice only certain frequency components are gen-
erated and sustained by the medium depending on the phase matching condition. In
particular, the parametric downconversion and upconversion, as shown in Fig. 5.2, can
take place once the following conditions are satisfied. First,

ω1 = ω2 + ω3, (5.3)

ensures the conservation of energy, and second,

k1 + k2 = k3, (5.4)

also known as the phase matching condition, ensures the conservation of momentum.
The subscripts 1, 2, 3 denote the three interacting beams. There exists three conventional
approaches to satisfy this phase matching condition. Type-I phase matching relies on bire-
fringence of the nonlinear crystal. Because the polarization of the signal and idler modes
are the same but orthogonal to that of the pump mode, that is ↑ ω1+ ↑ ω2 =→ ω3, they
undergo different phase shift passing through the birefringent crystal. By aligning the
angle and adjusting the temperature of the crystal, phase matching between the three
waves can be achieved. Type-II phase matching follows the same mechanism except that
the polarizations of the three beams are arranged in a different way: ↑ ω1+→ ω2 =↑ ω3.
The nonlinear coupling strength in terms of phase mismatch takes the shape of a sinc
function. The advantage of the birefringent phase matching is that the bandwidth of
the optimal temperature or beam wavelength is fairly broad (i.e. the top of the sinc
function is relatively flat over a wide range of phase mismatch) [203, 204]. However,
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their usage are confined in certain circumstances. For instance, it may require a crystal
with high birefringence to compensate the difference in dispersion of the three beams.
Besides, the phase matching temperature could be extremely high; for example the typ-
ical phase-matching temperature is around 107◦C for the MgO:LiNbO3 crystal at 1064

nm [53] . It also excludes the possibility of using d33 nonlinear coefficient that is typically
larger than the d31 coefficient, but is only accessible if the three beams have the same po-
larization [201]. An alternative technique that complements the first two types of phase
matching is known as quasi-phase matching. The nonlinear crystal is specially manufac-
tured such that the sign of the nonlinear coupling coefficient is inverted periodically as
a function of position.

Λ =
2π

k1 + k2 − k3
=

2π

∆k
, (5.5)

known as the poling period, indicates the inversion period: every Λ/2, the nonlinear cou-
pling sign is alternated. The net effect of the alternation is depicted in Fig. 5.3 where
the field amplitude of the generated beam grows monotonically as the beam propa-
gates [56]. The experimental challenge now resides in the fabrication of the periodic
grating structure. We adopt this method in our squeezing generation; more specifically,
we use a periodically-poled potatssium titanyl phosphate (PPKTP) crystal that has a
poling period of 9µm.

(a) Phase Matched

(b) Phase Mismatched (c) Quasi Phase Matched

Resulting Field Amplitude

Figure 5.3: Phasors representing the field amplitude of the beam generated from nonlinear
interaction under (a) phase matched condition where the field amplitude grows linearly with
distance, (b) phase mismatched condition where the field amplitude, instead of growing, oscil-
lates periodically, (c) quasi-phased matched situation where the sign of the nonlinear coefficient
is reversed at Λ/2 intervals.

5.2.1 Degenerate Optical Parametric Amplifier

The theory describing a degenerate optical parametric amplifier (DOPA) was first con-
ceived by Takahashi in 1965 [205], who considered implicitly a dynamical evolution
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governed by the Hamiltonian

Ĥ = }ωâ†â+ κâ†
2

e−2iωt−iφ + h.c., (5.6)

in which κ is a coupling constant and φ is the phase of the externally imposed oscilla-
tor. This was further developed by Mollow and Glauber, who proposed the quantum
theory of nondengerate parametric amplifier, described by the interaction Hamiltonian
between the two modes Ĥ = â†b̂†e−2iωt + h.c. [40, 206].

By choosing φ to be zero at t = 0, Eq. (5.6) leads us exactly to the Hamiltonian of a
DOPA subject to a classical pump with a complex amplitude of β

ĤDOPA = }ωâ†â− i}χβ
2

(
â2e2iωt − â†

2

e−2iωt
)
, (5.7)

where the coupling constant κ in (5.6) equals to i}χ/2; χ is the second-order susceptibil-
ity of the crystal. Note that no leakage and dissipation are embodied in the Hamiltonian
in Eq. (5.7), due to the fact that the OPA only operates as an amplifier for a short interval
after the seed field is injected [40, 206]. By switching to the interaction picture, which
is equivalent to transforming to the rotating frame described in Sec. 3.1.2, we obtain the
time-independent Hamiltonian

ĤIDOPA = −i}χβ
2

(
â2 − â†

2
)
. (5.8)

The subscript I dictates the interaction picture. So the unitary operator describing the
time evolution of the system can be derived

ÛDOPA(t) = e−iĤt/} = exp
[
χβt

2

(
â2 − â†

2
)]
. (5.9)

Note the apparent similarity here with the squeezing operator Ŝ(ε) in Eq. (2.19), the only
difference being that ε is replaced by χβt. It is perhaps this close resemblance that illu-
minated originally the role of OPA as a suitable candidate for squeezing generation. The
observation ε = χβt also explains why a crystal with higher nonlinearity is preferable
for the purpose of squeezing production.

We move on to deduce the noise property of the output of a DOPA. Take the Heisen-
berg equations of motion that follow from the Hamiltonian ĤINOPA

dâ
dt

=
1

i}

[
â, ĤINOPA

]
= χβâ†,

dâ†

dt
=

1

i}

[
â†, ĤINOPA

]
= χβâ. (5.10)
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And recall the quadrature operators X̂± defined in Eq. (2.9), we obtain

dX̂+s

dt
=

dâ
dt

+
dâ†

dt
= χβâ† + χβâ = χβX̂+s,

dX̂−s
dt

=
1

i

(
dâ
dt
− dâ†

dt

)
=

1

i

(
χβâ† − χβâ

)
= −χβX̂−s.

(5.11)

Solutions of Eq. (5.11) demonstrate the time evolutions of the quadrature operators

X̂+s(t) = eχβtX̂+s(0), X̂−s(t) = e−χβtX̂−s(0). (5.12)

As evidenced by these equations, the amplification imparted on the signal beam is phase
sensitive: only one quadrature is amplified, whilst the conjugate quadrature is attenu-
ated. This phase-sensitive amplification occurs on both the quadrature variances and
the expectation values of the quadrature amplitudes. The noise of the amplified quadra-
ture grows exponentially with time, while the noise of the attenuated quadrature con-
tinuously reduces below the quantum noise limit. This can be immediately seen by
calculating the variances of the two quadratures:

〈(δX̂+s(t))
2〉 = e2χβt〈(δX̂+s(0))2〉 = e2χβt, 〈(δX̂−s(t))2〉 = e−2χβt〈(δX̂−s(0))2〉 = e−2χβt.

(5.13)

Here we assume the signal beam is initially shot noise limited, that is 〈(δX̂±s(0))2〉 = 1.
Recall that the complex amplitude of the pump field is β = |β|eiφ where φ denotes
the relative phase between the pump and the signal. Phase-squeezed state is therefore
obtained when φ = 2mπ,m ∈ Z, whilst amplitude-squeezed state is attained when
φ = (2m+ 1)π.

5.2.2 Classical Modelling of the Squeezer Cavity

Equation (5.7) manifests the three requisites for producing a high-degree of squeezing
via parametric downconversion: a crystal with large nonlinear susceptibility, a pump
beam with high amplitude, and a long interaction time between the three waves. There
are two typical ways to accommodate these requirements: firstly, a pulsed laser may
serve as the pump beam to provide a high peak intensity, and secondly, a cavity con-
taining a nonlinear crystal may be used to increase the interaction time. Here we focus
particularly on the second approach. Interestingly, the cavity configuration was origi-
nally considered to be useless in the early 1980’s, due to the prediction that the intra-
cavity field can be squeezed by no more than 3 dB under steady-state conditions [207].
Fortunately, this argument was found to be incorrect as it disregards the interference
between the reflected input and the exiting mode of the cavity, which turns out to be
of great importance in noise suppression. The cavity parametric process, in principle,
permits an arbitrarily large squeezing level around threshold [50].
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Input/Output Coupler

Rs=73±1.2%@ 532nm

Rs=83±1%@1064nm

Copper Crystal

Oven

PPKTP Crystal:

AR<0.2%@ 532nm

AR<0.1%@1064nm

Plane Mirror:

R=99.85±0.05%@1064 & 532nm

Concave Mirror (ROC=-38mm):

Rs>99.95%@1064 & 532nm

d3:45mm

d1: 140mm

d2

Upper Beam Waist:

Lower Beam Waist:

Figure 5.4: Squeezer layout: a doubly-resonant OPA. The cavity is a travelling-wave or ring
resonator, which means the seed beam that is directly reflected off the input/output coupler
and the field that – after resonating inside the cavity – is re-emitted propagate along different
directions. Conversely, a standing-wave resonator has the two beams propagating along with
each other. A wedged PPKTP crystal with dimension of 1 × 5 × 10.7mm is placed in the cavity
serving as the nonlinear source. The magnified inset displays the copper mount customized for
the crystal which is connected to a temperature controller via a thermometer. The idea behind
its design is presented in Sec. 5.3.2.

Crystal

M1 M2

M3

Figure 5.5: Conceptual model of the OPA squeezer. The subscripts in, t, r, l, c refer to the in-
put, the reflected, the transmitted, the loss, and the cavity standing modes, respectively. The
quantum description of the squeezer also include the vacuum noise δÂv that is coupled into the
cavity through unused ports.

The configuration of our doubly-resonant squeezer is illustrated in Fig. 5.4. A sym-
metrical cavity, regardless of its geometry complexity, can be viewed equivalently as a
conceptual model comprised of three mirrors, as sketched in Fig. 5.5. The behavior of
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the squeezer cavity can then be rigorously characterized in the Heisenberg picture by
solving the quantum Langevin equation. We first examine the classical behavior of the
cavity by ignoring the nonlinear crystal in Fig. 5.5 [25]

α̇ = (i∆− κin − κl − κt)α+
√

2κinαin. (5.14)

Here, α is the amplitude of the cavity standing mode that equals αc/τ , where αc is the
cavity circulating mode. ∆ dictates the cavity detuning, and κ is the cavity decay rate
defined by [208]

κi =
1−
√
Ri

τ
, τ =

nL

c
. (5.15)

Here, τ refers to the cavity round trip time, L the cavity round trip length, and n the
refractive index of cavity space. For cavities sitting in free-space, n = 1. κ quantifies the
total energy loss that the intra-cavity mode undergoes in one round trip. By calculating
the mode reflected off the first mirror and the mode transmitted through, we obtain the
classical cavity boundary conditions

αr =
√
Tinαc −

√
1− Tinαin ≈

√
2κinα− αin, αt =

√
Ttαc ≈

√
2κtα. (5.16)

These boundary conditions, together with the cavity equation of motion, enable the
evaluations of the outgoing modes of a cavity, which are often of more interest than the
intra-cavity mode.

Before proceeding to the quantum description of the cavity evolution, it is worth-
while to briefly review some basic cavity parameters. Note that n = 1 is taken for
granted in the following analysis.

We start with the free spectral range (FSR) that is inversely proportional to the cavity
round trip time τ (see Eq. (5.15))

νFSR =
1

τ
=
c

L
. (5.17)

It reveals the spacing c/L of cavity modes in frequency domain, resulting from the cavity
resonance condition. Explicitly, for a standing wave, U(z) = |U |sin (k · z), to be able to
resonate, the phase accumulated in half round trip k · z is restricted to be an integer
multiple of π. This resonance condition can be formulated as

πL

λ
= mπ → ν = mc/L, (m ∈ Z), (5.18)

where ν dictates the resonant frequencies that only take values of integer multiples of
c/L.
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Another important parameter, the cavity finesse, is defined as

F =
π
√

R

1− R
, R =

√
Rin × Rt × Rl. (5.19)

It quantifies the average number of times that the internal field bounces around the
resonator before exiting the cavity. In order to achieve high finesse to build up the intra-
cavity power, one would need to minimize the total loss of the system. A lossless cavity
would possess a finesse approaching∞, thereby only light exactly at the resonant fre-
quency is sustained and the mode shape of the resonator would tend to a delta function.
The cavity loss falls into two categories: loss attributable to the imperfect reflection of
mirrors and the loss originating from absorption or scattering occurred in any medium
contained in the cavity.

The cavity buildup time can then be approximated by multiplication of F and the
single round trip time τ , in accordance with the intuition that the resonating mode can-
not grow instantaneously. Taking its inverse, one obtains the cavity linewidth, defined
as the full width half maximum of the field intensity spectrum,

νFWHM =
νFSR

F
. (5.20)

Equation (5.20) can be readily verified by considering the cavity decay time,

τd =
FL

2πc
=

F

2πνFSR
. (5.21)

that equals the time at which the stored energy is reduced by a factor of e after blocking
the input [209]. With the help of Eq. (5.21) we obtain therefore the same resonance
spectral width,

νFWHM =
1

2πτd
=
νFSR

F
, (5.22)

as was set forth in Eq. (5.20).

5.2.3 Quantum Langevin Equation of the Squeezer Cavity

Applying the canonical quantization of classical equations of motion leads us explicitly
to the quantum Langevin equation of the cavity field operator â

˙̂a = −(κ− i∆)â+
√

2κinÂin +
√

2κlÂl +
√

2κtÂv. (5.23)

The cavity decay rate κ now takes into account the leakages from all three mirrors,

κ = κin + κl + κt. (5.24)
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Comparison between Eq. (5.14) and (5.23) gives more insights into the difference be-
tween classical and quantum optics: vacuum fluctuation that rarely plays a role in char-
acterizing a classical system becomes indispensable in the quantum picture. In the quan-
tum treatment of the OPA cavity, the quantum shot noise is coupled into the cavity via
each unused input port, and thus has a perceptible impact on the noise properties of
the cavity modes. The classical boundary conditions in Eq. (5.16) can be transformed to
account for quantum fluctuations following the same canonical quantization approach:

Âr =
√

2κinâ− Âin, Ât =
√

2κtâ− δÂv. (5.25)

We write each mode operator in its linearized form to decompose it into a time-
invariant complex amplitude and a time-dependent fluctuation term. The complex am-
plitudes adhere to the steady-state solution of Eq. (5.14), whilst the fluctuation terms
obey Eq. (5.23) as follows

δ̇â = −(κ− i∆)δâ+
√

2κinδÂin +
√

2κlδÂl +
√

2κtδÂv,

δ ˙̂a† = −(κ+ i∆)δâ† +
√

2κinδÂ
†
in +
√

2κlδÂ
†
l +
√

2κtδÂ
†
v.

(5.26)

We can then evaluate fluctuations in the amplitude and phase quadratures of the cavity
outgoing modes. Take the amplitude quadrature as an example, we obtain the time
evolution of its fluctuation,

δ
˙̂
X+ =

δ̇â+ δ ˙̂a†

2
= −κδX̂+ +

√
2κinδX̂+in +

√
2κlδX̂+l +

√
2κtδX̂+v. (5.27)

In order to probe the amplitude noise spectrum for the reflected and transmitted modes,
we solve the above quadrature equation of motion in frequency domain. Using the
property of Fourier transform F(df(t)/dt) = −i2πωF (f(t)), we first deduce from
Eq. (5.27) that

δX̃+ =

√
2κinδX̃+in +

√
2κlδX̃+l +

√
2κtδX̃+v

κ− i2πω
. (5.28)

Combing this with the boundary conditions in Eq. (5.25), the frequency-dependent am-
plitude fluctuation of the two modes are derived as follows

δX̃+r =
(2κin − κ+ i2πω) δX̃+in + 2

√
κinκtδX̃+v + 2

√
κinκlδX̃+l

κ− i2πω
,

δX̃+t =
2
√
κinκtδX̃+in + (2κt − κ+ 2iπω) δX̃+v + 2

√
κlκtδX̃+l

κ− i2πω
,

(5.29)

where ã dictates that the operator a is interrogated in frequency domain. Noise spectra
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of light reflected off and transmitted through the cavity can then be determined as

V+r(ω) = 〈|δX̃+r|2〉 =

[
(2κin − κ)2 + (2πω)2

]
V+in + 4κinκtV+v + 4κinκlV+l

κ2 + (2πω)2
,

V+t(ω) = 〈|δX̃+t|2〉 =
4κinκtV+in +

[
(2κt − κ)2 + (2πω)2

]
V+v + 4κlκtV+l

κ2 + (2πω)2
.

(5.30)

For convenience, the variance notation 〈(δX̂±)2〉 used before is replaced here by V±.
The importance of Eq. (5.30) lies in illuminating the propagation of noise: noise from
the input beam Vin, that attributed to the intra-cavity loss Vl, and the quantum noise Vv
coupled into the cavity through mirror 2 (M2 in Fig. 5.5), all contribute to the variance
of the outgoing modes of the cavity. In the special case where all incident modes are
shot noise limited, i.e. Vin = Vl = Vv = 1, the output modes retain the noise property
and stay as coherent states. An output state that exhibits sub-shot-noise feature is only
obtainable by injecting an input that has suppressed noise in one quadrature. This con-
clusion is applicable to linear cavities; nevertheless, as shall be presented in the next
section, by placing a nonlinear crystal into the cavity, squeezed state can be created with
coherent/vacuum input.

Intriguingly, the results in Eq. (5.30) also reveal the frequency-dependent phase re-
sponse of a cavity. Assume the cavity is lossless (κl = 0) and impedance matched so
that κin = κt = κ/2, and therefore the output variance in Eq. (5.30) specializes to

V+r(ω) =
κ2V+in + (2πω)2V+v

κ2 + (2πω)2
, V+t(ω) =

(2πω)2V+in + κ2V+v

κ2 + (2πω)2
. (5.31)

From Eq. (5.31), we see that for high-frequency fluctuations (ω2 � (κ2/4π)), the output
noise follows

V+r(ω) ≈ V+in, V+t(ω) ≈ V+v. (5.32)

The cavity in this circumstance acts as an opaque “beam block” that immediately re-
flects the fluctuation in the input mode. In stark contrast, for low frequencies (ω → 0),
fluctuations impinged onto each mirror pass straight through the cavity and stay intact
as

V+r(ω) ≈ V+v, V+t(ω) ≈ V+in. (5.33)

Together with Eq. (5.32), the above noise transfer function verifies the functionality of
a mode cleaner cavity as a low pass filter. It allows access to shot-noise-limited light
at frequency above the cavity linewidth, and meanwhile lets the low-frequency laser
relaxation noise pass through.
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5.2.4 Equations of Motion of the Squeezer

To better understand our squeezer, in the previous sections, we analyzed the classical
and quantum behaviors of our cavity in the absence of the PPKTP crystal. To account for
the nonlinear element and the injection of an intense but nonclassical pump field b̂, the
cavity equations of motion in Eq. (5.23) and the Hamiltonian in Eq. (5.7) are modified as
follows

˙̂a =
1

i}
[â,HSQ]− κaâ+

√
2κainÂin +

√
2κal δÂl +

√
2κat δÂl,

˙̂
b =

1

i}

[
b̂,HSQ

]
− κbb̂+

√
2κbinB̂in +

√
2κbl δB̂l +

√
2κbtδB̂l.

(5.34)

The input field operators Âin and B̂in are defined in rotating frame of the same frequency
as the driving fields, namely ω and 2ω . In analogy to Eq. (5.24), κa and κb contain
the losses suffered by the fundamental and second harmonic fields, respectively, via all
interfaces,

κa = κain + κal + κat , κb = κbin + κbl + κbt . (5.35)

Here, HSQ represents Hamiltonian of the closed system, ignoring the energy transfer
between the cavity and the ambient heatbath [210, 211],

ĤSQ = }Ωaâ†â+ }Ωbb̂†b̂+
i}χ
2

(
â†

2

b̂− â2b̂†
)
, (5.36)

where Ωa and Ωb refer to the resonating frequencies of the fundamental and pump fields,
respectively. Substitution of Eq. (5.36) into (5.34) gives the full expression of the operator
Langevin equations

˙̂a = −(κa + i∆)â+ χâ†b̂+
√

2κainÂin +
√

2κal δÂl +
√

2κat δÂv,

˙̂
b = −(κb + i∆)b̂− χ

2
â2 +

√
2κbinB̂in +

√
2κbl δB̂l +

√
2κbtδB̂v.

(5.37)

Note that ∆ = Ωa(b) − ω(2ω) is the cavity detuning with respect to the fundamental
(pump) field. In the non-ideal situation a differential phase shift maybe imparted on the
fields during circulation, resulting in ∆ 6= 0. Here we concern ourselves with the situa-
tion where the two fields stay always on resonance, which means ∆ = 0. We make the
assumption that the squeezer operates below-threshold and the pump is bright, which
are normally satisfied in squeezing experiments. This means the pump field is unde-
pleted by the nonlinear interaction, and thus can be essentially treated as constant, so
˙̂
b = 0 and b̂ → β where β is a complex number denoting the pump amplitude. As a
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result of the above assumptions, the squeezer equations of motion simplify to

˙̂a = −κaâ+ χâ†β +
√

2κainÂin +
√

2κal δÂl +
√

2κat δÂv,

0 = −κbβ − χ

2
â2 +

√
2κbinβin +

√
2κbl δB̂l +

√
2κbtδB̂v.

(5.38)

We adopt the same linearization methodology as before to decompose each field oper-
ator into a steady-state expectation value and an alternating fluctuation by making the
following substitutions â→ α+δâ and Âin → αin +δÂin. We shall analyze the two parts
separately in the following sections. The investigation of the first term constitutes the
classical behavior of the squeezer similar to the analysis in Sec. 5.2.2, while the examina-
tion of the second term encapsulates the quantum behavior of the squeezer analogous
to that described in Sec. 5.2.3. For a squeezer operating above threshold, a full quantum
analysis would require a nonclassical treatment of the pump field.

Classical Behavior of the Squeezer

The classical behaviour of the squeezer can be extrapolated by examining the steady-
state solution of Eq. (5.37). In other words, the quantum fluctuation terms in the equa-
tions of motion are ignored, namely δÂl = δÂv = 0. Hence, we obtain

0 = −κaα+ χβα∗ +
√

2κainαin,

0 = −κaα∗ + χβ∗α+
√

2κainαin,

0 = −κbβ −
χ

2
α2 +

√
2κbinβin.

(5.39)

αin and βin are real since all the modes are interrogated under the rotating frame. Based
on the above simplifications, one may derive the solution of Eq. (5.39) as

α =

√
2κainαin (1 + (χβ)/κa)

κa (1− (χ|β|)2/κ2
a)

. (5.40)

Using the classical cavity boundary conditions in Eq. (5.16), the amplitude of the output
of the squeezer can be obtained

αt =
2
√
κainκ

a
tαin (1 + (χβ)/κa)

κa (1− (χ|β|)2/κ2
a)

, (5.41)

which gives an output power of

Pout = α∗tαt =
4κainκ

a
tα

2
in
[
1 + (χ|β|)2/κ2

a + (2χ|β|cosφ)/κa
]

κ2
a [1− (χ|β|)2/κ2

a]
2 . (5.42)

β = |β|eiφ is used in the above equation where φ dictates the relative phase between the
signal and pump fields. Equation (5.41) demonstrates analytically the phase-sensitive
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amplification arising from the three waving mixing process: maximum amplification
happens when the signal and the pump beams are in phase, giving rise to the ampli-
fied noise in the anti-squeezed quadrature, whilst maximum de-amplification occurs
when the two beams are out-of-phase, whereby squeezing ensues. As the relative phase
changes, the output alternates between squeezing and anti-squeezing accordingly, as
illustrated in Fig. 5.6.
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Figure 5.6: The OPA amplification (blue shading) and de-amplification (yellow shading) curves.
The yellow dashed line plots the signal power when no pump is inserted.

Parametric gain can then be defined as the ratio of the signal power in the presence
of a pump beam to the signal power in the absence of the pump beam:

Amplification : G+ =
Pout(φ = 2mπ)

Pout(β = 0)
=

[1 + (χ|β|)/κa]2

κ2
a [1− (χ|β|)2/κ2

a]
2 ,

De-amplification : G− =
Pout(φ = (2m+ 1)π)

Pout(β = 0)
=

[1− (χ|β|)/κa]2

κ2
a [1− (χ|β|)2/κ2

a]
2 .

(5.43)

Being a particularly crucial experimental parameter, G± directly determines the optimal
OPA amplification, which in turn implies the best achievable output squeezing. We plot
G± in Fig. 5.7 as a function of χ|β|/κa. As to be expected, a higher parametric gain is ob-
tainable provided a larger nonlinear coefficient χ, a more intense pump |β|, and less loss
κa suffered by the signal. One may ask: how much incident pump power is required
to approach the infinite parametric gain? In response to this question, we introduce an-
other important squeezer parameter, the pump threshold P bthr. The relationship between
the incoming pump field and the intra-cavity pump mode can be deduced by solving
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Eq. (5.39)

βin =
κbβ√
2κbin

. (5.44)

Owing to the fact that the signal beam is dramatically weaker than the pump beam, the
term α2 is negligible and hence is neglected. Because P bthr is defined in the extreme case
when χ|β| → κa, we may derive from Eq. (5.44) that

P bthr =
hc

λb
β∗inβin|(|β|=κa/χ) =

 κaκb

χ
√

2κbin

2

hc

λb
. (5.45)

It can be immediately seen from Eq. (5.44) and (5.45) that |βin/βthr| = χ|β|/κa. With the
aid of this observation, Eq. (5.43) can be cast in a simpler form

G± =
(1± |βin/βthr|)2

κ2
a (1− |βin/βthr|2)2 . (5.46)

It is also worth noting the different behaviors of the OPA in the amplification and
de-amplification regimes as shown in Fig. 5.7. Whilst the parametric gain has a vertical
asymptote when the pump power approaches the OPA threshold, the de-amplification
gain increases comparatively slow and eventually reaches its optimal. The unphysical
infinite parametric gain is indeed a virtual effect resulting from the assumption of no
pump depletion.

Quantum Behavior of the Squeezer Operating Below-threshold

To probe the quadrature noise spectra of the squeezed output, we first recall the quan-
tum leftover fluctuation terms in Eq. (5.37)

δ ˙̂a = −κaδâ+ χβδâ† +
√

2κainδÂin +
√

2κal δÂl +
√

2κat δÂv. (5.47)

Following the same methodology as Sec. 5.2.3, fluctuations associated with amplitude
and phase quadratures can be deduced by adding Eq. (5.47) with the conjugate operator
δ ˙̂a†

δ
˙̂
X±a = (−κa ± χβ) δX̂±a +

√
2κ2

inδX̂±in +
√

2κal δX̂±l +
√

2κat δX̂±v. (5.48)

We employ the property of Fourier transform F (df(t)/dt) = −i2πωF (f(t)) to trans-
form Eq. (5.48) from time domain to frequency domain:

δX̃±a =

√
2κ2

inδX̃±in +
√

2κal δX̃±l +
√

2κat δX̂±v

κa ∓ χβ − 2iπω
. (5.49)
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Figure 5.7: Parametric gain against |βin/βthr|. The blue shaded area plots the OPA amplification
obtained when the relative phase between pump and signal is an even multiple of π. On the
contrary, the yellow shading illustrates the OPA de-amplification with φ being an odd multiple
of π.

Applying the cavity boundary conditions in Eq. (5.25), the fluctuations in amplitude
and phase of the squeezed output can be formed

δX̃±t =
2
√
κainκ

a
t δX̃±in + 2

√
κal κ

a
t δX̃±l + (2κat − κa ± χβ + i2πω) δX̃±v

κa ∓ χβ − 2iπω
. (5.50)

We can then determine the noise spectra of the squeezer output

V±(ω) =
4κainκ

a
t V±in + 4κal κ

a
t V±l +

[
(2κat − κa + χβ)2 + (2πω)2

]
V±v

(κa ∓ χβ)2 + (2πω)2
. (5.51)

It is useful to consider shot noise limited incoming fields, so the noise terms in Eq. (5.51)
all equal to 1, namely V±in = V±l = V±v = 1. This gives the simplified variances of the
squeezed and anti-squeezed quadratures

V+SQ(ω) = 1 +
κat
κa

4(χβ/κa)

(1− χβ/κa)2 + (2πω/κa)
2 ,

V−SQ(ω) = 1 +
κat
κa

4(χβ/κa)

(1 + χβ/κa)
2 + (2πω/κa)

2 .

(5.52)
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We have made use of the definition of κa in Eq. (5.35). Based on Eq. (5.52), we put
forward another critical parameter, namely the OPA escape efficiency

ηesc =
κat
κa
, (5.53)

which, as its name suggested, quantifies the efficiency with which the squeezed light
may exit the cavity. Replace χβ/κa by the more intuitive equivalent βin/βthr and account
for detection imperfection ηD (see Eq. (3.24)), the output variances can be formulated
into

V+SQ(ω) = 1 + ηescηD
4βin/βthr

(1− βin/βthr)
2 + (2πω/κa)

2 ,

V−SQ(ω) = 1 + ηescηD
4βin/βthr

(1 + βin/βthr)
2 + (2πω/κa)

2 .

(5.54)

Figure 5.8 plots the V±SQ as a function of frequency. Here we assume the relative phase
φ = 2mπ so βin/βthr is real and positive. Intuitively, the output squeezing level degrades
at frequencies above the cavity linewidth. The disparity between the three curves clearly
demonstrates the degradation of observable squeezing due to experimental loss, thus
verifying how squeezing is vulnerable to any loss it encounters inside or outside the
OPA cavity.

As signified by Eq. (5.54) and depicted in Fig. 5.9, there are two dominant parameters
in determining the magnitude of squeezing one is able to observe: the pump threshold
and the escape efficiency. A smaller pump threshold is more desirable to avoid prob-
lems coming with high-power operations. This can be achieved by increasing either
Rbin/t or Rain/t as shown in Fig. 5.10 (a). On the other hand, an important requisite for
a large output squeezing is to have higher escape efficiency, which is accessible by ei-
ther minimizing the intra-cavity loss, equivalent to increasing Ral , or reducing Rain/t as
illustrated in Fig. 5.10 (b). Hence, a compromise needs to be made between the two
parameters to ensure a high escape efficiency is guaranteed without significantly in-
creasing the pump threshold. One way to resolve this problem is to decrease the OPA
threshold by tuning up Rbin/t to compensate the decrease in Rain/t, that is necessary for a
high escape efficiency.

5.3 Squeezer Characterization: Cavity Configuration

Figure 5.4 shows the schematic of our doubly-resonant squeezer. The advantage of a
doubly-resonant squeezer against its singly-resonant counterpart is threefold: firstly, it
significantly reduces the required pump power to reach the same parametric gain as if
a singly-resonnat cavity is used instead; secondly, the co-resonance between pump and
the signal beam natually ensures that their intra-cavity beamwaist ratio is

√
2, which

coincides exactly with the optimal waist size for second-order nonlinear interaction im-
posed by the Boyd-Kleinman criterion [212, 201], and thirdly, it offers an additional
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Figure 5.8: Squeezing and anti-squeezing spectra. The solid curves show the ouput variances
when no loss is present, whilst the dashed curves represent the variances assuming the setup is
only subject to intra-cavity loss. The dotted curves, on the contrary, illustrate the variances when
both intra-cavity and detection losses are taken into account. The variance in the anti-squeezed
quadrature stays almost intact; in contrast, the squeezing is dramatically contaminated by the
additional loss. The relevant parameters are chosen to be consistent with the coresponding spec-
ifications of our experimental setup: cavity round trip length L = 0.374m, input/output cou-
pler Ra

in/t = 0.83, Rb
in/t = 0.73, intra-cavity loss at the fundamental frequency Ra

l = 0.9963,
βin/βthr = 0.625, and homodyne efficiency ηD = 0.99× 0.992.
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option for cavity length locking. Instead of applying modulation on the signal beam
which is inaccessible for running OPO, phase modulation on the pump beam works
just as well. We also point out the practical drawbacks of this method: the intense intra-
cavity pump power could exacerbate the green induced infrared absorption, and thus
decrease the escape efficiency [213, 214, 215]. It may also aggravate the photothermal
effect and, in turn, causes cavity length instability.

We select bow-tie as the geometry of our squeezer cavity. The advantage of such
a travelling-wave cavity over its standing-wave counterpart lies mostly in its flexibil-
ity: the ability to avoid backscattered light and the accesiblity of multiple input/output
ports that are spatially separated. Hence, various locking techniques can be employed
that would otherwise be difficult in the standing-wave setup. There are drawbacks with
this geometry as well. Because more interfaces are present inside the cavity, the cavity
mode suffers higher loss and dispersion compared to that of a monolithic or hemilithic
cavity [186, 192]. Apart from the bow-tie geometry, the exact cavity configuration is yet
to be decided. Here, we report in detail how we came up with the final cavity design as
presented in Fig. 5.4.

We begin the discussion with a brief review of Gaussian beams and Kogelnik’s
ABCD law [216, 217, 218] that governs the transformation of Gaussian beams through
free space as well as some periodic systems such as optical resonators. The treatment of
how intra-cavity light propagates will then be handled by this ABCD matrix.
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Figure 5.11: (a) Transverse cross section of a Gaussian beam. The field intensity distribution
exhibits a Gaussian profile. (b) Variation of beam width and wavefront radius of curvature
along z-axis.

5.3.1 Gaussian Beams and Kogelnik’s ABCD Law

The proporties of a Gaussian beam can be derived either using the Kirchhoff-Huygens
diffraction integral or directly by solving the paraxial wave equation [217, 218]. A Gaus-
sian beam is any beam having a Gaussian transverse intensity distribution everywhere
along its propagation axis. It can be uniquely characterized by two parameters: its beam
width w(z) and the radius of curvature (RoC) of its phase front R(z), that are shown in
Fig. 5.11. As both parameters are functions only of the beam waist w0, the proporties of
a Gaussian beam at any given point along the axis can be completely inferred based on
the prior knowledge of itsw0. The general expression of a Gaussian beam in the paraxial
approximation takes the form

ψ(x, y, z) =
w0

w(z)
Aexp

{
−i
[
kz − arctan

(
λz

πw2
0

)
+

πr2

λR(z)

]}
e−(r/w(z))2

, (5.55)

where r2 = x2 + y2 and A is a prefactor proportional to the field amplitude.

w(z) = w0

[
1 +

(
λz

πw2
0

)2
]1/2

(5.56)

represents the beam half width at which the field amplitude decays to 1/e of its maximum,
indicating that transversely more than 86% beam power is contained in a circle of radius
w(z). w(0) = w0 defines the beam waist, also the narrowest spot, of a Gaussian beam.

R(z) = z

[
1 +

(
πw2

0

λz

)2
]

(5.57)

represents the radius of curvature of the beam phase front. The last exponential term
exp

[
− (r/w(z))2

]
in Eq. (5.55) describes the field intensity in the transverse direction.

The first term in Eq. (5.55) denotes the phase of a plane wave, while second and third
terms show the additional phase shift imparted on the beam as it travels along the z-
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axis. In particular, the phase term

Φ(z) = arctan
(
λz/πw2

0

)
(5.58)

refers to the Gouy phase shift that can be interpreted as an analogue of the phase anomaly
for point focus (spherical wave) originally observed by Gouy in 1890. It describes the
phase shift a converging beam undergoes as it passes through its beam waist in propa-
gating from−∞ to∞, whereupon a phase change of π is incurrred as a result [219, 220].
The total phase shift attributed to both exponential terms accumulates and departs the
beam wavefront further away from that of a plane wave. However, as z → ∞, both
1/R(z) and the arctangent function vanish, thereby giving a plane wave again in resem-
blance to the original wave form at z = 0.

From an experimental perspective, we introduce another important parameter,
namely the beam Rayleigh range,

zR =
πw2

0

λ
, (5.59)

which describes the distance at which the beam width increases to
√

2w0. A Gaussian
beam can be approximated to be collimated at z < zR, and for |z| � zR, its beam width
increases linearly with z. Its profile, as depicted in Fig. 5.11, forms a hyperbola with
oblique asymptotes inclined to z axis at the far-field beam half angle:

θff = lim
z→∞

w(z)

z
=

1

zR
. (5.60)

It is responsible for the beam divergence and indeed the expression in Eq. (5.55) is only a
valid solution of the wave equation∇2ψ+k2ψ = 0 when θff � 1, which means the light
field is substantially confined to a narrow cone about the z axis and hence the paraxial
approximation that underlies the analysis holds [219].

It is desirable to combine the parameters w(z) and R(z) since they are sufficient to
characterize a Gaussian beam. This simplification gives rise to a crucial parameter in
studying the transformation of Gaussian beams, the complex beam parameter q, defined
as [216, 217]

1

q
=

1

R
− i λ

πw(z)2
→ q = z + i

πw2
0

λ
. (5.61)

Here the origin z = 0 corresponds to the position of the beam waist.

ABCD Matrix

A periodic system is a cascade of idential unit systems of which the behavior can be
modelled by a beam-transfer matrix, often called the ABCD matrix [56, 218, 216, 217].
An optical resonator is one example of such systems where the light coupled into the
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cavity repeatedly bounces back and forth on the intra-cavity mirrors. By successively
concatenating the individual matrix for each optical element of the cavity, the dynamics
of the cavity, and hence the propagation of the incident light beam, can be extrapolated.
Note that this ABCD matrix approach covers a wide range of optical systems, but is not
applicable to systems where the beam undergoes distortions.

Consider an input beam qin (refer to Eq. (5.61)) that traverses through a periodic
optical structure described by a matrix (A,B;C,D), the output is uniquely determined:

qout =
qinA+B

qinC +D
. (5.62)

With the help of Fig. 5.4, we first evaluate the ABCD matrix of our squeezer

MSQ = MlcMd1MrcMd2Md3Md2MrcMd1Mlc, (5.63)

where the origin z = 0 is designated by the beam waist position at the center of the
crystal. d1, d2, and d3 represent, respectively, the separation between the two curved
mirrors, that between the flat and the curved mirrors, and that between the two flat
mirrors. lc is the length of the nonlinear crystal. The elementary matrices are given by

Mlc =

(
1 lc

2n

0 1

)
, Md1 =

(
1 d1−lc

2

0 1

)
, Mrc =

(
1 0

− 2
Re

1

)
,

Md2 =

(
1 d1+d3

2cosθ

0 1

)
, Md3 =

(
0 d3

0 1

)
,

(5.64)

where n is the refractive index of the nonlinear crystal, Re = Rccosθ for the tangential
mode and Re = Rc/cosθ for the sagittal mode. θ here refers to the angle of incidence for
the curved mirror, while Rc indicates the mirror radius of curvature.

5.3.2 Rules for Squeezer Designing

We have shown that the complex beam parameter encapsulates completely the proper-
ties of a Gaussian beam. Together with the ABCD matrix of a given optical system, it
describes the transformation of an input Gaussian beam through the system. We can
thus calculate the optimal cavity configuration using these handy formalisms. We put
forward five considerations in the following that are summarized in Fig. 5.12.

No Clipping Condition

First, we require the beam to pass through and to be fully confined in the nonlinear
crystal, thus no clipping at the edge of the crystal is present. As depicted in Fig. 5.12 (b)
and the blue lines in the main figure, these two requirements set an upper and a lower
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Figure 5.12: Various considerations for the design of the squeezer cavity configuration. Contour
plots illustrate the resulting beam waist as a function of mirror separations. Inset (a) shows the
crystal dimension: 1 × 5 × 10.7mm; (b) sketches the scheme under which we derive the no
clipping condition (Eq. (5.65)), while (c) shows the beam width at the edge of the crystal against
the distance between the two curved mirrors.

bound on the distance d1 at which the two curved mirrors are placed:

2dc

tanθ
+ lc ≥ d1 ≥

dc

tanθ
+ lc. (5.65)

As an aside, we calculate the beam size at the edge of the crystal to ensure it is smaller
than the width of the crystal. Because a well coupled beam would have its beam shape
matched to that of the cavity modes, its phase front curvature at where the curved mir-
ror is located should conform to the mirror radius Rc. We obtain therefore the beam
waist at z = 0 using Eq. (5.56) and (5.57)

R(d1/2) =
d1

2
+

8πw2
0

λ2d1
= Rc, → w2

0 =
λ

2π

√
2Rcd1 − d2

1. (5.66)

The beam width w(lc/2) is thus attainable by replacing w0 in Eq. (5.56) by that in (5.66).
We plot w(lc/2) as a function of the curved-mirror separation in Fig. 5.12 (c), verifying
that the beam size is significantly less than the width of the crystal (5mm), so no clipping
happens in our system.
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Resonance Condition: Self-consistency of Cavity Modes

Second, to be a mode of the squeezer cavity, the beam must be capable of retracing itself
after every round trip. In other words, a mode-matched beam must retain its beam
width and radius of curvature of its phase front while circulating in the cavity. This
recurrence condition can be cast into the expression

q0 =
q0A+B

q0C +D
, (5.67)

of which the solution is

q0 =
A−D

2
±
√
A2 + 4BC − 2AD +D2

2C
. (5.68)

Because q0 is the beam complex parameter at its origin, it equals to iπw2
0/λ (see

Eq. (5.61)). The importance of this fact is twofold: first, the real part of q0 vanishes,
so A = D, and second, the imaginary part of q0 must be postivie, so B/C < 0. These
considerations impose a restriction on the mirror separations which is shown as the
yellow shaded area in Fig. 5.12.

Confinement Condition: Cavity Stability

A stable cavity is always more desirable, since it provides a better confinement of light,
rendering it less sensitive to misalignment. In this regard, the Fabry-Parot cavity com-
prised of two parallel plane mirrors of finite dimensions is a disadvantageous configu-
ration. Any misalignment of the cavity mirrors or nonzero inclination of the incoming
beam would cause the beam to depart further and further away from the optical axis
and eventually wander out of the cavity. The confinement condition can be quantita-
tively expressed in terms of the cavity ABCD matrix

−1 ≤ A+D

2
≤ 1, (5.69)

provided that the determinant of the matrix det [MSQ] = 1. Because det [MSQ] = n1/n2,
where n1 and n2 dictate the refractive indices of the initial and final segments of the
system, det [MSQ] = 1 is applicable to our analysis.

Before proceeding to examine our squeezer cavity, we first invoke a simple model
of the Fabry-Parot cavity as an aid to a better operational understanding of the stability
of a cavity. Without loss of generality, we assume the two cavity mirrors have radii of
curvature R1 and R2 and are separated by d. It can be easily verified that the ABCD
matrix describing such a system is given by(

1 + 2d
R2

1 + 2d2

R2
+ d

2
R1

+ 4d
R1R2

+ 2
R2

4d2+2R2+2d(R1+R2)
R1R2

+ 1

)
. (5.70)
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Condition (5.69) therefore specializes to

0 ≤
(

1 +
d

R1

)(
1 +

d

R2

)
≤ 1, (5.71)

where g1 = 1+d/R1 and g2 = d/R2 are known as the cavity g parameters. Equation (5.71)
can be alternatively derived by calculating the Rayleigh range of the resonating beam
using R1 = −d/2 − 2z2

R/d, and −R2 = d/2 + 2z2
R/d. The requirement for zR to be real

leads precisely to Eq. (5.71) derived based on the ABCD matrix. Figure 5.13 sketches
the confinement condition in terms of the g parameters. The left inequality in (5.71) im-
plies that a stable cavity would access only the first and third quadrants, while the right
inequality signifies that stable resonators should lie within the unshaded area enclosed
by the hyperbola g1g2 = 1. At the boundary, a resonator is considered to be condition-
ally stable. A planar-mirror resonator is one such example exhibiting only conditional
stability.
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Figure 5.13: Cavity stability diagram. A Fabry-Parot cavity is considered to be stable if the
parameters g1 and g2 lie between the hyperbolic curves on the first and third quadrants. Res-
onators that have a symmetric geometry g1 = g2 lie along the dashed line. The possible cavity
geometries are presented aside and indicated by letters correspondingly on the diagram.



§5.3 Squeezer Characterization: Cavity Configuration 89

For our squeezer, the argument (5.69) is graphically shown in Fig. 5.12 as the yellow
shaded area. Interestingly, this coincides exactly with the resonance condition discussed
in the previous section, and hence provides an insight into the intrinsic equivalence
between how a cavity maintains its stability and how it appropriately forms a mode.
The dark yellow curve here identifies the conditionally stable region of the squeezer
corresponding to |(A+D)/2| = 1, whilst the green line indicates the most stable region
of the cavity, where (A+D) = 0.

Mode Circularity Condition

Fourthly, we require the beam at its waist to be circular to avoid astigmatism. This
means the beam waist on the tangential plane must equal to that on the sagittal plane.
The beam waist w0, in accordance with (5.61) and (5.68), is given by

w0i =

√
λq0i

iπ
=

√
λ

π

√
−Bi

Ci
, i ∈ (T,S), (5.72)

where the subscripts T and S denote the tangential and sagittal mode, respectively. The
condition w0T = w0S is depicted as the red curve in Fig. 5.12. As demonstrated in
Fig. 5.14, the circularity condition only holds for one particular separation of the curved
mirrors; it therefore imposes the most stringent restriction on the cavity configuration.
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Figure 5.14: Beam waists on the tangential and sagittal planes.
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Optimal Nonlinearity Condition: Boyd-Kleimann Criterion

The last consideration relates to optimizing the nonlinear interaction in the presence of a
focused Gaussian beam. This optimization problem was elucidated by Boyd and Klein-
man in their comprehensive work [212], applicable to second harmonic generation and
other parametric generation (PG) such as sum- and difference-frequency generation. It
was shown that in the absence of double refraction, the optimum conditions for SHG
and PG are essentially the same. The optimum condition emerges when the beam waist
is located at the center of the crystal (assuming no absorption loss is present) and the
focussing parameter ξ = Lc/(2zR) lies in the range 1.392 ≤ ξ ≤ 2.84 dependent on the
double refraction value B. In cases where B = 0, the single optimum ξ equals to 2.84.
This corresponds to an optimum waist for the pump beam, being

w0optb =

√
Lcλb
2πnbξ

' 13µm, (5.73)

where nb ' 1.88 is the refractive index of the crystal at 532nm [202]. Worth noting is
that the SHG conversion efficiency remains within 10% of its maximum over the range
1.52 < ξ < 5.3, rendering the dependence of the nonlinear interaction strength on ξ less
critical in practice.

5.4 Squeezer Characterization: OPA Parameters

We have shown that the pump threshold and escape efficiency are the two parameters
that primarily determine the amount of available squeezing. We experimentally exam-
ined these parameters of our squeezer and compared the results with their expected val-
ues based on the coating specifications. The experimental setup is sketched in Fig. 5.15.
A continuous-wave frequency-doubled Nd:YAG laser (Innolight Diablo) is employed
to produce a pump beam at 532 nm and a fundamental beam (seed) at 1064 nm. The
pump is injected into the squeezer cavity through the input/output coupler, whilst the
fundamental beam is fed in through the mirror attached to a PZT that is used to scan the
cavity length. A phase modulation at 11.25 MHz is applied on the pump beam for lock-
ing the cavity length, and the fundamental beam is phase modualted at 41.5625 MHz to
lock the two beams in phase. The temperature of the PPKTP crystal was optimized with
respect to the parametric gain for all measurements. With the help of a commercialized
temperature controller, the crystal temperature can be stabilized to its optimum within
±0.01◦C.

5.4.1 Pump Threshold

We first characterize the pump threshold. This was done by measuring the transmitted
seed power on one of the homodyne detectors both in the absence of and in the presence



§5.4 Squeezer Characterization: OPA Parameters 91

GT

GT

PM

PM

41.5625MHz

11.25MHz

LO
f =100

PZT

PZT

Input/ Output
Coupler Flip Mirror

Figure 5.15: Layout for the experimental characterization of the squeezer parameters. Three
lockings are involved in this setup. The phase modulations implemented on the pump and
fundamental fields are utilized to lock the cavity length and the relative phase between the
two fields, respectively. The error signal for the latter lock comes from the amplification/de-
amplification trace arising from the nonlinear interaction between the pump and the seed. On
the homodyne station, a typical relative phase locking technique (see Sec. 3.4.1) is adopted to
probe the noise spectra of the squeezed and anti-squeezed quadratures. A flip mirror is placed
before one of the homodyne detectors to reflect the LO back to the squeezer for the purpose of
measuring the cavity escape efficiency. Because the LO is mode-matched to the squeezed output,
in this configuration, only one lens is required to appropriately couple the LO into the squeezer
cavity.

of the pump field. The parametric gain, in accordance with Eq. (5.43), can then be cal-
culated by taking the ratio of the two powers. Figure 5.16 (a) plots the parametric gain
as a function of the input pump amplitude. The optimal fitting of experimental data
into (5.46) indicates the pump threshold of our squeezer is 163.6mW. As a by-product,
using Eq. (5.45)

P bthr =
hc

λb
β∗inβin|(|β|=κa/χ) =

 κaκb

χ
√

2κbin

2

hc

λb
, (5.74)

we obtain a good estimate of the coupling coefficient χ (857.6) of our crystal.

5.4.2 Escape Efficiency

The investigation of escape efficiency ηesc provides a way to show the intra-cavity loss of
our squeezer and therefore yields an empirical estimation of the obtainable magnitude
of squeezing in our system. This can be seen from Eq. (5.53),

ηesc =
κain/out

κain/out + κal
. (5.75)

In practice, the intra-cavity loss may be straightforwardly estimated according to
the coating specifications (refer to Table. 5.1). The equivalent total loss is given by the
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Figure 5.16: (a) Experimental parametric gain against the pump amplitude for amplification
(blue dots) and de-amplification (yellow dots), superimposed by the theoretical fitting. (b) Ex-
perimental results and the theoretical fitting for squeezing and anti-squeezing levels as functions
of parametric gains. (c) Reflected fundamental power on the squeezer input/output coupler.

multiplication of loss associated with each cavity component

Ral = 0.9985× 0.9999× 0.9999︸ ︷︷ ︸
Mirror Losses

× 0.999× 0.999︸ ︷︷ ︸
Crystal AR Coating

×0.9979︸ ︷︷ ︸
Crystal Absorption

= 0.9961± 0.0005,

(5.76)

where the PPKTP absorption is estimated to be 0.02%/cm [215]. This results in an escape
efficiency of 0.987± 0.003.

A more accurate way to evaluate the intra-cavity loss is to measure ηesc directly by
investigating the cavity response with respect to its outgoing modes. To simplify the
characterization, the pump beam is blocked so that β = 0. Using Eq. (5.40) and the
boundary conditions (5.16), we obtain the reflected field amplitude

αr =
2κain/out − κa

κa
αin, (5.77)

and thus the amount of incident power that is reflected off the cavity

Pr
Pin

=

(
κain/out − κ

a
l

κain/out + κal

)2

. (5.78)
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Note that this power ratio is fully determined by the intra-cavity loss. For an impedance
matched cavity where 2κain = κa, no light would be reflected from the resonator. The
escape efficiency can then be derived by a simple substitution of Eq. (5.78) into (5.75)

ηesc =
1

2

(
1 +

√
Pr − Pr′
Pin − Pr′

)
. (5.79)

Here Pr′ , the reflected power of the higher order TEM modes, is deducted to avoid an
overestimation of the escape efficiency.

As depicted in Fig. 5.15, we measure the reflected power in the laboratory by re-
flecting back the homodyne local oscillator that has been well mode matched to the
squeezer cavity. In this configuration, the mode matching is accomplished quite conve-
niently with only one lens (f = 100 in our case), thus mitigating the need to build a lens
telescope that would otherwise be required for coupling light into a resonator [53, 56].
Another advantage of this setup resides in its flexibility: when flipping down the flip
mirror in Fig. 5.15, one can conduct a squeezing measurement with the homodyne de-
tection, whilst when the flip mirror is up, one can measure the escape efficiency without
reconfiguring the setup. The measurement result is shown in Fig. 5.16 (c), where the
base voltage, corresponding to off-resonance reflection, denotes the input power Pin.
The resultant escape efficiency is 0.984±0.002, thereby showing a reasonable agreement
with the expected value derived from coating specifications. It also leads to the infer-
ence that the intra-cavity loss of our system is around 1.4%, indicating that a reasonable
magnitude of squeezing should be obtainable from our setup.

5.4.3 Noise Response: Squeezing and Anti-Squeezing against OPO Nonlin-
ear Parametric Gains

To further characterize the performance of our system, we measured the output squeez-
ing and anti-squeezing levels for a series of input pump powers. The measurement
results along with the theoretical fitting into Eq. (5.54) are shown in Fig. 5.16 (b). There
is no clear decrease of the output squeezing as we turning up the parametric gain, there-
fore implying that the phase noise in our system is reasonably small. Otherwise, in the
presence of significant phase noise, the observable squeezing would first increase as the
parametric gain grows, stop increasing when the gain reaches a particular turning point
dependent upon the phase noise level, and degrade thereafter. In addition, the results
presented here help us to infer the propagation and detection loss in our setup, which
is around 6.1%, accounting for the photodiode efficiency (0.99), the homodyne visibil-
ity (0.985), and losses from two lenses (0.98), one dichroic mirror (0.999), and two HR
mirrors (0.9995).

In conclusion, the agreement between the coating specifications and experimental
results is evidently quite reasonable, which justifies the faithfulness of the specifications.
The parameters of our squeezer are tabulated in Table 5.1.
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Figure 5.17: Different magnitudes of squeezing are generated by increasing the input pump
power in presence of a weak seed beam (1 mW). The measurement was conducted at 4 MHz
and 2 MHz, respectively, for (a), (b) and (c), (d). The local oscillator is scanned at 1 Hz to capture
the noise spectra in a continuum of quadrature phases. Other measurement settings are: RBW
of 300 kHz and VBW of 1 kHz for (a) and (c); RBW of 100 kHz and VBW of 3 kHz for (b); RBW
of 100 kHz and VBW of 3 MHz for (d); the sweep time is set to be around 0.1 s for all traces.

Figure 5.17 shows the end results of the output squeezing in our system after opti-
mizing all experimental parameters. The experimental schematic is plotted in Fig. 5.15
where the relative phase between pump and seed is locked to be an even multiple of π,
corresponding to the de-amplification condition of the OPA. The phase of the homodyne
local oscillator is scanned continuously, so all quadrature variances can be traced out as
shown in Fig. 5.17. By increasing the pump power, the parametric gain is consequently
increased, and a higher level of squeezing is attained at the expense of a lower squeezing
purity. The highest squeezing we observed was around 11 dB; however the measure-
ment trace was lost. A squeezing level of 9.7 dB was reported in Fig. 5.17 (d), imply-
ing that 11.5 dB squeezing was produced by the OPA if the detection loss is corrected
(0.99 × 0.9852). Moreover, we present a purer squeezed output with 7.3 dB squeezing
and a purity of 1.17.

The squeezed beams produced by the two squeezers are combined on a 50:50 beam-
splitter to generate a pair of CV entangled state. The characterization of the squeezer
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Cavity Parameters Value Unit
Fundamental Wavelength (Squeezing) λa 1064 nm
Second Hamonic Wavelength (Pump) λb 532 nm
Cavity Round Trip Length L 374 mm
Flat Mirros: Separation df 140 mm
Curved Mirros: Separation dc 45 mm
Curved Mirrors: Radius of Curvature Roc -38 mm
Cavity Mode Upper Beamwaist (Fundamental) wau0 215 µm
Cavity Mode Upper Beamwaist (Pump) wbu0 152 µm
Cavity Mode Lower Beamwaist (Fundamental) wal0 20.4 µm
Cavity Mode Lower Beamwaist (Pump) wbl0 14.4 µm
PPKTP Crystal Dimensions 1× 5× 10.7 mm
Input/Output Coupler Reflectivity (Fundamental) Rain/t 0.83± 0.01 -
Input/Output Coupler Reflectivity (Pump) Rbin/t 0.73± 0.012 -
Piezo Mirror Reflectivity (1064 & 532) 0.9985± 0.0005 -
Curved Mirros Reflectivity (1064 & 532) 0.9999 -
Crystal Anti-Reflectivity 1064 (532) < 0.1(< 0.2) -
Total Intra-Cavity Loss 1064 (532) Ral (R

b
l ) 0.996 (0.9943) -

Finesse 1064 (532) F a(F b) 29 (17) -
Linewidth 1064 (532) νaFWHM(νbFWHM) 36 (60) MHz
Pump Threshold P bthr 163.6 mW
Escape Efficiency ηesc 0.984± 0.002 -
Coupling Coefficient χ 858 -
Focusing Parameter ξSQ 2.84 -
Crystal Refractive Index n 1.83 -

Table 5.1: Optical and mechanical specifications of the OPA squeezers.

parameters, together with the measurement of the output squeezing levels, are of great
operational importance. It is used to predict the performance of the squeezing-powered
quantum information protocols that shall be presented in chapters 7, 8, and 9.
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Chapter 6

Hybrid Linear Amplifier and Its
Applications

Overview

Due to the pervasive nature of decoherence, protection of quantum information dur-
ing transmission is of critical importance for any quantum network. A linear amplifier
that can enhance quantum signals stronger than their associated noise while preserv-
ing quantum coherence is therefore of great use. This seemingly unphysical amplifier
property is achievable for a class of probabilistic amplifiers that does not work deter-
ministically. Here we present a linear amplification scheme that realizes this property
for coherent states by combining a heralded measurement-based noiseless linear am-
plifier and a deterministic linear amplifier. The amplifier is phase-insensitive and can
enhance the signal-to-noise ratio of the incoming optical signal. Besides, the concate-
nation of two amplifiers introduces the flexibility that allows one to tune between the
regimes of high-gain or high noise-reduction, and control the trade-off of these perfor-
mances against a finite heralding probability. We demonstrate an amplification signal
transfer coefficient of Ts > 1 with no statistical distortion of the output state. By par-
tially relaxing the demand of output Gaussianity, we can obtain further improvement
to achieve a Ts = 2.55± 0.08 with an amplification gain of geff = 10.54.

We provide one application of this hybrid linear amplifier: a quantum cloning ma-
chine that is constructed by adopting the amplify-and-split approach [221]. We demon-
strate the production of up to five clones with fidelity for each clone significantly
surpassing their corresponding no-cloning limit. Considering that our amplification
scheme only relies on linear optics and a post-selection algorithm, we anticipate it to
have the potential to be used as a versatile tool in a broad class of noise-sensitive quan-
tum information protocols.

Publications relevant to the work in this chapter include:

• J. Zhao, J. Dias, J. Y. Haw, T. Symul, M. Bradshaw, R. Blandino, T. Ralph, P. K. Lam,
and S. Assad. Quantum enhancement of signal-to-noise ratio with a heralded linear amplifier,

99
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Optica 4, 1421, (2017).

• J. Zhao, J. Dias, J. Y. Haw, T. Symul, M. Bradshaw, R. Blandino, T. Ralph, P. K. Lam,
and S. Assad. Quantum enhancement of signal-to-noise ratio for arbitrary coherent states
using heralded linear amplifier, 2017 Conference On Lasers and Electro-Optics Pacific Rim
(CLEO-Pr), IEEE, (2017).

• J. Y. Haw, J. Zhao, J. Dias, S. M. Assad, M. Bradshaw, R. Blandino, T. Symul, T. C.
Ralph, and P. K. Lam. Surpassing the no-cloning limit with a heralded hybrid linear amplifier,
Nature Communications 7, 13222, (2016).

6.1 Introduction

The question of quantum noise in linear amplifiers has stirred considerable interest
not only because of its technical significance, but also owing to its intimate connec-
tion with the most fundamental features of quantum theory. A perfect linear amplifier
(PLA) increases the power of an incoming signal without introducing a degradation to
its signal-to-noise ratio (SNR). This is achievable easily for classical signals. However, in
the quantum world, a PLA cannot function deterministically. Due to the bosonic nature
of photons, an optical amplifier unavoidably introduces noise to any signal it processes.
The noise penalty arises from the interaction between the initially independent input
mode and the internal modes of an amplifier. This quantum property of amplifiers was
theoretically elucidated by Haus and Mullen [222] and was quantitatively expressed
as the amplifier uncertainty principle [76]. In particular, for a phase-insensitive amplifier,
the minimum amount of additional noise is equivalent to |G− 1| units of vacuum noise,
whereG denotes the power gain for the input signal. This noise penalty prevents the in-
crease of distinguishability of quantum states under amplification. It therefore ensures
that by means of the amplify-and-split approach [80], two orthogonal quadrature ampli-
tudes of a bosonic mode cannot be measured simultaneously with arbitrary precision,
in compliance with the Heisenberg uncertainty principle.

One way to circumvent the excess noise is to instead apply phase-sensitive am-
plification. One such example is to utilize optical parametric amplifier to squeeze
either the input mode, or the internal mode, such that the amplified output has re-
duced noise in one quadrature at the expense of degrading the conjugate quadra-
ture [223, 224, 225, 226]. Besides, phase-insensitive amplification can also be realized
using a series of light emitter detectors in conjunction with high-quantum-efficiency
photodetectors [227]. This device can achieve, in principle, a signal transfer limited
only by the photodetector efficiency (SNRout/SNRin≈ηd, where ηd is the quantum effi-
ciency of the photodetector) for a sufficiently large number of emitters. However, while
the intensity of light is amplified, all phase information is destroyed. Another method
of low-noise amplification is to use an electro-optic feed-forward loop [228]. The setup
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avoids the requirement of nonlinear optical process, and due to the fact that not all of
the input light is destroyed, some of the phase information can be retained.

If one demands an amplification of both quadratures equally, an alternative way to
evade the noise penalty is to allow a probabilistic operation. Fiurás̆ek proposed a proba-
bilistic amplification method that could be applied to coherent states of fixed amplitude
but unknown phase [22]. Ralph and Lund extended this idea and proposed indepen-
dently the noiseless linear amplifier (NLA) [21] that could in principle be applied to
arbitrary ensembles. This amplifier outperforms the perfect linear amplifier by preserv-
ing the noise characteristics of the input state and is hence, from a classical point of view,
a noise-reduced amplifier, as illustrated in Fig. 6.1. The price to pay is that the process
has to be probabilistic and approximate in terms of the output states produced. A better
approximation is attainable at the expense of a lower success probability [229, 21]. This
compromise guarantees that, on average, the Heisenberg uncertainty relation remains
satisfied. Nevertheless, the successfully amplified quantum states can be heralded and
thus is valuable in extending the range of loss-sensitive protocols. We note that given
the access to correlated inputs, it is possible to achieve phase-insensitive noise reduc-
tion deterministically via the cancellation of the internal noise, albeit the total SNR is at
best conserved [230]. This entanglement-based quantum amplifier was demonstrated
in [231] and applied in [232] as an enhanced interferometer for phase estimation.

Various physical implementations of NLA have been proposed and experimentally
demonstrated, including the quantum scissor setup [69, 70, 71, 72], the photon-addition
and -subtraction [73, 74], and noise addition [75] schemes. In all these approaches,
a large truncation is often imposed on the unbounded amplification operator in the
photon-number basis. The high-fidelity operating region of the amplification is conse-
quently restricted to small input amplitude and small gains [89, 91]. The current realisa-
tions require non-classical light sources and non-Gaussian operations like photon count-
ing, thereby rendering their application to many systems and protocols very challeng-
ing. Intriguingly, as recently proposed [79, 92] and experimentally demonstrated [81],
the benefits of noise-reduced amplification can be retained via classical post-processing,
provided that the NLA precedes a dual homodyne measurement directly. Although the
simplicity of this measurement-based noiseless linear amplifier (MB-NLA) is appeal-
ing, its post-selective nature confines it to point-to-point applications such as quantum
key distribution. To overcome this drawback, the concatenation of an NLA and a de-
terministic linear amplifier (DLA) that uses MB-NLA and yet outputs a quantum state
was proposed recently and studied in the context of quantum cloning [94], where the
production of clones with fidelity surpassing the deterministic no-cloning bound was
demonstrated.

In the current paper, for the first time, we realize a quantum enhancement of signal-
to-noise-ratio for arbitrary coherent states and amplification gains using a heralded
noise-reduced linear amplifier. This amplifier combines the advantages of a DLA and an
MB-NLA. Owing to the fully tunable cut-offs and independent control of the NLA and
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DLA gains, great versatility in the effective gain and the input amplitude is attained,
mitigating therefore the undesirable constraints in previous physical implementations.
We show a signal transfer of 110% from input to output with an amplification gain of
6.18 when Gaussian statistics is maintained. Furthermore, by marginally compromising
the Gaussianity of the output state, we demonstrate an SNR enhancement of more than
4dB for a coherent state amplitude of |α|=0.5 with an amplification gain of 10.54.

Unlike the previous measurement-based NLA scheme [81], a heralded and free-
propagating amplified state is produced with our amplifier. It is worth stressing that
the setup uses Gaussian elements and a post-selection algorithm only, and hence has a
better compatibility with other CV protocols.
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Figure 6.1: Wigner function contours of input and output coherent states for a continuum of
linear amplifiers. The green dashed circle here refers to the best possible deterministic linear
amplifier, which adds the minimum amount of noise imposed by quantum mechanics; any am-
plifier that introduces less noise is necessarily probabilistic. One example of the probabilistic
amplifiers is the PLA that preserves the SNR of an incoming signal while amplifying its power
(refer to PLA in the graph). Amplifiers capable of enhancing SNR are called noise-reduced am-
plifiers (shaded area in orange, including the NLA) and the extreme case of the noise-reduced
amplifier is NLA that not only amplifies the amplitude of an input state, but also preserves its
noise characteristics.

6.2 Construction of the Hybrid Linear Amplifier

6.2.1 Theoretical Modelling

First we study the behavior of our amplifier in a general operating scenario by con-
sidering an ensemble of coherent states as its input. We then concern ourselves with
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a particular instance where the input state is a single coherent state selected randomly
from phase space.

As is depicted in Fig. 6.2 (a), the behavior of our amplifier is dominated by the in-
terfacing between the two intrinsically different amplifiers. A larger DLA gain would
contribute to a higher success probability, but also introduce a larger noise penalty, while
a larger NLA gain is the requisite to attain an increase of SNR, however, at the expense
of reducing the success probability.

The effect of our linear amplifier on an unknown input state ρ̂in is to transform the
state as follows:

ρ̂out = NTrv{ÛgDLAg
n̂
NLAρ̂in ⊗ |0〉〈0|vgn̂NLAÛ

†
gDLA
} , (6.1)

where the constant N is a normalisation factor. The operator gn̂NLA here models the ac-

tion of the NLA on the input density operator, whilst ÛgDLA = e
−θ

(
ââv−â†â†v

)
is a unitary

transformation acting on the input mode and an ancillary vacuum mode which models
the action of the DLA. The parameter θ relates to the gain of the DLA via gDLA = cosh(θ).
The ancilla mode is traced out to give the final output. We can characterize the outcome
of this interaction by considering the expectation value of an observable M̂(â, â†),

〈M̂〉 = Tr{M̂ρ̂out}

= Tr{M̂ÛgDLAg
n̂
NLAρ̂in ⊗ |0〉〈0|vgn̂NLAÛ

†
gDLA
}

= Tr{M̂DLAρ̂NLA} , (6.2)

where we use the cyclic permutation of the trace and M̂DLA = Û †gDLAM̂ÛgDLA , ρ̂NLA =

gn̂NLAρ̂ing
n̂
NLA.

We first consider the input ρ̂in to be an ensemble comprised of a Gaussian distribu-
tion of coherent states:

ρ̂in (λ) =
1

π

1− λ2

λ2

∫
d2αe−

1−λ2

λ2 |α|2 |α〉〈α| (6.3)

where λ (0≤λ< 1) relates to the variance of the distribution by V = 1+λ2

1−λ2 . Due to the
linearity of the NLA operator, the distribution ρ̂in (λ) changes as gn̂NLAρ̂in (λ) gn̂NLA ∝
ρ̂ (gNLAλ) under noiseless linear amplification [77]. That is, if Alice sends a distribution
of coherent states of width λ, the conditional state after the successful operation of NLA
is proportional to a distribution of width gNLAλ. Correspondingly, the variance of the
ensemble of coherent states becomes V =

1+g2
NLAλ

2

1−g2
NLAλ

2 . We note that for the amplified
distribution to be physical, g2

NLAλ
2 must be less than one. The state ρ̂NLA (gNLAλ) is

then amplified by the DLA to give the final output state. The expectation value of an
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Figure 6.2: Construction of our amplifier. The transformation from (a) to (d) involves two inter-
mediate steps: first, we implement the DLA using a feed-forward circuit; second, we move the
NLA from the input to the reflected port of the BS so it can be emulated by the measurement-
based NLA scheme.
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arbitrary observable M(âout, â
†
out) can then be constructed using [76, 233]

âout = Û †gDLA
âinÛgDLA

= âin gDLA + â†v

√
g2

DLA − 1 , (6.4)

So far, we have described how an ensemble of coherent states evolves by our amplifier.
We now examine the action of our amplifier on each individual coherent state |α〉.

The NLA probabilistically amplifies the complex amplitude of an input coherent
state |α〉 to |gNLAα〉 with a gain gNLA>1. The DLA then performs the deterministic
transformation as shown in Eq. (6.4). The mean of the amplitude X̂+ = â+ â† and phase
X̂− = −i(â− â†) quadratures of the electric field is therefore amplified by

〈X̂±〉out = gNLAgDLA〈X̂±〉in . (6.5)

To quantify the amplification of the signal, we define geff = gNLAgDLA as the effective
gain. Since the NLA incurs no additional noise, the overall output noise is only a func-
tion of the DLA gain (where the quantum noise level is 1)

〈(δX̂±)2〉out = 2g2
DLA − 1 . (6.6)

6.2.2 Equivalent Experimental Scheme

Here we present in details the recipe for constructing the amplifier setup, shown in
Fig. 6.2 (d), from the conceptual picture, 6.2 (a). The recipe involves two intermediate
stages. Starting from the simple diagram of the amplifier, first we adopt the proposal in
Ref. [233] to implement the DLA based on the a measurement and feed-forward circuit.
More specifically, in order to realize the deterministic linear amplification, the input
coherent state, after being amplified by an NLA, is first fed through a beam splitter (BS)
with transmission of

T =
1

g2
DLA

. (6.7)

The reflected mode is then subject to a dual homodyne setup locked to simultaneously
measure the amplitude and phase quadratures. The measurement outcome is then elec-
tronically amplified with gain g′DLA which is related to gDLA as

g′DLA =
√

2
(
g2

DLA − 1
)
. (6.8)

The rescaled outcome is finally feed-forwarded as input to a pair of amplitude and phase
modulators on a bright auxiliary beam. The beam is then coupled to the transmitted
input through a 98:2 BS to fulfil the displacement operation, thereby realizing the trans-
formation in Eq. (6.4).

The remaining task is to embed the NLA into this DLA configuration. Although
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this may be hard for the physical implementations of NLA, it is tractable for the
measurement-based scheme, since it also relies upon a dual homodyne detection. Con-
sider that to emulate an NLA in such post-selection manner, the measurement-based
NLA is required to precede the dual homodyne station directly [79], and thus in step
Fig. 6.2 (c), we move the NLA from before the BS to the in-line output port of the BS. To
make this translation valid, we ensure that the output of the BS remains enact, which is
given by |

√
TgNLAα〉t|

√
1− TgNLAα〉r where the subscripts t and r represent the trans-

mitted and reflected modes, respectively. Note that the same output can be attained by
modifying the NLA gain to g′NLA

g′NLA =

√
1− T

1− Tg2
NLA

gNLA (6.9)

and meanwhile, replacing the BS by a beam splitter with transmission of

T ′ = g2
NLA/g

2
DLA . (6.10)

The NLA now appears to be followed immediately by the in-line dual homodyne de-
tection, and can therefore be virtually implemented via the measurement-based scheme.
The MB-NLA, in a nutshell, comprises of a filter function that is applied on the measure-
ment outcome, αm=(xm + ipm)/

√
2, of the in-line dual homodyne and a rescaling factor

1/g′NLA that eliminates the additional noise arising from the filtering. The functionality
of the filter function has been elucidated in chapter 4; therefore, we provide only a brief
summary of its key feature here. The probabilistic Gaussian filter can be written in the
following form

P (αm) =

exp
(
|αm|2−|αc|2

) (
1− 1

(g′NLA)2

)
if |αm|≤αc,

1 otherwise,
(6.11)

where the cut-off parameter αc > 0 acts as the truncation on the working phase space
of the unbounded amplification operator. More specifically, all measurement outcomes
αm with magnitude less than αc are selected or rejected with probability specified in
Eq. (6.11), while those αm falling beyond the cut-off amplitude are kept with unit prob-
ability [234]. The cut-off, αc, therefore determines how closely the filter approximates
an ideal NLA and also the success probability of the protocol. This filter function her-
alds the successful amplification and over-amplifies both the mean and the variance of
the measured statistics by g′NLA

2. Thus, to retrieve the target mean and dispose of the
additional noise, a rescaling factor of 1/g′NLA is applied to the filtered statistics.

The construction presented so far provides an experimental realization for the cas-
caded NLA and DLA. We can therefore derive the output mean and variance of the
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quadrature amplitudes:

〈X̂±〉out =

(√
1− T ′

2
g′DLA g

′
NLA +

√
T ′

)
〈X̂±〉in, (6.12)

〈(δX̂±)2〉out = 1 + (g′DLA)2 . (6.13)

We quantify the performance of our amplifier by introducing the signal transfer co-
efficient,

Ts = SNRout/SNRin , (6.14)

which is equal to
g2

eff/(2g
2
DLA − 1) (6.15)

for a quantum-limited amplification [233] and is larger than 1 for a noise-reduced oper-
ation. From Eq. (6.12) and (6.14), we obtain the theoretical Ts for both quadratures for
our setup,

Ts =
(
√

1−T ′
2 g′DLA g

′
NLA +

√
T ′)2

1 + (g′DLA)2
. (6.16)

Besides, to identify the operating region where the amplification is experimentally fea-
sible, one can also calculate the success probability PS of our amplification scheme in a
similar way to that has been addressed in chapter 4:

PS =
g2

π
exp

[(
g2 − 1

)(
|α0|2 −

α2
c

g2

)]
∫∫
|α|<αc

g

exp
(
− |α− gα0|2

)
d2α

+
g2

π

∫∫
|α|≥αc

g

exp
(
− |gα− α0|2

)
d2α . (6.17)

The key features of our hybrid linear amplifier are threefold: first, the output is
a free-propagating amplified physical state; second, the setup only depends on linear
optics; third, the two cascading gains can be tuned independently and our cut-off is
fully adjustable. This introduces more flexibility in optimizing the success rate while
preserving high fidelity with an ideal implementation of NLA. It also largely extends
the operating region of the amplifier by alleviating the constraints of previous physical
implementations where amplification is confined to small input amplitudes and low
amplification gains.

Figure 6.3 illustrates the operational degrees of freedom of our noise-reduced linear
amplifier. The amount of noise reduction depends on both the product and the ratio
of gNLA and gDLA, which correspond to, respectively, the values of the effective gain geff
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and the transmittivity T ′ in Fig. 6.2 (d). Intuitively, for a fixed effective gain geff , a higher
signal transfer coefficient Ts becomes more pronounced with a larger gNLA, since the
associated noise determined by gDLA decreases while the input amplitude undergoes
the same amount of amplification. Hence, under the same effective gain, a higher T ′

would always lead to a larger signal transfer coefficient.
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Figure 6.3: Tunability of the amplifier. Signal transfer coefficient (blue contours), various effec-
tive gains (red contours), and T ′ (green lines) as the function of gNLA and gDLA. The blue-dotted
line denotes the amplification process where the input SNR is preserved, while the enclosed
shaded area refers to the region where additional noise is introduced. We note that, without
a sufficiently high NLA gain, increasing gDLA alone would not suffice to approach the noise-
reduced amplification.

We note that there is an ultimate limit of our current setup embodied in Eq. (6.10).
Because T ′ < 1, gNLA must be smaller than gDLA. Recall that the signal transfer coeffi-
cient takes the form

Ts =
g2

eff

2g2
DLA − 1

=
g2

eff
2gDLA
gNLA

gDLAgNLA − 1
(6.18)
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Together with the condition that gDLA > 1, Eq. (6.10) poses a limit on the signal transfer
as

Ts <
g2

eff

2geff − 1
. (6.19)

Nonetheless, as shown in Fig. 6.3, an arbitrarily high Ts > 1 is attainable using the
current setup by applying well-tailored T ′ and geff .

6.3 Quantum Enhancement of Signal-to-Noise Ratios

In this section, the hybrid linear amplifier is employed to resolve the signal-to-noise
ratio degradation problem that is unavoidable in any deterministic phase-insensitive
linear amplification. We report, for the first time, a quantum enhancement of signal-to-
noise ratio of an arbitrary incoming coherent state using only linear optics.

6.3.1 Experimental Setup

The light source for this experiment is an Nd:YAG laser producing continuous wave sin-
gle mode light at 1064 nm. The coherent state at a sideband frequency is generated by
sending modulation signals at 4MHz to a pair of electro-optical modulators (EOMs) on
the signal beam. The laser was found to be shot-noise-limited at this frequency and the
amplitudes of the modulation signals determine the complex amplitude of the coherent
state. To amplify the coherent state, we first inject the input state into a beamsplitter
with transmissivity of T ′ where it is split to the transmitted and reflected modes. A dual
homodyne measurement is then performed on the reflected mode and the measurement
outcomes are divided into two parts. The fist part is used to extract the 4 MHz modu-
lation and to reveal the term |αm| in Eq. (6.11) which is used to provide the heralding
signal. To this end, the outcome is demodulated by mixing it with an electronic local
oscillator, before being low pass filtered at 100 kHz and oversampled on a 12 bit analog-
to-digital converter at 625 kSa per second. Once the quadrature amplitude of the input
subject to the in-line dual homodyne is obtained, denoted by |αm|, it is utilized to com-
pute p(αm) in Eq. (6.11) which is then compared with a random number picked up from
a uniform distribution between 0 and 1. Because the data acquisition for the in-line
dual homodyne and the final verifying homodyne are paired up shot-by-shot, when-
ever one obtains an |αm| that results in a p(αm) smaller than the corresponding random
number, the corresponding final homodyne data point is discarded; otherwise, the final
homodyne measurement outcome is kept.

Second, the outcomes of the dual homodyne measurement are employed to accom-
plish the feed-forwarding. They are amplified electronically with a gain gele=g

′
DLA/g

′
NLA

and fed into a pair of EOMs modulating a bright auxiliary beam. This intense beam is
then coupled in phase with the transmitted signal beam by an asymmetric beam splitter
of transmissivity 98% to realize the displacement operation.
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The combined beam is then characterized by a homodyne measurement, locked
successively to amplitude and phase quadratures. The homodyne measurement goes
through the same signal processing and at least 5 × 107 data points are acquired. To
ensure optical fields are combined either in phase or in quadrature, the relative phase
locking technique discussed in Sec. 3.4.1 is employed. More specifically, an amplitude
modulation at 30 MHz is used to for locking the Heterodyne phase station and the ho-
modyne to phase quadrature, while a phase modulation at 21.4 MHz is utilized for
locking the Heterodyne amplitude station and the homodyne to amplitude quadrature.

6.3.2 Theoretical Model Involving Error Analysis

Before we move on to present the experimental results, we explain first how we correct
Ts in Eq. (6.16) by taking into account of experimental imperfections, and how we write
Ts as a function of the effective gain geff to obtain the theoretical results depicted in the
following sections. This helps us to correctly examine the performance of our amplifier.

First we express the output mean and variance of the quadrature amplitudes in
terms of effective parameters that take experimental imperfections into account:

x̄out =

(√
1− T ′

2
g2

filηffgele +
√
T ′

)
x̄in (6.20)

σ2
xout

= 1 + (gfilgele)
2 . (6.21)

For brevity, we express here the quadrature mean 〈X̂±〉 and variance 〈δ(X̂±)2〉, respec-
tively, as x̄ and σ2

x, and the subscript in/out denotes the input/output mode. In contrast
to Eq. (6.12), the effective parameter gfil indicates the amplification realized by apply-
ing the filter function (Eq. (6.11)) alone, which amplifies both the mean and variance of
the output of the dual homodyne by (g′NLA)2. The rescaling factor 1/g′NLA associated
with noise renormalization is combined with g′DLA, composing the electronic gain gele,
i.e. gele=g

′
DLA/g

′
NLA. And ηff here summarizes the net effect of losses induced in the

dual homodyne detection (including mode matching and photodiode efficiency) and
the imperfect tuning of gele. Therefore, the signal transfer coefficient that assumes infi-
nite cut-off and takes into account of all experimental imperfections can be re-written
as

Ts =
x̄2

outσ
2
xin

σ2
xout

x̄2
in

=
(

√
(1−T ′)

2 g2
filηffgele +

√
T ′)2

1 + (gfilgele)2
. (6.22)

In order to express Ts as a function of geff , we need to determine the values for the
effective parameters gele and ηff . For each experimental run, we first infer the in-loop
electronic gain gele from the experimental values of Ts, x̄in, x̄out, and σ2

xout
when no post-



§6.3 Quantum Enhancement of Signal-to-Noise Ratios 111

selection is implemented (i.e gfil=1), which gives

Ts|gfil=1 =
x̄2

outσ
2
xout

x̄2
in(1 + g2

ele)
. (6.23)

From Eq. (6.23), we can thus solve for gele.
We then estimate the overall inefficiency ηff based on the prediction of the output

mean. By setting gfil=1 in Eq. (6.20), we obtain

(

√
(1− T ′)

2
ηffgele +

√
T ′)x̄in=x̄out . (6.24)

Substituting gele for the value obtained from Eq.(6.23) and T ′ which is fixed when un-
dertaking the experiment, the effective parameter ηff is hence determined.

Since x̄out/x̄in=geff , from Eq. (6.20), gfil can be written as the function of geff

(gfil)
2 =

√
2(geff −

√
T ′)

gele

√
ηff(1− T ′)

. (6.25)

Substituting Eq. (6.25) into Eq. (6.22), the signal transfer coefficient therefore can be de-
rived purely as a function of geff .

In practice, to avoid an overestimation of Ts, for all experimental runs, the mean
and variance of the input and output states are corrected for the homodyne efficiency,
which is typically around 85%, including the photodiode quantum efficiency and the
mode-matching visibility.

Error bars for signal transfer coefficients are calculated based on the statistics of the
first and second moments of X±. Writing Ts as

Ts =
x̄2

out

σ2
xout

×
σ2
xin

x̄2
in

, (6.26)

its uncertainty can be estimated as

Var(Ts) =

(
∂Ts
∂x̄out

)2

Var(x̄out) +

(
∂Ts
∂σ2

xout

)2

Var(σ2
xout

)

+

(
∂Ts
∂x̄in

)2

Var(x̄in) +

(
∂Ts
∂σ2

xin

)2

Var(σ2
xin

) , (6.27)

where Var(x) refers to the variance of x. The partial derivatives included can be ex-
pressed straightforwardly as functions of the measured means and variances.

6.3.3 Linearity of the Amplifier

Figure 6.4 shows the performance of our linear amplifier for input coherent states with
different complex amplitudes |(x+ ip)/2〉. As illustrated in Fig. 6.4 (a), we demonstrate
the phase-preserving property of the amplifier, and observe symmetric noise spectrum
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Figure 6.4: Linearity of the amplifier. (a) Amplification for coherent states with different am-
plitudes. Left panels: noise contours (one standard deviation width) of the amplified states,
depicted in red. Right panels: normalized probability distribution for amplitude and phase
quadratures of the output states. (b) Output magnitudes vs input magnitudes as we reduce the
cut-off whilst maintaining the values of gNLA′ and gDLA′ . Inset: Output magnitudes vs input
magnitudes with cut-off being αc = 4.42 at different effective gains.

of amplitude and phase quadratures. These results emerge from the linearity and phase
invariance of the present setup, as is also clearly demonstrated in Fig. 6.4 (b). In particu-
lar, under the same T ′ (0.6), by selecting input states with different complex amplitudes
(x, p) = (−0.71, 0.72), (−0.01,−1.51), (2.23, 2.19), (5.26,−0.02), we plot the output mag-
nitudes against the input magnitudes as we vary the cut-off values, or alternatively as
we vary the effective gains. The amplifier behaves linearly in either circumstance, thus
verifying the independence of the amplification on the input states.

Apart from the relationship between |αout| and |αin| shown in Fig. 6.4, we also no-
tice that as we reduce the cut-off, the output states start to exhibit non-uniform noise
between the in-phase and out-of-phase fluctuations. More specifically, as the cut-off is
decreased from 4.42 to 0.50, we observe the output noise [〈(δX̂+)2〉out, 〈(δX̂−)2〉out] re-
duces, respectively, from [1.83, 1.83] to [1.59, 1.70] for input (x, p) = (−0.01,−1.51), and
from [1.87, 1.86] to [1.70, 1.58] for input (x, p) = (5.26,−0.02). In these cases, the cut-
off with respect to the effective gain no longer suffices to preserve the Gaussianity, i.e.
a Gaussian probability distribution, of the output state and the amplified states start
to squash along the radial direction [89]. This produces mixed, non-Gaussian states.
Nevertheless, the amplification remains phase-insensitive due to the fact that it is al-
ways the variance of the quadrature along the radial direction that becomes classically
”squeezed”, whilst that of the orthogonal quadrature inclines to be anti-squeezed. In-
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terestingly, it is worth emphasizing that, even in this operating region, the amplifier still
works linearly regardless of the insufficient cut-off (refer to the light blue line in Fig. 6.4
(b)). This special property would be of great benefit for coherent states discrimination.
For example, we consider multiple weak coherent states, in a quadrature phase-shift-
keyed format [35], as inputs of our linear amplifier. Regardless of the phases of the
input states, the amplifier increases their complex amplitudes consistently and, mean-
while, suppresses the added noise along the radial direction. The amplification works
conditionally, whereas as long as a heralding signal reveals that the amplifications suc-
ceed for all input states, the distinguishability of these states would be enhanced.

6.3.4 Quadrature Independence and the Success Probability
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Figure 6.5: Amplifier performance: noise properties and contour plot of the success probability
PS in logarithmic scale as a function of Ts and geff . The success probability decreases as we in-
crease the effective gain. The signal transfer coefficient for amplitude quadrature (blue symbols)
is also superimposed as a function of g2

eff for varying T ′: 0.6, 0.45. The theoretical prediction,
assuming infinite cut-off, is depicted in crosses. It is clearly shown that the experimental Ts in-
creases in compliance with the prediction, demonstrating that the cut-off (αc = 4.3) selected is
sufficient and no over- or under-estimation of Ts appears. For the sake of comparison, the best
achievable Ts of an optimal deterministic linear amplifier (also termed as the quantum noise
limit) is shown in orange solid line. This illustrates that our amplifier surpasses the quantum
limit for a phase-insensitive amplifier, and this superiority becomes more distinguished as we
increase the geff . Inset: the experimental data superimposed with its theoretical prediction for
phase quadrature.

Figure 6.5 demonstrates the tunability and versatility of our amplifier. The signal
transfer coefficients of the amplitude and phase quadratures, superimposed by the suc-
cess probability, are plotted as a function of increasing effective gains. We examine an
input coherent state with complex amplitude of (x, p) = (1.51, 1.54) for all plots. Two
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different transmissions, T ′ = 0.60, and 0.45, are picked to test the amplifier in different
settings.

In accordance with Fig. 6.3, data points with the same T ′ illustrate evidently the
improvement in Ts as geff increases, corresponding to moving along the green lines in
Fig. 6.3. Alternatively, when keeping Ts constant, lowering T ′ results in a smaller suc-
cess probability, which also coincides with Fig. 6.3, because this decrease of the success
probability results from the increase of gNLA.

We note that all Ts, for both amplitude and phase quadratures, exceed the quan-
tum limit regardless of the values of T ′, among which the maximum achieved Ts are
0.830 ± 0.025 and 0.860 ± 0.024 for T ′ = 0.6, and T ′ = 0.45, respectively. These re-
sults significantly surpass the maximum allowable signal transfer in the deterministic
regime (c.f. Eq. (6.15)) by around 10 and 12 standard deviations, respectively. All the ob-
served values of Ts show good agreement with the theoretical model assuming infinite
cut-off and taking into account the experimental imperfections (see Supplementary ma-
terial 3). The corresponding success probability ranges between 10−3 and 0.3, rendering
the amplifier still relatively practicable. Slight discrepancies are observed between X+

and X− owing to the different losses experienced by the two quadratures during feed-
forwarding, as illustrated in Fig 6.6. Small deviations of the experimental data from the
prediction are attributed to other in-line electronic noise.
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Figure 6.6: Gain dependence of the signal transfer coefficient for coherent input state with |α|2 =

2.16 and T ′ = 0.3.

6.3.5 High Signal Transfer Coefficient

In Fig. 6.7, we summarize our experimental results when our amplifier is operating in
the large gain domain for an input state (x, p)=(0, 1.01)(|α|=0.5) and T ′ = 0.155. As is
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Figure 6.7: Signal transfer coefficients in the large gain regime. (a) Ts exceeding 1 with increasing
geff for αc = 4.5 and a coherent state amplitude of |α| = 0.5. The experimental Ts shows good
agreement with the theory plot (in crosses) until around geff = 6.5 where the data points start to
depart, thereby indicating that the cut-off no long suffices to maintain the output Gaussianity.
Inset: probability distribution of the amplified state labeled in red. (b) Probability distributions
of the phase quadrature of the amplified state with cut-offs given by (6.28). Data points are
the post-selected ensemble out from 2.7 × 109 homodyne measurements while the red curves
indicate the corresponding best-fitted Gaussian distributions.

shown in Fig. 6.7 (a), a higher Ts is obtained at the expense of a lower success probabil-
ity. We see that the increasing of Ts as a function of geff coincides with the theoretical
model based on an infinite cut-off (see 6.3.2), indicating that the cut-off employed is suf-
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ficient to encompass the amplified distribution and thus exclude any distortion of the
output. In this high-fidelity operating region, a Ts larger than 1 (specifically, 1.10± 0.04)
is observed, thus verifying a clear fulfillment of the noise-reduced amplification. As
geff keeps increasing, a wider discrepancy appears between the experimental value of
Ts and its theoretical prediction, as the result of an insufficient cut-off. In [234], it was
shown that the Gaussian profile of the output state of a measurement-based NLA de-
pends on the amplitude of the input state, the NLA gain, and the cut-off in the filter
function Eq. (6.11). If Gaussian-output statistics are desired, the cut-off value can be
adjusted according to g′NLA, the target Ts, and the maximum input size of the ensemble.
To be more explicit, it was proposed in [234] that,

αc = (g′NLA)2|αm|+ β
√

0.5g′NLA. (6.28)

The parameter β quantifies how well the cut-off circle embraces the distribution of the
amplified state. We note that a sufficient amount of data points should be retained to
characterize the output properly.

To complete the investigation of our setup, we also explore the relationship between
Ts and the output Gaussianity while keeping the success probability unchanged (around
10−6), as shown in Fig. 6.7 (b). In this case, as we relax the requirement for the output
Gaussianity, it is possible to enjoy a higher effective gain and therefore achieve a consid-
erably larger Ts without decreasing the success probability. We experimentally obtained
an signal transfer of Ts=2.55± 0.076 from input to output with an amplification gain of
10.54.

6.4 Quantum Cloning

6.4.1 Conceptural Picture

We extend the noise-reduced linear amplifier to construct a quantum cloning machine
that is able to surmount the no-cloning limit imposed by the Heisenberg uncertainty
principle and the linearity of quantum mechanics. The underlying concept here is sim-
ilar: although it is impossible to perfectly duplicate an unknown quantum state deter-
ministically, as is stated in the “no-cloning theorem”, this predicament can be alleviated
by renouncing determinism. It was proved that probabilistic exact cloning is possi-
ble if the quantum states to be cloned are chosen from a discrete, linearly independent
set [235, 236, 85, 237]. On the other hand, if the input states are linearly dependent,
non-deterministic cloning is also conceivable with fidelity arbitrarily close to unity [22].
In the current work, we propose a new scheme that allows high-fidelity probabilistic
quantum cloning for an arbitrary coherent input state. Adopting the amplify-and-split
approach in Ref. [221], one can first amplify the input state using our noise-reduced
linear amplifier presented in Sec. 6.3 and then split the amplified signal equally into
multiple copies, as illustrated in Fig. 6.8. Due to the fact that less noise is incurred in the
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amplification stage, high fidelity is achievable after splitting.
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Figure 6.8: Schematic of the heralded quantum cloner in phase space. The input state, after
being amplified through the hybrid linear amplifier, is subsequently split into multiple copies,
which constitute the output of the quantum cloning machine.

In order to characterize the performance of our heralded cloning machine (HCM)
with respect to the no-cloning limit, we calculate the output fidelity F = 〈α|ρi|α〉which
quantifies the overlap between the input state |α〉 and the i-th clone ρi. It can be derived
that fidelity of our HCM is given by [238]:

F (N) =
1

1 + (g2
DLA − 1)/N

exp
[
− (g − 1)2|αi|2

1 + (g2
DLA − 1)/N

]
, (6.29)

where the number of clones, N , determines the overall effective gain in the following
way: geff = gDLAgNLA =

√
N . This is enforced by the unity-gain condition that requires

the quadrature amplitude of each clone to be identical to that of the input. The unity-
gain condition avoids the overestimation arose when the amplitude of the input state is
small [238]. Once the unity-gain condition is satisfied, the fidelity shown in Eq. (6.29)
takes a more succinct form:

F (N) =
1

1 + (g2
DLA − 1)/N

, (6.30)

Notice that although the multiplication of the two distinct control knobs, i.e. gNLA and
gDLA is fixed, the flexibility of our HCM resides in the tunability of T ′ in Fig. 6.2 (d),
which stands for the the ratio between the two gains (see Eq. (6.10)). Provided a target
cloning number N a priori, higher cloning fidelity is always achievable by increasing T ′,
at the expense of a lower success probability.

6.4.2 Experimental Results

The experimental results are summarized in Fig. 6.9 (a), where the input coherent state
under interrogation has an amplitude of |α| ' 0.5, and the average fidelities of the clones
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for N = 2, 3, 4 and 5 are 0.695 ± 0.002, 0.634 ± 0.012, 0.600 ± 0.009 and 0.618 ± 0.008,
respectively. All exprimental results not only significantly exceed the achievable fidelity
of a classical cloner (1/2), but also apparently surpass the corresponding quantum no-
cloning limit given by [239]

FM,N =
MN

MN +N −M
. (6.31)

Here M indicates how many copies of the input state is injected into the cloner, while
N refers to the number of final clones. Consider a single copy of coherent input, this
no-cloning limit reduces to FM = M/ (2M − 1). In particular, we show in Fig. 6.9 (a)
that by further increasing the NLA gain, three clones can be produced with fidelity of
each clone (on average, F = 0.684 ± 0.009) even surpassing F2. This implies that given
only fidelity, unlike the deterministic unity-gain cloner, it is impossible for a receiver
with only two clones to determine whether the clones originate from a two-clone or
three-clone probabilistic protocol. We emphasize that, for all experimental runs, the
cloner always operates under the unity-gain condition such that any overestimation of
the resultant fidelity is avoided.

Figure 6.9 (b) plots the theoretical prediction of fidelity as a function of success prob-
ability superimposed with experimental data. We find that all our results lie well within
the expected fidelities, with the probability of success ranging between 5% and 15%. Re-
markably, by keeping 5% of the data points, the average cloning fidelity for N = 5 can
be enhanced by more than 15%, and hence exceeding the no-cloning limit F5 by 11.2%.

6.5 Conclusions and Summary

In summary, we demonstrate an enhancement of signal-to-noise ratio for arbitrary
coherent states with a noise-reduced linear amplifier that profitably combines a
measurement-based noiseless linear amplifier and a determnistic linear amplifier. We
also investigate the possibility of applying our amplifier to an ensemble of coherent
states. Furthermore, we propose a heralded quantum cloning machine based on the hy-
brid noise-reduced linear amplifier to circumvent the cloning fidelity limit imposed by
the Heisenberg uncertainty principle. Up to five clones are generated for an arbitrarily
chosen input coherent state with fidelity of each clone clearly exceeding the correspond-
ing no-cloning limit.

The hybrid nature of the amplifier retains the flexible and operational characteristics
of the measurement-based NLA, which, as opposed to the physical implementations,
evades the demand of nonclassical light sources and the restriction to small input states
and low amplification gains. It also preserves the free-propagating amplified states and
thus circumvents the drawback of a pure measurement-based setup whose output can
only be classical statistics. Even though the amplifier works conditionally, a heralding
signal is generated for successful events. We circumvent the additional noise associated
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Figure 6.9: Experimental results. (a) Fidelity of N clones beyond the no-cloning limit. For
N > 2, only two of the output clones are directly measured (solid lines). The remaining N − 2

clones’ fidelity distributions are obtained either from rescaled data of different runs (dashed) or
estimation of the remaining intensities (dotted). A sample size of 5 × 107 data points is used
for all N . The spreads in fidelity distributions are predominately due to imperfect splitting.(b)
Fidelity as a function of heralding success probability for different N . Theoretical simulations
(solid lines) are superimposed with the experimental points (symbols) and the no-cloning limits
FN (dotted lines). Error bars and the shaded regions represent the experimental and theoretical
1 s.d..
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with any phase-insensitive deterministic optical amplifier with success probability rang-
ing from 0.1% to 30%. We further demonstrate the superiority of our amplifier over an
ideal phase-sensitive amplifier in the amplified quadrature by observing a signal trans-
fer coefficient Ts larger than 1, clearly showing that the amplification is noise-reduced.
We show that higher Ts – more specifically, Ts = 2.56 with geff = 10.54 – is attainable
if one is willing to accept a lower success probability (around 10−6) or instead to com-
promise slightly the output Gaussianity. Interestingly, we also notice that there exists an
operating region where the amplifier works linearly, regardless of the relatively small
distortion of the output. This would provide a useful coherent state discrimination ma-
chine.

Owing to the composability, tunability, and ease of implementation of our amplifier,
it provides several interesting avenues for future research in loss-sensitive quantum in-
formation protocols. First, the access to the two variable knobs - deterministic and prob-
abilistic - provides a spectrum of effective gain and success probability. For protocols
with high SNR demands, such as long distance quantum communication [240], the sig-
nal transfer coefficient can be enhanced by intensifying the probabilistic gain. When
signal transfer speed is the critical requirement, the deterministic amplification can play
the leading role while maintaining the same effective gain. An interesting extension of
this work would be to study the optimality of these gains for a given channel loss and
excess noise in various quantum communication protocols, including other quantum
cloning schemes [241, 242, 243, 244, 245, 246], quantum key distribution [77], entan-
glement distillation [69, 74, 81] and quantum repeaters [84, 83]. Secondly, by having a
priori information about the input alphabet, the amplification cut-off value can be eas-
ily tailored to achieve maximum SNR gain for a given success probability. Such is the
case for a phase covariant input with fixed amplitude [75] or an input distribution with
finite energy [247]. Furthermore, the preservation of the quantum state over the her-
alded channel opens up the possibility of overcoming deterministic bounds of various
feed-forward-based protocols such as quantum teleportation [248, 249] upon suitable
modification of our scheme. Lastly, since our scheme only relies upon linear optics and
feed-forwarding, it is wavelength agnostic. Hence, it has the potential to improve the
transmission distance of optical communication at telecom wavelengths, in particular
to enhance the signal transfer coefficient per distance when applied in conjunction with
an ultra-low-loss fiber [250].



Chapter 7

High-fidelity Squeezing Gate for CV
Quantum Light Fields: Theory

7.1 Overview

Squeezing has been shown to be a crucial element in the Gaussian toolbox of quantum
information processing. Achieving pure and high-level of squeezing, however, still re-
mains a resource intensive task. In particular, an universal squeezing gate, one that
can process arbitrary input states, presents an added level of complexity and hence a
formidable experimental challenge. The conventional way to resolve this problem is to
build a squeezing gate based on measurement and feed-forward, akin to the principle of
the measurement-based quantum computation. An ancillary squeezed vacuum is used
to drive the universal squeezing gate. However, the fidelity of this conventional ap-
proach is ultimately limited by the magnitude of the squeezed ancilla, and unit fidelity
is in principle unattainable for any target squeezing levels. Here we circumvent this
limit by constructing a heralded squeezing gate that employs the post-selection filter
elucidated in chapter 4. A significantly higher fidelity is obtainable compared to a con-
ventional squeezing gate–when benchmarked on the same ancillary squeezing. More
intriguingly, with a modest level of ancillary squeezing, our squeezing gate allows one
to obtain unit fidelity for target up to the same squeezing level as the original ancilla.

The work presented in this chapter can be found in the following article:

• J. Zhao, K. Liu, J. Hao, M. Gu, J. Thompson, S. Assad, and P. K. Lam. High-fidelity
squeezing gate for continuous-variable quantum light fields. (2018).

7.2 Introduction

Among all Gaussian operations, the squeezing operation constitutes the most re-
source intensive task. Whilst many effort has been devoted to the generation of
squeezed vacuum with the recent benchmarking experiment reporting 15 dB of squeez-
ing [96, 98, 186], the development of a universal squeezing gate that can act on arbitrary
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input states has been lagging behind. Directly seeding a nonlinear crystal with an ar-
bitrary light field presents a significant experimental complexity [251, 252, 253, 254],
rendering the conventional approach for squeezed vacuum generation not applicable
to engineer a universal squeezer. Nevertheless, the universality of such squeezer opens
up new possibilities in quantum information [255, 256, 196, 257, 258, 259]. It serves as
an essential building block for constructing a universal continuous-variable (CV) quan-
tum computer [260]. It can also be utilized to realize a controlled-Z gate [261, 262, 263],
a quantum non-demolition sum gate [264] and a resonator-induced phase gate [265].
Moreover, the application of a universal squeezing gate upon non-Gaussian states
holds great promise across a variety of quantum information tasks, such as slowing
down decoherence of non-classical states [266], interconversion between single pho-
ton and Shrödinger cat state [251], and quantum state discrimination of coherent-state
qubits [267].

To alleviate the experimental challenge, one can exploit an ancillary squeezed vac-
uum as a resource to drive a squeezing gate by means of measurement and feed-
forward [268, 269, 270, 271, 272], akin to the underlying principle of measurement-based
quantum computation. In this conventional diagram, the input state is first combined
with a single-mode ancillary squeezed vacuum, where one of the outgoing modes is
subject to a single-quadrature measurement of which the measurement outcome is fed-
forward to the remaining mode to perform local displacement operations. Although
the need to directly seed a nonlinear medium with arbitrary light fields is mitigated, the
difficulty of this approach resides in the requirement of a highly squeezed ancilla in or-
der to achieve a reasonable fidelity. The same problem is also confronted by the general
CV measurement-based quantum computation, where the gate fidelity is intrinsically
limited by the accessible squeezing in the pre-established cluster states [273, 274]. Unity
fidelity is unachievable due to the in-principle finite squeezed sources irrespective of the
target squeezing. As a result, this limitation impairs the concatenation of fundamental
operations towards truly universal quantum computation.

In this work, we overcome this limit by constructing a heralded squeezing gate that
relies on an inverse-Gaussian filter in the feed-forward loop. The ability to perform un-
conditioned operations is sacrificed in favour of a significant improvement in fidelity.
We verify its operation by injecting several coherent states with different quadrature am-
plitudes. Compared to its deterministic counterpart having access to the same amount
of squeezed source but no experimental imperfections, a significant improvement in fi-
delity is observed independent of the input amplitudes. This enhancement in fidelity
is achievable by simply increasing the filter strength without reconfiguring the gate
setup that would otherwise be required in the deterministic scheme. Moreover, the filter
strength can be tailored to optimize the trade-off between fidelity and success probabil-
ity. It is worthwhile to note that unity fidelity, although is impossible deterministically,
can be approached via our scheme with sufficiently high filter strength. We report in
particular a fidelity up to 0.985 ± 0.006 for a target squeezing of 2.3 dB, achieved with
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success probability of 2.9×10−3 and a 6.0 dB squeezed ancilla. This result would be im-
possible for a deterministic gate subject to the same experimental imperfections, even
if pure and infinitely squeezed resource was used. From experimental perspective, our
scheme retains the advantages of CV quantum information approach, such as its ease of
implementation, high detection efficiency, and its great compatibility with conventional
information technology. Our squeezing gate in this regards offers a particularly attrac-
tive avenue towards fault-tolerant quantum computation and other squeezing-powered
quantum information protocols, such as Gaussian quantum adaptation [275, 276] and
protection of quantum states against decoherence [266].

7.3 Squeezing Gate and Fidelity

The universal squeezing gate performs a unitary operation S(rt) =

exp
[

1
2(r∗t a

2 − rta
†2)
]
, where a denotes the annihilation operator of the incident

mode and rt refers to the squeezing parameter that determines both the target squeez-
ing strength and quadrature. When rt > 0, the amplitude quadrature X = a + a†

is attenuated such that Xout = Xine
−r, while the phase quadrature Y = i(a − a†) is

amplified with Yout = Yine
r. The operation thus suppresses the amplitude noise at the

expense of amplifying the phase noise in compliance with the Heisenberg uncertainty
principle.

To quantify the faithfulness of a squeezing gate, we calculate fidelity as our figure
of merit that measures the overlap between the output state ρout and the ideal target
state ρt=S(rt)ρinS(rt)

†, and is defined as F(ρout, ρt)=
[
Tr
(√√

ρtρout
√
ρt

)]2 [277, 278].
Consider situations where the output squeezed state ρout(d̄out,Vout) and the target state
ρt(d̄t,Vt) are single-mode Gaussian states, the fidelity between them can be simplified
as a function of their corresponding covariance matrix V and the mean of the quadra-
ture amplitudes d̄ = (X̄, Ȳ ) [35]:

F(ρout, ρt) =
2

√
∆ + δ −

√
δ

exp
[
−1

2
dT (Vout + Vt)

−1d

]
, (7.1)

where ∆ := det(Vout +Vt), δ := (detVout−1)(detVt−1), and d := d̄out− d̄t. Expressing
Eq. 7.1 in terms of mean and standard deviation of the quadrature amplitudes of the
output and target states, we obtain

F =
2√(

σ2
Xout

+ e−2rt
) (
σ2
Yout

+ e2rt
)

exp

[
−1

2

(
(X̄out − e−rtX̄in)2

σ2
Xout

+ e−2rt
+

(Ȳout − ert Ȳin)2

σ2
Yout

+ e2rt

)]
.

(7.2)
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gy
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(a) (b)

PMAM

gx gy

Figure 7.1: (a) Conceptual scheme of the conventional squeezing gate. (b) Conventional squeez-
ing gate with dual-quadrature homodyne performed in the feed-forward loop. PM: electro-optic
phase modulator. gy: rescaling factor of the electronic signal.

Note that F becomes independent of the input state by fulfilling

X̄out = e−rtX̄in, (7.3)

Ȳout = ert Ȳin, (7.4)

which is known as the unity-gain condition. The fidelity in Eq. 7.2 under the unity-gain
condition specializes to

F =
2√

(σ2
Xout

+ e−2rt)(σ2
Yout

+ e2rt)
. (7.5)

To guarantee the squeezing gate is input-independent and hence universal, it is crucial
to operate the squeezing gate under this condition. Equations (7.2) and (7.5) will be
used for characterizing the performance of both the deterministic squeezing gate and
our heralded squeezing gate in the following sections.

7.4 Deterministic Squeezing Gate Scheme

Figure 7.1 (a) sketches the conventional implementation of a squeezing gate (SG) based
on measurement and feed-forward [279, 269]. This SG scheme represents a CV ana-
logue of the measurement-induced nonlinearity that was previously utilized to realize
a controlled-NOT gate in DV quantum computation. Consider an input mode, denoted
by its quadrature amplitudes (Xin, Yin), that is combined with an amplitude-squeezed
ancillary mode (Xsq, Ysq) on a beam splitter with transmission of ts, the outputs of the
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beam splitter are given by:

Xm =
√
tsXin +

√
1− tsXsq, Ym =

√
tsYin +

√
1− tsYsq,

Xtrans =
√
tsXsq −

√
1− tsXin, Ytrans =

√
tsYsq −

√
1− tsYin.

(7.6)

A homodyne measurement is subsequently performed on the phase quadrature (anti-
squeezed quadrature) of the reflected mode and its measurement outcome is then
rescaled by a gain factor gy. The resultant input-output relation is given by:

Xout =
√
tsXin +

√
1− tsXsq, Yout = (

√
ts − gy

√
1− ts)Yin + (

√
1− ts + gy

√
ts)Ysq.

(7.7)

The rescaling factor gy is then adjusted appropriately, i.e. gy = −
√

(1− ts)/ts, to ensure
the mean of the output is consistent with the unity-gain condition, that is 〈Xout〉 =

e−rt〈Xin〉. We therefore obtain the final output of the deterministic squeezing gate:

Xout =
√
tsXin +

√
1− tsXsq, Yout =

1√
ts
Yin. (7.8)

Equation 7.8 stands for a squeezing operation with target squeezing rt that is fully de-
termined by the transmittance of the beam splitter: rt = −ln

√
ts. Thanks to the corre-

lation between the reflected and transmitted modes of the first beam splitter, the sec-
ond term in Yout (see Eq. (7.7)) vanishes after feed-forward, and therefore, the major
noise attributed from the anti-squeezed quadrature is eliminated. Assuming an ancil-
lary squeezing with squeezing parameter ra is at our disposal, the deterministic squeez-
ing gate yields a fidelity:

F =

√
2

2 + (e2rt − 1) e−2ra
, (7.9)

which depends only on the target squeezing and the initially available squeezed ancilla.

In the limit of an infinitely squeezed ancilla, namely 〈δ(Xsq)2〉 → 0, the quadrature
amplitudes of the output state in Eq. (7.8) becomes

Xout =
√
tsXin, Yout =

1√
ts
Yin. (7.10)

This represents a perfect squeezing operation that saturates the Heisenberg Uncertainty
principle: 〈δ(Xout)

2〉〈δ(Yout)
2〉 = 1 and unity fidelity is achieved in this ideal situa-

tion. The advantage of the deterministic squeezing gate is apparent: it mitigates the
experimental difficulty for directly squeezing an quantum light field other than vac-
uum. The drawback, however, is that the achievable fidelity is completely determined
by the squeezing level of the original squeezed ancilla, thereby implying that a higher
fidelity would call for a more squeezed ancilla. Besides, it is also impossible to attain
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an output squeezing that is of the same squeezing level as the original ancilla, which
means there is non-classicality lost inevitably during the squeezing operation.

As illustrated in Fig. 7.1 (b), we further explore the obtainable fidelity if an unbal-
anced dual homodyne measurement is exploited in-loop. One can derive that the input-
output relation now becomes:

Xout = (
√
ts − gx

√
tm(1− ts))Xin + (

√
1− ts + gx

√
tstm)Xsq − gx

√
1− tmXv,

Yout = (
√
ts − gy

√
(1− ts)(1− tm))Yin + (

√
1− ts + gy

√
ts(1− tm))Ysq + gy

√
tmYv.

(7.11)
Similarly, to operate the gate faithfully as a squeezing gate, we require

√
ts − gx

√
tm(1− ts) = e−rt ,

√
ts − gy

√
(1− tm)(1− ts) = e−rt . (7.12)

This determines the values of the rescaling factors gx and gy in the feed-forward loop:

gx =

√
ts − e−rt√
tm(1− ts)

, gy =

√
ts − e−rt√

(1− tm)(1− ts)
. (7.13)

Substituting Eq. (7.13) into Eq. (7.11) and Eq. (7.5), and optimizing F with respect to ts
and tm, we obtain the optimal fidelity for a deterministic squeezing gate. It turns out
to be that the optimal fidelity is achieved when tm = 1, which reduces to the squeez-
ing gate scheme presented in Fig. 7.1 (a). The additional information for the squeezed
quadrature obtained from the dual-quadrature homodyne is redundant, which indeed
decreases the correlation between the transmitted and the reflected modes.

7.5 Theoretical Modelling of the Squeezing Gate: Heisenberg
Picture

In the following, we propose a novel squeezing gate diagram that overcomes the fidelity
limit on deterministic squeezing gate. A heralding filter is implemented in the feed-
forward loop, whereby an enhancement in fidelity can be achieved by increasing the
filter strength alone without requiring more squeezed resource. More intriguingly, we
show that our squeezing gate is even capable of yielding unity fidelity for ra ≤ rt which
is otherwise impossible deterministically.

The schematic of our squeezing gate is depicted in Fig. 7.2. We start with a single
mode signal, (Xin, Yin), as our input and an ancillary squeezed vacuum that is utilized as
our nonlinear resource. The ancilla is denoted by its quadrature amplitudes (Xsq, Ysq) =

(Xve
−rax , Yve

−ray), whereXv(Yv) indicates the vacuum fluctuation in amplitude (phase)
and rax (ray) refers to the squeezing (anti-squeezing) parameter of the ancilla.

After combining the input state and the ancilla on a beam splitter with transmission
of ts, the amplitude and phase quadratures of the reflected mode are measured simulta-
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gygx

Filter Function
  (gfx, gfy)

AM PM

Figure 7.2: Schematic of our heralded squeezing gate. An unbalanced dual-quadrature homo-
dyne is performed in-loop, measuring the squeezed and anti-squeezed quadratures simultane-
ously. An inverse-Gaussian filter is incorporated into the feed-forward loop to refine the corre-
lation between the reflected and the transmitted modes of the first beam splitter. In this scheme,
ts together with tm determines the target squeezing. AM/PM: electro-optic amplitude/phase
modulators.

neously by an unbalanced dual homodyne detection, as illustrated in Fig. 7.2. And the
outcome is distributed according to:

Xm =
√
tmXv +

√
(1− ts)(1− tm)Xin −

√
ts(1− tm)Xsq,

Ym = −
√

1− tmYv +
√
tm(1− ts)Yin −

√
tstmYsq.

(7.14)

We also obtain the transmitted mode which is given by

Xtrans =
√
tsXin +

√
1− tsXsq,

Ytrans =
√
tsYin +

√
1− tsYsq.

(7.15)

Expressing this transmitted mode as a function of the measured values (Xm, Ym) accord-
ingly gives

Xtrans = cxXm + x0 +Xn,

Ytrans = cyYm + y0 + Yn.
(7.16)

To ensure this equality holds true, we can derive the coefficients cx and cy that must
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satisfy the following relations:

cx =
cov(Xtrans, Xm)

σ2
Xm

=

√
ts(1− tm)(1− ts)(1− e−2rax)

tm + (1− tm)(1− ts + tse−2rax)
,

cy =
cov(Ytrans, Ym)

σ2
Ym

=

√
tstm(1− ts)(1− e2ray)

(1− tm) + tm(1− ts) + tstme2ray
.

(7.17)

Here, cov(Xtrans, Xm) denotes the covariance between the two modes Xtrans and Xm.
x0(y0) is a constant and Xn(Yn) represents an additional noise term with mean of zero,
i.e X̄n = Ȳn = 0. Substituting Eq. (7.14), (7.15), and (7.17) into Eq. (7.16), we obtain

x0 =
(√

ts − cx

√
(1− ts)(1− tm)

)
X̄in,

y0 =
(√

ts − cy

√
tm(1− ts)

)
Ȳin,

(7.18)

and

σ2
Xn

=
1 + (e2rax − 1)tstm

ts − tstm + e2rax(1− ts + tstm)
,

σ2
Yn

=
ts − tstm + e2ray(1− ts + tstm)

1 + (e2ray − 1)tstm
,

(7.19)

where X̄mod and σXmod represent the mean and standard deviation of the amplitude
quadrature of the corresponding mode.

The filter function that has been elucidated in Sec. 4.2

p(αm) =

exp
[(
|αm|2−α2

c
) (

1− 1
gf

)]
for |αm| < αc ,

1 for |αm| ≥ αc .
(7.20)

is then adopted to enact an amplification on both the mean and variance of the measure-
ment outcome of the in-loop dual homodyne by gf (c.f. also Ref. [234]). Its functionality
can be emulated by the following transformation

Xm → X̃m, Ym → Ỹm, (7.21)

where

¯̃Xm = gfX̄m, σ2
X̃m

= gfσ
2
Xm
. (7.22)

We stress that Eq. (7.21) manifests only the manipulation of the filtering on the classi-
cal ensemble αm, but does not stand for a physical unitary transformation of the mode
quadrature operators Xm and Ym. The functionality of this filtering operation is dom-
inated by two parameters: a higher filter strength gf promotes the enhancement of fi-
delity, while a larger cut-off αc designates a wider operational regime of the filter func-
tion, guaranteeing therefore the squeezing operation is carried out faithfully. Both ben-
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efits come at the price of a reduced success probability, constituting a trade-off between
fidelity, faithfulness, and the success probability of the new squeezing gate scheme.

Upon a successful heralding, the filtered statistics X̃m and Ỹm are rescaled, respec-
tively, by gx and gy, and fed through a pair of amplitude and phase modulators to dis-
place the transmitted mode accordingly. The displacement accomplishes the squeezing
operation, yielding an output that is given by

Xout = cxX̃m + x0 +Xn + gxX̃m,

Yout = cYỸm + y0 + Yn + gyỸm.
(7.23)

The mean and variance of the amplitude quadrature of the final output state can be
obtained as:

X̄out = (cx + gx)gf

√
(1− ts)(1− tm)X̄in + x0,

σ2
Xout

= (cx + gx)2gf

(
tm + (1− tm)(1− ts + tse

−2rax)
)

+ σ2
Xn
.

(7.24)

One can also derive the mean and variance of the phase quadrature similarly

Ȳout = (cy + gy)gf

√
tm(1− ts)Ȳin + y0,

σ2
Yout

= (cy + gy)2gf

(
1− ts + tse

2ray
)

+ σ2
Yn
.

(7.25)

In accordance with the deterministic squeezing gate, we ensure our squeezing gate op-
erates in the unity-gain regime, which means x̄out = e−rt x̄in and ȳout = ert ȳin. This
condition determines the relationship between the filter strength gf and the rescaling
factor gx, gy

gx =
e−2rt −

√
ts + (1− gfx)cx

√
(1− ts)(1− tm)

gfx

√
(1− ts)(1− tm)

,

gy =
e2rt −

√
ts + (1− gfy)cy

√
tm(1− ts)

gfy

√
tm(1− ts)

.

(7.26)

Once such rescaling factors are employed, the output variances become

σ2
Xout

=

(
e−rt −

√
ts + cxX̄m

X̄m

)2 σ2
Xm

gfx
+ σ2

Xn
,

σ2
Yout

=

(
ert −

√
ts + cyȲm

Ȳm

)2 σ2
Ym

gfy
+ σ2

Yn
.

(7.27)

Substituting Eq. (7.27) into the fidelity formula in Eq. (7.5), we notice that F can always
be optimized by tailoring ts and tm jointly. Given an initial squeezed resource ra and a
target squeezing rt, fidelity can always be improved by increasing the filter strength gx

and gy alone at the expense of a lower success probability.
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Figure 7.3: Fidelity as a function of target squeezing. Assuming we have a 10 dB pure ancillary
squeezed resource at our disposal, our squeezing gate offers a distinct advantage over the deter-
ministic scheme with respect to the achievable fidelity. And ultimately it is shown to be capable
of achieving unit fidelity for target squeezing up to the same level as the initial squeezed ancilla,
which is otherwise impossible deterministically.

7.5.1 High Gain Regime

In the extreme case where the filter strength gf is sufficiently large, the output variance
can be made arbitrarily close to e−2rt for the amplitude quadrature and e2rt for the phase
quadrature, given that the following relationship is fulfilled

ts =
e2ra − e2rt

(e2ra − 1)(1− tm + tme2rt)
. (7.28)

Here we assume that the initial squeezed ancilla is pure, which means ra = rax = ray.
The achievable fidelity of our squeezing gate in this scenario is plotted as a function of
target squeezing in Fig. 7.3. As is shown as the purple curve in Fig. 7.3, unity fidelity for
any target squeezing rt < ra is in principle approachable. This showcases the theoretical
bound of the performance of our squeezing gate, which is only accessible with vanishing
success probability.

On the contrary for rt ≥ ra which means the desired state is more squeezed than the
initial squeezed ancilla, linear optics alone no longer suffice and the optimal squeezing
operation is given by setting ts = 0 such that the output has at most ra level of squeezing.

The observations here draw an apparent distinction between the deterministic
SG [269] and our SG: unity fidelity, that is unattainable for any target squeezing de-
terministically, is conceivable once probabilistic operation is allowed. More remarkably,
even the same amount of noise suppression as the initial ancilla is obtainable by tailor-
ing ts provided a dual homodyne measurement is performed in-loop. The mechanism
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behind this improvement is that post-selection enhances the precision of the in-line ho-
modyne measurement, refines the correlation between the reflected and the transmitted
modes and as a result, leads to a more efficient noise cancellation during feed-forward.

7.5.2 Low Gain Regime

We now turn to the alternative regime identified by a favourable success probability. As
shown in Fig. 7.4, one can anticipate more than 68% of the possible fidelity enhancement
(up to unity) with a success probability higher than 0.01 by adopting a relatively small
gf . We note that in this case a single-quadrature homodyne, i.e. tm = 1, tends to achieve
near-optimal fidelity as if a dual homodyne is implemented, and likewise offers a dis-
tinct advantage against the conventional SG scheme. The amplitude quadrature which
is here the squeezed quadrature, stays intact after feed-forwarding, so

X̄out =
√
tsX̄in,

σ2
Xout

= ts + (1− ts)e−2rax .
(7.29)

Because X̄out = e−rtX̄in for a squeezing operation with target squeezing of rt, we obtain
e−2rt = ts. The transmission ts therefore determines exclusively the amount of target
squeezing ts = e−2rt , which in turn indicates Ȳout = ert ȳin = 1/

√
tsȲin. Such relation

poses a requirement on the rescaling factor, gy, acted upon the phase quadrature in the
feed-forward loop:

gy =

√
1− ts

(
1 + (e2ray − 1)gfts

)
√
ts (gf + (e2ray − 1)gfts)

. (7.30)

The variance of the phase quadrature of the output state can then be derived which
takes the form

σ2
Yout

=
1 + (e2ragf − 1)ts
gfts (1 + (era − 1)ts)

. (7.31)

Substituting Eq. (7.29) and Eq. (7.31) into Eq. (7.5), we obtain the resultant fidelity:

F =

2

√√√√ ts

(2ts + (1− ts)e−2ra)
(

1 + 1+(e2ragf−1)ts
gf+(era−1)gf ts

) . (7.32)

We notice that there are three effective parameters for determining the output fidelity:
the available squeezed resource, the target squeezing level one aims for, and the fil-
ter strength. Given a target rt and an ancillary squeezed resource ra, higher fidelity
is always attainable by increasing the filter strength gf alone without reconfiguring the
experimental setup. This enhancement in fidelity would require a more squeezed an-
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Figure 7.4: Fidelity against success probability for various target squeezings. Assuming we start
with a pure squeezed ancilla of 6 dB, the fidelity is plotted as a function of probability of success
for three values of the target squeezing, being 2 dB, 4 dB, and 6 dB. For comparison, the fidelity
of a conventional deterministic squeezing gate is superimposed (dashed lines). In all cases, a
substantial enhancement in fidelity is achieved with our scheme, although at the expense of
a lower success probability. The cut-off αc is chosen such that more than 98% of the filtered
statistics lie within it to preserve the output Gaussianity.

cilla if a conventional deterministic SG is used instead. If determinism is more desirable
than high fidelity, by setting gf = 1 our SG reduces straightly to a conventional SG, so
additional flexibility is offered by our SG in this regard.

7.5.3 Dependence of Gate Fidelity on Source Purity

We point out that as opposed to the conventional deterministic SG, our SG is no longer
immune to the purity of the ancillary squeezed resource. As illustrated in Fig. 7.5, re-
gardless of whether a dual-quadrature homodyne or a single-quadrature homodyne is
implemented in-loop, the output fidelity always degrades if an impure squeezed ancilla
is utilized. A single-quadrature homodyne in conjunction with a pure initial squeezed
ancilla outperforms a dual-quadrature homodyne plus an impure squeezed resource.
This degradation arises because with impure squeezed resource, the variance of the
transmitted mode conditioned upon the measurement outcome of the in-line homo-
dyne increases. This additional noise cannot be compensated by the filtering process,
and as a consequence, the final fidelity decreases.

7.5.4 Alternative Theoretical Modelling: Covariance Matrix

We provide an alternative approach to model our squeezing gate by considering the
full symplectic map of the modes quadrature operators [35]. This analysis is shown to
be consistent with the results detailed in the preceding sections that directly examine
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Figure 7.5: Fidelity against target squeezing when an impure squeezed ancilla is employed. The
purple (dashed-dotted) and the green (dashed) line shows the gate fidelity for a pure (10 dB
squeezing) and impure initial squeezed ancilla (10 dB squeezing and 13 dB anti-squeezing), re-
spectively, with a dual-quadrature homdoyne being performed in-loop. In contrast, the blue
dotted and the orange line show the corresponding fidelity when a single-quadrature homo-
dyne measurement is performed instead. A degradation in fidelity is observed when the initial
squeezed ancilla is impure.

the evolutions of quadrature amplitudes. Without loss of generality, we consider here
an in-loop single quadrature homodyne, which can be extended to account for a dual-
quadrature homodyne following the same methodology described in Sec. 9.3.4.

We begin by coupling an input mode with an ancillary squeezed beam on a beam
splitter with transmission of ts. The linear unitary Bogoliubov transformation denoting
the two-mode beam splitter can be written as:

√
ts 0

√
1− ts 0

0
√
ts 0

√
1− ts

−
√

1− ts 0
√
ts 0

0 −
√

1− ts 0
√
ts

 . (7.33)

The quadrature operators of the combined output state becomes(√
1− tsXin +

√
tsXsq,

√
1− tsYin +

√
tsYsq,

√
tsXin −

√
1− tsXsq,

√
tsYin −

√
1− tsYsq

)T ,
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and its covariance matrix CVSG is given by:

CVSG =
1+ts(e

−2ra−1) 0
√
ts(1−ts)(1−e−2ra) 0

0 1+ts(e
2ra−1) 0

√
ts(1−ts)(1−e2ra)√

ts(1−ts)(1−e−2ra) 0 ts+(1−ts)e−2ra 0

0
√
ts(1−ts)(1−e2ra) 0 ts+(1−ts)e2ra

 .

(7.34)

We set tm = 1 (see Fig. 7.2), and perform a single-quadrature homodyne on the anti-
squeezed quadrature of the reflected mode. The mean of the transmitted mode condi-
tioned upon the single-shot measurement outcome ym can be expressed as:

µXt|ym
= X̄trans +

CVSG(3, 2)

CVSG(2, 2)
(ym − Ȳm) =

√
tsX̄in,

µYt|ym
= Ȳtrans +

CVSG(4, 2)

CVSG(2, 2)
(ym − Ȳm),

=
√
tsȲin +

2Sinh(ra)
√
ts(1− ts)

Cosh(ra) + Sinh(ra)(2ts − 1)
(
√

1− tsȲin − ym),

(7.35)

where CVSG(m,n) indicates the element of the covariance matrix at position mth row
and nth column. After averaging over all possible results for ym, the second term of
µYt|ym

vanishes, and therefore, µYt|ym
=
√
tsȲin. Additionally, we can derive the condi-

tional variance of the transmitted mode:

ΣXt|ym
= σ2

Xtrans
− CVSG(3, 2)CVSG(2, 3)

CVSG(2, 2)
= ts + (1− ts)e−2ra ,

ΣYt|ym
= σ2

Ytrans
− CVSG(4, 2)CVSG(2, 4)

CVSG(2, 2)
=

1

ts + (1− ts)e−2ra
.

(7.36)

Note that the conditional variance of the amplitude quadrature remains unchanged af-
ter the in-loop homodyne due to the fact that there is no correlation between the phase
quadrature of the reflected mode and amplitude quadrature of the transmitted mode.
On the contrary, the conditional variance of the phase quadrature equals to the inverse
of the conditional amplitude noise. The conditional transmitted mode therefore be-
comes a minimum Heisenberg Uncertainty state with its amplitude noise being sup-
pressed below shot noise whilst its phase noise being amplified accordingly.

The measurement outcome of the in-line homodyne is subsequently kept or re-
jected according to the acceptance probability specified by the inverse-Gaussian filter
in Eq. (7.20) (c.f. Sec. 4.2). This, from the statistical viewpoint, leads to an ampli-
fication of both the mean and variance of the measurement ensemble, as shown in
Eq. (7.21) and (7.22). Assume the covariance matrix of the combined state now becomes
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CVSGPS . The amplification effect resulting from the post-selection leads to the relation-
ship: CVSGPS(2, 2) = gfCVSG(2, 2). Moreover, owing to the fact that filtering should not
affect the probability distribution of the transmitted mode conditioned upon the mea-
surement outcomes of the in-line homodyne, the following relations must hold valid.

CVSG(4, 2)

CVSG(2, 2)
=
CVSGPS(4, 2)

CVSGPS(2, 2)
,

CVSG(4, 4)− CVSG(4, 2)CVSG(2, 4)

CVSG(2, 2)
= CVSGPS(4, 4)− CVSGPS(4, 2)CVSGPS(2, 4)

CVSGPS(2, 2)
.

(7.37)
One shall be able to derive the full entries of the covariance matrix CVSGPS based on the
above equalities and Eq. (7.22):

CVSGPS =
1+ts(e

−2ra−1) 0
√
ts(1−ts)(1−e−2ra) 0

0 CVSGPS(2, 2) 0 CVSGPS(2, 4)√
ts(1−ts)(1−e−2ra) 0 ts+(1−ts)e−2ra 0

0 CVSGPS(4, 2) 0 CVSGPS(4, 4)

 ,

(7.38)

where
CVSGPS(2, 2) = gf + gfts(e

2ra − 1),

CVSGPS(2, 4) = CVSGPS(4, 2) = −gf

√
ts(1− ts)(e2ra − 1),

CVSGPS(4, 4) =
gfts(1− ts)(e2ra + 1)2 + e2ra

1 + ts(e2ra − 1)
.

(7.39)

A rescaling operation, denoted by the rescaling factors gx and gy, is applied on Ỹm which
is then fed-forward to the transmitted mode to realize a displacement operation. The
mean and variance of the quadrature amplitudes of the final output state are obtained:

X̄out =
√
tsX̄in, σ2

Xout
= CVSGPS(3, 3),

Ȳout = µYt|ym
+
CVSGPS(4, 2)

CVSGPS(2, 2)
(gf − 1)

√
1− tsȲin + gygf

√
1− tsȲin,

σ2
Yout

= CVSGPS(4, 4) + g2
yCVSGPS(2, 2) + 2gyCVSGPS(2, 4).

(7.40)

These results are consistent with those shown in Eq. (7.24) and Eq. (7.25). By requiring
Ȳout = 1/

√
tsȲin, we attain the appropriate value of gy (see Eq. (7.30)), which in turn

determines the output variance of the phase quadrature and the output fidelity based
on Eq. (7.5).
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7.6 Discussions and Conclusions

In summary, we propose and experimentally demonstrate a post-selection-based
squeezing gate scheme that allows us to achieve near-unity fidelity with a modest level
of ancillary squeezing. The heralded operation circumvents the requirement of a highly
squeezed ancilla in the conventional approach, thereby fidelity can be equivalently en-
hanced by increasing the filter strength of the post-selection. The vast majority of this
enhancement is obtainable with a success probability > 10−2. Furthermore, the present
scheme permits fidelity inaccessible in the conventional way: unity fidelity, that is oth-
erwise impossible, becomes approachable for any target squeezing less than the initial
ancillary squeezing.

Looking forward, the squeezing gate can improve the performance of other
squeezing-powered protocols such as decoherence mitigation [266, 275, 276], and fault-
tolerant quantum computation where high-fidelity gate operations are necessary [273,
274]. Additionally, the filter function can also be adapted to improve the fidelity of
non-Gaussian operations such as the photon subtraction and addition [280, 281, 282].



Chapter 8

High Fidelity Squeezing Gate for CV
Quantum Light Fields: Experiment

8.1 Overview

In this chapter we experimentally demonstrate the high-fidelity squeezing gate pre-
sented in the previous chapter. Provided the same squeezed resource, a substantial
improvement in fidelity is experimentally demonstrated compared to the conventional
deterministic squeezing gate. In particular, a gate fidelity of 0.98 was measured with
a success probability of 2.9 × 10−3 for a 2.3 dB squeezing operation on a coherent state
with amplitude of 1.92. This cannot be achieved even with an ideally pure and infinitely
squeezed ancilla experiencing the same loss in presence of our experimental setup. Our
squeezing gate scheme circumvents the conventional necessity of highly squeezed re-
source to obtain high-fidelity gate operation. Considering that it can be naturally incor-
porated into a measurement-based quantum computation framework, we anticipate it
to provide a useful tool in continuous variable quantum information.

Our theoretical modelling in chapter 7 has considered general input states; in the
following experimental demonstration, we shall concern ourselves with coherent inputs
without loss of generality.

The work presented in this chapter can be found in the following article:

• J. Zhao, K. Liu, J. Hao, M. Gu, J. Thompson, S. Assad, and P. K. Lam. High-fidelity
squeezing gate for continuous-variable quantum light fields. (2018).

8.2 Experimental Details

8.2.1 Experimental Setup

FF? represents the filtering process where measurement outcomes of the unbalanced ho-
modyne are either selected or discarded with probability specified in Eq. (7.20). As de-
picted in Fig. 8.1, the experiment consists of four parts: a squeezed vacuum source, input
preparation, squeezing gate consisting of homodyning and feed-forward, and a homo-
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Figure 8.1: Experimental layout of our squeezing gate. The gate scheme is comprised of three
parts: first, the input state and an ancillary squeezed vacuum are prepared; second, an un-
balanced dual homodyne is performed in-loop. This measurement, in conjunction with post-
selection, feed-Forwarding, and a displacement operation, constitute the core of our squeezing
gate. A verification homodyne station is employed lastly to characterize the squeezed output.
In this scheme, ts together with tm determines the target squeezing. Here more operational flex-
ibility is present in our squeezing gate: the unity-gain condition that can only be fulfilled by
adjusting the rescaling factors gx, gy in the conventional squeezing gate setup, is now achievable
by tailoring three independent parameters, the filter strength gf , gx, and gy, jointly to comple-
ment each other. AM/PM: electro-optic amplitude/phase modulators. FF? represents the filter-
ing process where measurement outcomes of the unbalanced homodyne are either selected or
discarded with probability specified in Eq. (7.20).

dyne station for characterizing the output state. The main light source is a continuous-
wave frequency-doubled Nd:YAG laser (Innolight Diablo), producing approximately
300 mW fundamental wave at 1064 nm and 400 mW second harmonic wave at 532 nm.
The fundamental beam passes through a mode cleaner cavity with finesse of 760 to fur-
ther purify its spatial mode and attenuate the high-frequency noise of the laser output.
The squeezed vacuum is prepared in a doubly-resonant bow-tie cavity where below-
threshold optical parametric amplification (OPA) takes place using a 10.7 mm potassium
titanyl phosphate (KTP) crystal periodically poled with 9 µm period. The front and rear
surfaces of the crystal are superpolished and anti-reflection coated with R<0.1% at 1064

nm and R<0.2% at 532 nm. Three intracavity mirrors are coated to be highly reflective at
both 1064 nm and 532 nm (R>99.99% for the two concave mirrors and R=99.85±0.05%
for the flat mirror), and the input/output coupler has a customized reflection of 83±1%
at 1064 nm and 73±1.2% at 532 nm. Up to 11 dB squeezed vacuum can be generated
with a bandwidth of around 36 MHz.
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An inverse-Gaussian filter is incorporated into the feed-forward loop, which is used
to determine if the squeezing gate operation is successful or not. This is accomplished by
picking a random number from a uniform distribution between 0 and 1 and comparing
that to p(αm) in Eq. (7.20), where αm denotes the measurement outcome of the in-loop
dual homodyne detection. The operation is heralded as successful when the random
number is less than p(αm) and as failed otherwise. In the experimental demonstration,
the in-loop homodyne measurement heralds successful operation shot-by-shot. We im-
plement the filtering off-line by pairing up the in-line homodyne outcome with the cor-
responding verifying homodyne outcome during data acquisition, and either keeping
or rejecting the latter based on the former. Special precautions were taken for choosing
the cut-off parameter αc in p(αm): a larger cut-off enables a wider operational regime
of the filter function, however, at the expense of a decreased probability of success.
Consider an input ensemble with a large amplitude, then a large αc is required; other-
wise, the part of the output distribution beyond αc is subject to distortion (c.f. Sec. 4.2).
Hence, αc needs to be carefully tailored according to the input ensemble to ensure a
faithful squeezing operation while still maintaining a reasonable probability of success.
The accepted data points form the probability distribution of the squeezed output state.
For each data set, around 107 data points are collected before post-selection with a data
sampling rate of 5 MHz and low passed at 100 kHz. This ensures enough data points
(104) are left to form a complete statistics of the output for an average success probabil-
ity of 10−3 in our experiments. To shorten the data saving time, the raw data have been
grouped into histograms on LabView before being written into the PXI hard disk.

8.2.2 Scheme of Servo Control Lockings

Special care was taken in the implementation of all phase locks throughout the experi-
ment. The OPA cavity was locked on co-resonance of both the fundamental beam (1064

nm) and the pump beam (532 nm) by means of the Pound-Drever-Hall technique with
a 11.25 MHz phase modulation on the pump. The same modulation signal was also
utilized to lock the relative phase between the signal beam and the squeezed ancilla, i.e.
output of the OPA. The relative phase between the seed and the pump was carefully
controlled using a phase modulation at 41.5625 MHz on the seed beam. We use this
modulation to ensure that the OPA always operates at the parametric de-amplification,
which yields an amplitude-squeezed vacuum. The interference between the seed and
the local oscillators/auxiliary beam on each homodyne station is controlled similarly
with an amplitude modulation (24.25 MHz) and a phase modulation (30 MHz) on the
signal beam, giving access to the measurement of an arbitrary quadrature angle. A de-
tailed illustration of the locking scheme can be found in Appendix A.
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Input Target Measured
xin yin xout yout rt(dB) xout yout rax ray

A -2.91 -2.50 -2.23 -3.26 2.30 -2.23 -3.26 1.54 1.76

B 0.00 -1.24 0.00 -2.17 4.81 -0.08 -2.17 2.43 4.46

C 1.46 -1.43 0.74 -0.91 5.84 0.74 -0.91 3.35 4.90

D 1.58 0.86 0.57 2.38 8.85 0.57 2.38 5.16 7.66

E -0.67 0.68 -0.21 2.20 10.16 -0.21 2.20 4.30 7.77

Table 8.1: Mean values of the five input states, the corresponding targets, and the measured
outputs where αm = (xm + iym)/

√
2. In contrast to the deterministic squeezing gate where unity

gain is achieved by adjusting the rescaling factor alone, two independent knobs can be tuned
jointly here, namely, the filter strength gf and the rescaling factors, gx and gy. This flexibility
results in the measured output mean values being in very good agreement with the target values.

8.3 Experimental Results

We now report the experimental results for the heralded squeezing gate. An auxiliary
squeezed vacuum with 6.0 dB of squeezing and 6.5 dB anti-squeezing is prepared and
used as a resource to drive the squeezing gate. In the experiments, we perform a single-
quadrature measurement by setting tm = 1. This allows for a higher success probability
compared to a dual-quadrature measurement while maintaining comparable fidelity
enhancement as seen in Fig. 8.3. To demonstrate the operation of the squeezing gate,
we prepared several coherent input states with different amplitudes and phases and
characterized their output by performing homodyne measurements on the amplitude
and phase quadratures. To generate enough statistics, the experiment was repeated
at least 106 times for every input. The detailed experimental results are tabulated in
Table. 8.1 and 8.2.

8.3.1 Phase Invariance of the Squeezing Operation

First, we present the results for five input states having different phases and with magni-
tude |αin| ranging from 0.70 to 1.92 in Fig. 8.2. The states are labelled from (A) to (E) and
the target squeezing varies between 2.3 dB to 10.16 dB. A true squeezing gate should
operate on an arbitrary input regardless of its amplitude and phase. This is verified by
the measured outputs which demonstrates the phase invariance of our squeezing gate.

8.3.2 Fidelity vs Target Squeezing

Second, we characterize the fidelity as a function of target squeezing and the filter
strength for each of the input states in Fig. 8.3. The best conventional output fidelity
attainable in an idealized experiment using the same ancillary resource but assuming
no loss is plotted as a benchmark. By having a sufficiently large filter strength, we can
surpass this benchmark. The trade-off between fidelity and success probability is illus-
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State
Set gf F p

A

1 0.881 1.0

1.52 0.961 2.9e-2

3.23 0.970 1.4e-3

12.63 0.985 2.8e-3

B
1 0.840 1.0

1.87 0.887 2.3e-2

C

1 0.825 1.0

1.10 0.833 5.9e-1

1.78 0.861 2.9e-2

3.51 0.894 2.8e-3

State
Set gf F p

D

1 0.650 1.0

1.44 0.733 2.1e-1

2.00 0.791 7.1e-3

3.41 0.825 2.1e-3

E

1 0.610 1.0

1.59 0.6778 4.6e-1

1.74 0.6781 4.0e-1

2.11 0.714 9.3e-4

2.78 0.723 2.2e-4

Table 8.2: Success probability, filter strength, and the resultant gate fidelity for various target
squeezings.

trated in Fig. 8.3 inset, it shows that for all runs, the success probabilities are greater
than 10−4.

8.3.3 Fidelity as a Function of Filter Strength

Next, we plot the relationship between fidelity and filter strength for each target squeez-
ing in Fig. 8.4. The continuous increase in fidelity as a function of filter strength shows
good agreement with the theoretical model (see Table. 8.1 and 8.2 for more details). The
deterministic limit is plotted to identify the minimum filter strength required to exceed
this benchmark. As mentioned before, we clearly surpass this benchmark for all the
data sets. Furthermore, by increasing the filter strength, we obtain higher fidelities that
would have otherwise required significantly more squeezed ancilla in the conventional
setup.

Finally, in contrast to data sets (B)–(E) where the maximum filter strength was lim-
ited to 3.5, we increased the filter strength for data set (A) to 12.5 to operate in the high-
fidelity regime. In this demonstration, where the input magnitude was |αin| = 1.92 and
target squeezing was 2.3 dB, we measured a fidelity of 0.985 ± 0.001. This exceeds the
highest possible fidelity using a deterministic squeezing gate even when a pure and in-
finitely squeezed ancilla is available after going through the same experimental loss as
in our setup. For this dataset, we characterized the experiment with 1.8× 108 runs and
observed a success probability of 2.9× 10−3.
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Figure 8.2: Phase space diagram for the squeezing gate. To verify faithfully the phase invariance
of the squeezing operation, five coherent states, labelled as (A) to (E) and denoted by the noise
contours (1 standard deviation width) of their Wigner functions, are created and inserted into
our squeezing gate. The quadrature amplitudes of the input states are (xin, yin) =(-2.91,-2.50),
(0.00,-1.40), (1.46,-1.43), (1.58,0.86), and (-0.67,0.68). The ellipse having the same colour as the
input illustrates the corresponding squeezed output, obtained with highest fidelity.

8.3.4 Theoretical Model with Loss Considerations

In order to faithfully explain the behavior of our squeezing gate, we extend the theo-
retical model presented in Sec. 7.5 to account for our experimental imperfections. Two
main losses are taken into account: first, the loss arising from the feed-forward process
ηd and second, the loss attributed to the dark noise of our in-loop homodyne detectors
ηDN.

The loss is modelled as an ideal setup preceded by a virtual beamsplitter with partial
transmittance that is determined by the efficiency of the setup. Accounting for the dark
noise and the feed-foward noise yields an equivalent reflected mode on the first beam
splitter

Y ′m =
√
ηdtsYsq +

√
ηd(1− ts)Yin +

√
1− ηdYv + YDN, (8.1)

where the additional dark noise term, YDN, has mean of zero and variance of 0.0625,
corresponding to 12 dB dark noise clearance.
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Figure 8.3: Improvement in fidelity over the conventional scheme for a series of target squeezing
(A - E). The five target squeezing levels are chosen to be 2.30 dB, 4.81 dB, 5.84 dB, 8.85 dB, and
10.16 dB with ts in Fig. 8.1 being set to 0.59, 0.33, 0.26, 0.23, and 0.10 accordingly. Performance of
the present squeezing gate is examined in two scenarios: whilst the top purple (dash-dotted) line
illustrates the best possible fidelity when a dual-quadrature homodyne is performed in-loop,
the middle black line benchmarks the achievable fidelity if only the anti-squeezed quadrature
is measured in-loop, that is tm = 1. In contrast, the bottom orange curve shows the obtainable
fidelity with a conventional squeezing gate. All three lines assume the same initial squeez-
ing resource as the experimental data sets (6.0 dB squeezing and purity of 1.12), but an ideal
setup subject to no experimental imperfections instead. They showcase therefore the theoretical
bounds for achievable fidelities in each situation. Experimental results, shown as round mark-
ers, are superimposed among which the triangle markers represent the resultant fidelity with
filter strength gf = 1. A progressive enhancement in fidelity is demonstrated with an increase
in gf (darker gradient colour). Inset: success probability in logarithmic scale against fidelity for
each target squeezing, where the success probability decays exponentially as the fidelity grows
owing to a larger filter strength is applied. HOM: homodyne detection.

Hence the transmitted mode can be expressed correspondingly as

Y ′trans = c′yY
′

m + y′0 + Y ′n, (8.2)

where the correlation term now becomes

c′y =
cov(Y ′trans, Y

′
m)

σ2
Y ′m

=

√
ηdts(1− ts)(1− e2ray)

ηdtse2ray + ηd(1− ts) + (1− ηd) + YDN
. (8.3)

The mean factor y′0 and noise factor Y ′n can be obtained in the same way as Eq. (7.18)
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and (7.19)
y′0 =

(√
ts − c′y

√
ηd(1− ts)

)
Ȳin,

Y ′n = ts − (1− ts)e2ray − c′2y
(
ηdtse

2ray + 1− ηdts + YDN

)
.

(8.4)

Applying the filter function in Eq. (7.20), rescaling the statistics Ym to satisfy the unity-
gain condition, and feed-forwarding the rescaled statistics onto the transmitted mode,
we obtain the output mean and variance

Ȳ ′out = (c′y + g′y)
√
ηd(1− ts)Ȳin + y′0,

σ2
Y ′out

= (c′y + g′y)2gf(ηdtse
2ray + 1− ηdts + YDN) + Y ′n,

(8.5)

where the rescaling factor g′y can be derived by setting ȳ′out = ert ȳin. The resultant fi-
delity can therefore be expressed as a function of the filter strength gf , the target squeez-
ing rt, and the initial squeezed ancilla ra.

To obtain the theoretical plot in Fig. 8.4, for each target squeezing, we first evaluate
the experimental loss ηd by terminating post-selection and implementing the squeezing
gate in the conventional deterministic way. The heralded squeezing gate with filtering
turned on is then carried out and sufficient data sets are collected to draw a fair com-
parison between the experiment and theory.

8.3.5 Evaluation of fidelity and its associated uncertainty

To avoid an overestimation of the final fidelity, for all data sets, the mean and variance
of both the input and output states are corrected for the homodyne efficiency ηh (around
96%) which includes the interference visibility (98.5%) and the photodiode quantum ef-
ficiency (99%). The input and output mean after loss correction is obtained by rescaling
the overall data by 1/

√
ηh and the corresponding variance is obtained by subtracting

(1− ηh)/ηh from the variance of the rescaled data.

Error bar of the experimental fidelity is ascribed to uncertainties in the output vari-
ances, the setting of tt in the lab that determines the target squeezing level rs and the
finite sample size (Nx, Ny for amplitude, phase quadrature, respectively). It can be esti-
mated according to the following equation:

σ2
F =

(
∂F

∂σ2
Xout

)2

Var(σ2
Xout

) +

(
∂F
∂σ2

Yout

)2

Var(σ2
Yout

) +

(
∂F
∂ts

)2

Var(σ2
ts). (8.6)

Suppose the unity-gain condition is always satisfied, so X̄out = e−rtX̄in and Ȳout =
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ert Ȳin, the fidelity uncertainty can be written as:

σ2
F =

1[
(ts + σ2

Xout
)(1/ts + σ2

Yout
)
]3 [

(1/ts + σ2
Yout

)22σ4
Xout

Nx
,

+
(ts + σ2

Xout
)22σ4

Yout

Ny
+

(t2sσ
2
Yout
− σ2

Xout
)2Vts

t4s
].

(8.7)

For brevity, we express the output quadrature variance as Vxo , Vyo for amplitude and
phase, respectively.

Here we consider the specific case of fidelity between two single-mode Gaussian
states and ρt(x̄t,Vt), where the subscript out and t refers to the output squeezed state
and the target state of the squeezing operation, respectively.

8.4 Discussions and Conclusions

In summary, we demonstrate a heralded squeezing gate based on measurement, feed-
forward, and post-selection. It overcomes the technical difficulties in directly squeezing
a quantum light field other than vacuum. Furthermore, we show that thanks to the
post-selection, a significantly higher output fidelity is achievable in comparison to the
conventional deterministic squeezing gate benchmarked on the same ancillary squeez-
ing. The increase in fidelity as a function of filter strength shows good agreement with
the theoretical prediction. In particular, we report a fidelity up to 98.5% for a target
squeezing of 2.3 dB, utilizing 6.0 dB of ancillary squeezing. Such a high fidelity is
unattainable deterministically even if we have a pure and infinitely squeezed resource
at our disposal. More remarkably, by exploiting an unbalanced dual homodyne mea-
surement in-loop, unity fidelity is approachable for any target squeezing less than the
initial squeezed ancilla, which is otherwise impossible deterministically. The trade-off
between fidelity and the success probability is demonstrated which can be optimized
by tailoring the filter strength.
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Figure 8.4: Fidelity as a function of the filter strength gf . In all cases where different target
squeezings are expected, fidelity consistently increases as a higher gf is adopted, demonstrat-
ing a faithful agreement with the theoretical prediction (blue curves) that takes into account of
experimental imperfections. The solid blue line denotes the best possible fidelity determinis-
tically assuming no experimental loss is present and hence divides the parameter regime into
two sections: the blue shaded area is accessible by a conventional scheme, whilst reaching the
fidelity region beyond it would require a larger magnitude of ancillary squeezing. We show
evidently this crucial requirement is circumvented with our squeezing gate. For the sake of fair
comparison, we present also the obtainable fidelity (dashed darker blue lines) for a conventional
squeezing gate operating with a more squeezed ancilla, but confronts the same experimental loss
as we do.
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Figure 8.5: Normalized probability distribution for the squeezed (A) and anti-squeezed (B)
quadratures of the output state. Blue dots refer to the remaining data points after post-selection
that are selected from 1.8×108 initial homodyne measurements, while the red curves denote the
best-fitted Gaussian distributions.
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Chapter 9

Heralded Quantum Teleportation

9.1 Overview

In this chapter, we present a heralded continuous variable quantum teleportation
scheme that reconciles the conventional discrete variable and continuous variable
quantum teleportation. It allows one to tune between unit-fidelity and unit-success-
probability operations by simply adjusting the parameter of a post-selection filter with-
out reconfiguring the actual experimental setup. The remarkable feature of this telepor-
tation scheme lies in its ability to completely correct loss incurred on the receiver’s chan-
nel. Unit fidelity is attainable irrespective of the loss rate, so the transmission distance
can be enhanced to an arbitrary extent. The long-standing technical hurdle - extending
the distance of CV quantum teleportation - is surmounted in this way.

We examined the performance of our teleporter in terms of fidelity and an equiv-
alent T-V diagram. We report the highest fidelity, 0.904 ± 0.001, ever achieved for CV
quantum teleportation for a coherent state. In contrast to the previous state-of-the-art
demonstration using vacuum as input, the unity-gain condition here is faithfully ver-
ified by matching the input and output quadrature amplitudes. We also observe the
current best signal transfer coefficient and additional noise, Tq = 1.63, V ′q = 0.05, for
CV quantum teleportation to our knowledge. The simultaneous satisfaction of Tq > 1

and V ′q < 1 evidently proclaims the success of a secure quantum teleportation. Our tele-
porter even enables an enhancement of signal-to-noise ratio of the original unknown
input, which is conventionally inaccessible even with perfect EPR correlation. Together
with its ability for error correction against a lossy channel, it has the potential to outper-
form the direct transmission of a coherent state, and hence realize the purification of a
quantum information channel. Considering the multiple benefits our teleporter brings
about, we envisage it has a wide range of applications in quantum information process-
ing, especially in scale-up quantum networks and distributed quantum computation.

The relevant paper to this chapter is

• J. Zhao, K. Liu, J. Hao, S. Assad, J. Thompson, M. Gu, T. Ralph, and P. K. Lam.
Heralded continuous variable quantum teleportation. (2018).
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9.2 Introduction

Quantum teleportation constitutes one of the most important protocols in the bur-
geoning field of quantum information. In its own right, it demonstrates the ingenious
idea of employing entanglement as a resource to facilitate signal transfer that has no
classical analogue. Its discovery greatly spurs the union of quantum mechanics and
information science, and therefore gives rise to a variety of novel quantum technolo-
gies. Firstly, quantum teleportation serves as an elementary component for construct-
ing quantum networks [283, 284, 285]. Moreover, it has been shown to be an indispens-
able ingredient in measurement-base quantum computation, a promising framework
for universal quantum computing [286].

The first experimental quantum teleportation, since the seminal work of Bennett
et al. in 1993 [287], was conducted in photonic systems [288, 289]. Despite the low
efficiency, the experiment demonstrated for the first time that this conceptual tech-
nique originating from science fiction was indeed feasible. There have been outstanding
achievements in this fruitful area, especially among the discrete variable quantum in-
formation community. Teleportation has been developed from just a polarization qubit
to multiple degree of freedoms of a single photon [290], from photonic to hybrid sys-
tems [291, 292, 293, 294, 295, 296, 297, 298, 299, 300, 301], and from laboratory configura-
tions to intercontinental [302, 303, 304], and even ground-to-satellite employment [305].
Unit fidelity of DV teleportation comes with the price of instrinsic non-unit success rate
(upper bounded by 50%), because the four Bell states are indistinguishable via only
linear optics and photodetections [306, 307, 308].

The complementary continuous variable quantum teleportation [309] is renowned
for its unconditional operations, high compatibility with classical communication in-
frastructure, and ease of implementation for it requires only Gaussian operations. How-
ever, the drawback associated with CV teleportation resides in its in-principle non-
unit fidelity that is only achievable with infinitely squeezed resource. Besides, in
contrast to the DV counterpart where teleportation distance has been remarkably ex-
tended to 143 km [304], remote midpoint configuration (up to 30.4 km) [37, 310, 302],
and further to 1400 km recently [305], CV teleportation has been confined to a trans-
mission distance of 12 m [311]. In terms of coherent input states which are par-
ticularly useful in CV quantum information, especially in CV quantum cryptogra-
phy, the state-of-the-art quantum teleportation is restricted to table-top demonstra-
tions [312, 313, 314, 315, 316, 317, 318]. This raises a formidable issue for CV quan-
tum information as long-distance quantum teleportation is of crucial importance in
large-scale quantum networks [283, 319, 2, 8, 320] and distributed quantum compu-
tation [321, 322, 286].

In this work, we propose and experimentally demonstrate a heralded CV quan-
tum teleporter that provides an avenue to surmount the above technical obstacles.
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The present scheme empowers one to tune between high-fidelity and high-success-
probability teleportation by adjusting a post-selection filter strength, and hence can be
regarded as a continuum from the conventional DV teleportation to CV teleportation.

Unity fidelity, previously only possible with infinite energy, can now be obtained
by relaxing the requirement of a unit success probability. We report an experimen-
tal fidelity of 0.904 ± 0.001 for a coherent input state, which provides a new bench-
mark for CV quantum telerportation. This result significantly surpasses the classical
teleportation limit (50%), and is also beyond the secure quantum teleportation crite-
rion (F > 2/3). More remarkably, we show that the post-selection works equivalently
as error-correction that compensates any channel loss at the receiver’s station; unit fi-
delity can be achieved regardless of the channel transmission rate. As such the dis-
tance of CV teleportation can be dramatically enhanced. Furthermore, we analyze the
equivalent T-V diagram of the heralded quantum teleporter by investigating the signal
transfer coefficient and additional noise incurred during the teleportation process. This
criterion complements fidelity, making it accessible to evaluate the teleporter in both
unity-gain and non-unity-gain regimes. We experimentally demonstrate the best result
ever achieved for CV quantum teleporter relative to the T-V criterion: Tq = 1.63 and
V ′q = 0.05. The simultaneous fulfilment of Tq > 1 and V ′q < 1 verifies the success of a
quantum teleportation. Intriguingly, we note that in the non-unity gain regime, our her-
alded quantum teleporter can work analogously to a noiseless linear amplifier. Tq > 2,
which is conventionally impossible even with perfect EPR correlation, is within reach
of the present scheme. The reconstructed state would possess an improved signal-to-
noise ratio compared to the original unknown input, meaning for long distances, our
teleporter outperforms the direct transmission of the same state through the same lossy
channel.

9.3 Theoretical Modelling of Teleportation

9.3.1 Conventional Deterministic CV Teleportation

Figure 9.1 sketches a conventional CV teleporter that involves four steps. Firstly, a
third party, Victor, prepares a quadrature entanglement and shares it between Alice and
Bob who are remotely located from each other. Meanwhile, Victor supplies an input
state selected from a suitable alphabet to Alice who couples it to her entangled beam
and subsequently performs a joint measurement on amplitude and phase quadratures.
Thirdly, the measurement outcomes are broadcast to Bob through classical communi-
cation. Based on the outcomes, Bob implements a local displacement operation to re-
construct the input state. A characterization of the final output state is independently
carried out by Victor as the last step to verify the success of the teleportation. Two
communication channels are utilized here. Entanglement serves as the quantum chan-
nel that allows for a faithful reconstruction of the input state despite the long distance
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Figure 9.1: Conceptual model of a conventional deterministic continuous variable quantum
teleporter. gx and gy represent the electronic rescaling factors; AM/PM stands for the ampli-
tude/phase modulation.

between Alice and Bob and the additional noise incurred on Alice’s two-quadrature
measurement. The classical channel ensures that no information is transmitted faster
than the speed of light. The input-output relation for the teleporter in the Heisenberg
picture can be derived:

Xout =
gx√

2
Xin +

(
gx

2
+

1√
2

)
Xsq1 +

(
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2
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2

)
Xsq2,

Yout =
gy√
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(9.1)

resulting in an output variance of
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(9.2)

We see that the mean of the output quadrature amplitudes can be matched to that of the
input by setting the electronic rescaling factors to gx = gy =

√
2. This yields an output

state of

Xout = Xin +
√

2Xsq1, Yout = Yin −
√

2Ysq2. (9.3)

Thus, the quadrature fluctuations in Eq. (9.2) reduces to (assuming shot-noise limited
input, which means 〈(δXin)2〉 = 〈(δYin)2〉 = 1)

〈(δXout)
2〉 = 1 + 2e−2r1x , 〈(δYout)

2〉 = 1 + 2e−2r2y . (9.4)
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In the extreme case where infinite squeezing is accessible, Xout = Xin and Yout = Yin, so
that perfect reconstruction of the input state is achieved. This ideal case would lead to a
unit fidelity, a signal transfer coefficient of 2, and zero additional noise incurred during
the teleportation.

9.3.2 CV Quantum Teleportation Criteria

While an ideal CV quantum teleporter should be able to reconstruct the input state
perfectly, practical teleportation is in principle constrained to non-unit efficiency. A per-
fect reconstruction is only possible with perfect EPR correlation, which, in continuous
variable systems, requires infinitely squeezed resource. One would ask if perfect tele-
portation is impossible, how could we know if laboratory teleportation succeeds or not?
Several empirical criteria have been proposed in this regard to quantify the efficiency of
an experimental CV teleporter.

Fidelity and Unity Gain Condition
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Figure 9.2: Fidelity as a function of the teleportation gain for various input amplitudes. The
green shaded area denotes the operational region for a classical teleporter where F ≤ 0.5, while
the yellow shaded area denotes a secure quantum teleportation with F > 2/3, which could be
useful for quantum cryptography. We assume here the magnitude of squeezing is 10 dB.

The most widely used criterion is fidelity that measures the overlap between the
input state and the output state [323], as defined in Eq (7.1). Consider an alphabet com-
prised of coherent states with amplitudes following a Gaussian distribution. Selecting
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one randomly as our input, the resultant fidelity is given by

F =
2√

(1 + VXout) (1 + VYout)
exp

[
−1

2

(
(1− g′x)2 X̄2

in

VXout + 1
+

(
1− g′y

)2
Ȳ 2

in

VYout + 1

)]
, (9.5)

where g′x and g′y are the teleportation gains that can be expressed in terms of the elec-
tronic rescaling factors in Eq. (9.2)

g′x = gx/
√

2, g′y = gy/
√

2. (9.6)

X̄(Ȳ ) and VX(VY ) in Eq. (9.5) dictate, respectively, the mean and variance of the am-
plitude (phase) quadrature. The unity-gain condition refers to g′x = g′y = 1, so that
X̄out = X̄in, Ȳout = Ȳin and therefore, the exponential term in (9.5) vanishes, mean-
ing F is independent of the input amplitudes. Otherwise, as is evidenced in Figure 9.2,
there is an apparent dependence of fidelity on the input amplitudes. For a bright co-
herent input, the optimum fidelity is attained under the unity-gain condition and the
gain bandwidth becomes increasingly narrower as the input amplitude increases. In
contrast for a weak coherent state, higher fidelity is obtainable by adopting a smaller
teleportation gain. This untrustworthy improvement in fidelity culminates at vacuum
input, where unit fidelity can be achieved by simply turning off the teleporter. However,
for unknown input picked up from a sufficiently broad alphabet, i.e. ∆|αin| � 1, the
optimum fidelity averaging over all possible inputs still appears at g′x = g′y ≈ 1 where
the equality holds for ∆|αin| → ∞. This means for the sake of a universal quantum tele-
porter capable of processing an arbitrary unknown input state, it is critical to fulfil the
unity-gain condition to avoid any overestimation of the teleportation fidelity. From the
experimental perspective, for vacuum input, it is thus essential to calibrate the system
to ensure the unity-gain condition is actually satisfied, while for other input states, the
unity-gain condition is satisfied by matching the output mean to that of the input.

There are two crucial bounds for measuring the success of a teleportation process
relative to fidelity: first, F > 1/2 identifies teleportation only achievable with the assis-
tance of nonclassical light source, i.e. entangled states, and second, F > 2/3 signifies
a secure quantum teleportation where no eavesdropper can intercept more information
than the receiver without being noticed by Alice and Bob.

9.3.3 T-V Diagram

Although fidelity provides a useful measure for the efficiency of teleportation with re-
spect to the resemblance between the input and output, it does not reveal the exact
information transfer coefficient during the teleportation process. For instances where
the input states are non-classical [288, 289, 324, 325, 326, 327, 311], the ability to preserve
the quantum feature of the state would constitute a more effective figure of merit. Be-
sides, there might be situations where the input and output can be interconverted by
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reversible transformations independent of the input. The output indeed contains all
necessary information for an accurate reconstruction. So teleportation in such occasions
can be regarded as successful although fidelity may indicate the process is inefficient.
To this end, other criteria have been proposed to complement fidelity to offer a more
complete assessment of the experimental teleportation systems.

One such example is the T-V diagram proposed by Ralph and Lam [328, 329], which
probes the signal transfer coefficient of the system and the quantum correlation between
the input and the reconstructed output. It is an analogue of the criterion for quantifying
the performance of a quantum non-demolition measurement [330]. Tq indicates the joint
signal transfer coefficient

Tq = Tx + Ty =
SNRxout

SNRxin
+

SNRyout

SNRyin
=
〈Xout〉2

〈(δXout)2〉
+
〈Yout〉2

〈(δYout)2〉
, (9.7)

while Vq signifies the input-output conditional variance

V q =
VXout|Xin

+ VYout|Yin

2
=
〈(δXout)

2〉 − |〈δXoutδXin|2
〈(δXin)2〉 + 〈(δYout)

2〉 − |〈δYoutδYin|2
〈(δYin)2〉

2
. (9.8)

Tq identifies how much information is successfully recovered, while Vq dictates how
closely the output is correlated to the input. For a perfect reconstruction on the receiv-
ing station, Tq = 2, implying that full knowledge of the unknown input is obtained by
Bob, and Vq = 0, indicating that the output is maximally correlated to the original in-
put. However, this limit is only achievable with perfect EPR correlation that requires
infinitely squeezed sources. In stark contrast, the T-V of a classical teleportation subject
to no entanglement (the measure-and-prepare scheme) is bounded by

Vq ≥ 1, Tq ≤ 1. (9.9)

The constraints are ascribed to the noise penalty imposed onto simultaneous measure-
ment on conjugate quadratures by Heisenberg uncertainty principle. This additional
noise inevitably degrades the signal transfer coefficient and input-output correlation,
rendering perfect reconstruction impossible with only classical sources. On the other
hand, the criteria for a successful quantum teleportation is Tq > 1 and Vq < 1, dictating
that both the signal transfer coefficient and input-output correlation have exceeded their
corresponding classical limit. In the unity-gain regime, the satisfaction of these criteria
is equivalent to the saturation of the no-cloning limit in terms of fidelity F > 2/3 [323].
To achieve this more stringent criterion, both Alice’s and Bob’s channels are required to
have transmission > 50% for any entanglement, and more than 3 dB of initial squeezing
(50% noise suppression) is demanded a priori for EPR generation.

One drawback of the T-V diagram is that the conditional variance is not directly
measurable, since the original input state is necessarily disembodied during telepor-
tation in compliance with the quantum no-cloning theorem. Grangier and Grosshans
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Figure 9.3: Equivalent T-V diagram for the conventional deterministic CV teleporter. The blue
curve shows the T-V for a classical teleporter, while different markers illustrate the T-V for tele-
porter with various levels of squeezed sources. The purple dots refer to teleportation that oper-
ates in the unity-gain regime. The blue spades represent the T-V for a noiseless linear amplifier
which benchmarks the unphysical region shaded as light blue.

thus suggested to drop Vq and utilize Tq alone [331]. Another reason for this argument
lies in the observation that there is a contradiction between the T-V diagram and the
conventionally-used fidelity criterion, where the unity-gain condition that leads to a
peaked maximum of fidelity would result in an inferior teleportation performance with
respect to signal transfer coefficient and input-output conditional variance. Grangier et
al. proposed an alternative criterion for successful teleportation relative to the equivalent
input noise Nout

x and Nout
y

δNout
x δNout

y < 1, (9.10)

where

〈(δNout
x )2〉 =

〈(δXout)
2〉

g′2x
− 〈(δXin)2〉, 〈(δNout

y )2〉 =
〈(δYout)

2〉
g′2y

− 〈(δYin)2〉. (9.11)

Here, g′x and g′y are the teleportation gains defined in Eq. (9.6). They show that when
g′x = g′y = 1, Eq. (9.10) is equivalent to the criterion Tq > 1 and F > 2/3. The aforemen-
tioned disparity between fidelity and the T-V diagram, therefore, disappears if one ad-
heres to the unity-gain condition. In fact in this regime all criteria agree with each other,
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so Grangier et al. concluded that teleporation is only valid to operate in the unity-gain
regime.

The proof of Eq. (9.10) was accomplished by decomposing Nout
x into the noise in-

curred during Alice’s dual-quadrature measurement, Xm, and the noise introduced by
Bob’s reconstruction, Xr, which means Nout

x = Xm + Xr. The input-output relation
under unity-gain condition then becomes

Xout = Xin +Xm +Xr, Yout = Yin + Ym + Yr. (9.12)

The success of teleportation is heralded by a violation of the Heisenberg inequality [332],
or in other words the presence of non-separability: measurements on conjugate quadra-
tures of mode a would lead to inference on the measurement results of two conjugate
quadratures of another remote mode b, in such a way that product of conditional vari-
ances apparently violates the Heisenberg inequality [333]

VXr|XmVYr|Ym ≥ 1, VXm|Xr
VYm|Yr

≥ 1. (9.13)

It was proven that this condition is equivalent to Eq. (9.10) and is consistent with Tq > 1

and F > 2/3. We note that in the unity-gain regime, the equivalent input noise in
Eq. (9.11) is mathematically and physically equal to the input-output conditional vari-
ance in Ralph and Lam’s TV diagram, namely 〈(δNout

x )2〉 = VXout|Xin
. The equivalence

between the criteria Eq. (9.10) and Tq > 1, therefore, reasonably verifies the statement
that Tq and Vq give partly redundant information and either one would be sufficient to
characterize the performance of the teleporter. But we emphasize that the validity of
this statement is restricted to the unity-gain regime.

Warwick Bowen et al. extended the criterion in Eq. (9.10) to the non-unity-gain
regime following the same methodology by dividing the total additional noise Nxout

and Nyout into the noise attributed from Alice’s measurement, NAlice
x , and that results

from Bob’s reconstruction, NBob
x ,

Nxout = ΠxN
Alice
x +NBob

x , Nyout = ΠyN
Alice
y +NBob

y . (9.14)

where Πx and Πy denote the gains implemented on amplitude and phase quadratures
by Bob for reconstruction. The input-output relation can be expressed as

Xout = g′xXin + ΠxN
Alice
x +NBob

x , Yout = g′yYin + ΠyN
Alice
y +NBob

y , (9.15)

The requirement that the noise introduced by Alice and Bob are separable leads to the
criterion that

V ′q = 〈(δNxout)
2〉〈(δNyout)

2〉 ≥
(
|g′xg′y|+ 1

)2
. (9.16)

Based on Eq. (9.16), Bowen et al. proposed the gain normalized conditional variance product



158 Heralded Quantum Teleportation

M as a new measure for the efficiency of teleportation

M =
V ′q(

|g′xg′y|+ 1
)2 . (9.17)

Classical teleportation is thus bounded byM ≥ 1 where the best resultM = 1 is ob-
tained for g′x = g′y = Πx = Πy = 0.

As showed before, all criteria mentioned above, including fidelity discussed in the
previous section, coincide with each other under the unity-gain condition. The ideas
behind the input-output conditional variance, the equivalent input noise, and the gain
normalized conditional variance product are consistent although disparity exists be-
tween these criteria and fidelity in the gain tuning regime. For the quantification of
conventional teleporters which are supposed to be an identity channel by default, it is
reasonable to adhere to the unity-gain condition. Nevertheless, for more general char-
acterization of teleportation as a combination of a classical and a quantum channel, T-V
diagrams would be a more illuminating figure of merit for investigating the channel
properties.

In Fig. 9.3, we plot an equivalent T-V diagram for a conventional deterministic tele-
porter. Tq here refers to the signal transfer coefficient defined in Eq. (9.7) and V ′q dictates
the additional noise during teleportation defined in Eq. (9.16). For the classical tele-
porter, an increased gain increases the signal transfer coefficient, makes it approach 1, at
the expense of introducing more additional noise. The least amount of additional noise
occurs when g′x = g′y = 0; however, information about the input state is completely dis-
carded, giving a signal transfer coefficient of 0. The unity-gain curve (purple dots) in-
tersects with the classical teleportation curve at the red point corresponding to a fidelity
of 1/2. The intersection between the unity-gain curve and the 3 dB squeezing curve
gives Tq = V ′q = 1, and a fidelity of 2/3. In accordance with Ralph and Lam’s conclu-
sion, this dictates at least 3 dB of squeezed sources are required to successfully teleport
a quantum state with fidelity beyond the no-cloning limit. Any teleportation surpass-
ing this limit enters the quantum teleportation region shown as the yellow shaded area.
Note that although a smaller magnitude of squeezing (< 3 dB) allows us to obtain either
V ′q < 1 or Tq > 1 in the non-unity gain regime, it does not suffice to fulfil both criteria
simultaneously. This means in the unity-gain regime, Tq alone provides a necessary and
sufficient criterion; however, in the complementary regime, only if both the additional
noise and signal transfer were subject to close scrutiny, could one obtain a full picture
of the teleportation system.

9.3.4 Heralded CV Quantum Teleportation

We construct and experimentally demonstrate a heralded CV teleporter by incorporat-
ing a post-selection function into the classical communication channel of the conven-
tional CV teleporter, as pictured in Fig. 9.4. In contrast to the conventional CV teleporter
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where fidelity is intrinsically limited by the amount of accessible EPR correlation, our
teleporter permits unit fidelity with a modest level of entanglement. The price to be
paid is a finite success probability. Our teleporter works in resemblance to a favourable
combination of the DV and CV teleporter, allowing one to tune between high-fidelity
and high-success-rate operations. In this section, we provide the theoretical modelling
of our teleporter based on the evolution of the system’s covariance matrix.

50:50

PM AM

50:50

Filtering

gx gy

Victor

Alice

Bob

Figure 9.4: Schematic drawing of our heralded high-fidelity quantum teleporter. The notations
(Xn, Yn) refers to the quadrature amplitudes of mode n.

We start with the covariance matrix of the quadrature entanglement that is generated
by combining two squeezed states with squeezing parameters r1x(y) and r2x(y), where
the subscript x(y) dictates the amplitude (phase) quadrature:

CV11 0 CV13 0

0 CV22 0 CV24

CV13 0 CV11 0

0 CV24 0 CV22

 . (9.18)

The matrix elements are given by

CV11 =
e−2r1x + e2r2x

2
, CV22 =

e−2r2y + e2r1y

2
,

CV13 =
e2r2x − e−2r1x

2
, CV24 =

e−2r2y − e2r1y

2
.

(9.19)

In circumstances where the initial squeezed sources are pure and identical, i.e. r1x =

r1y = r2x = r2y, the covariance matrix in Eq. (9.18) specializes to its more commonly
used form, shown in Eq. (2.33). An unknown input state is then inserted into our device
and coupled with one arm of the entangled beam on a beam splitter with transmittance
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of 50%, giving rise to the combined modes:

CV =

CV11 0 CV13/
√

2 0 CV13/
√

2 0

0 CV22 0 CV24/
√

2 0 CV24/
√

2

CV13/
√

2 0 (1 + CV11)/2 0 (CV11 − 1)/2 0

0 CV24/
√

2 0 (CV22 + 1)/2 0 (CV22 − 1)/2

CV13/
√

2 0 (CV11 − 1)/2 0 (CV11 + 1)/2 0

0 CV24/
√

2 0 (CV22 − 1)/2 0 (CV22 + 1)/2


.

(9.20)

The two outgoing modes of the beam splitter are subject to a dual-quadrature homo-
dyne setup performed by Alice to measure the amplitude and phase quadratures si-
multaneously. The EPR arm on Bob’s side evolves accordingly conditioned upon Alice’s
measurement outcome αm = (xm + iym)/

√
2. The variables

µX2|xm = 〈X2〉+
〈X2X3〉
〈X3X3〉

(xm − 〈X3〉) =
−
√

2CV13

1 + CV11

(
xm −

〈Xin〉√
2

)T
,

ΣX2|xm = 〈(δX2)2〉 − 〈X2X3〉〈X3X2〉
〈X3X3〉

= CV11 −
CV 2

13

1 + CV11

(9.21)

represent, respectively, the conditional mean and variance of the amplitude quadrature,
and

µY2|ym = 〈Y2〉+
〈Y2Y1〉
Y1Y1

(ym − 〈Y1〉) =

√
2CV24

1 + CV22

(
ym −

〈Yin〉√
2

)T
,

ΣY2|ym = 〈(δY2)2〉 − 〈Y2Y1〉〈Y1Y2〉
〈Y1Y1〉

= CV22 −
CV 2

24

1 + CV22

(9.22)

represent, respectively, the conditional mean and variance of the phase quadrature.
〈XnXm〉 = 〈∆Xn∆Xm〉 denotes the covariance between the amplitude quadrature of
modes n and m, and for brevity, ∆ is omitted in the derivations. It is interesting to
note that the unused EPR mode, conditioned on a dual homodyne measurement on the
other mode, turns out to be a coherent state if the original squeezed states that comprise
the EPR are identical (not necessarily pure), as illustrated in Fig. 9.5. Otherwise, when
r2x > r1x–implying that the EPR ball in phase space is elongated along the amplitude
quadrature–the conditional state is a phase-squeezed state, and vice versa. A remote
squeezing gate can be constructed in this way, whereby optimum squeezing is obtained
when Victor directly sends one of the initial squeezed states to Bob.

Before transmitting her measurement outcomes to Bob, Alice performs a local post-
selection on the measurement records: keeping and discarding data samples based on
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Figure 9.5: Variances of the amplitude (solid curves) and phase quadrature (dashed curves) of
the EPR mode on Bob’s side conditioned on Alice’s dual homodyne measurement for a series of
initial squeezing levels.

the inverse-Gaussian filter described in chapter 4:

p(αm) =

exp
[(
|αm|2−α2

c
) (

1− 1
gf

)]
for |αm| < αc ,

1 for |αm| ≥ αc .
(9.23)

αc is the filter cut-off that determines the operational region of the post-selection, while
gf is the filter strength. In a nutshell, the post-selection works analogously to an en-
tanglement distillation: entanglement disguised under noise is distilled by increasing
gf and hence the teleportation fidelity is enhanced, at the expense of a finite success
probability. The other functionality of this post-selection is to avoid the noise penalty
associated with Alice’s dual-quadrature measurement. By increasing the filter strength,
the conjugate quadratures can be estimated with arbitrarily high accuracy and there-
fore, perfect reconstruction of the initial input state can be achieved. The post-selected
statistics has an amplified mean and variance of the amplitude quadrature (c.f. Sec. 4.2)

〈X3〉 → g2
f 〈X3〉, 〈(δX3)2〉 → g2

f 〈(δX3)2〉 = g2
f (1 + CV11)/2. (9.24)

Similarly, for the phase quadrature,

〈Y1〉 → g2
f 〈Y1〉, 〈(δY1)2〉 → g2

f 〈(δY1)2〉 = g2
f (1 + CV22)/2. (9.25)

In accordance with the principle that post-selection should have no impact on the condi-
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tional statistical properties of the unused EPR mode, the following relations must hold:

〈X ′2X ′3〉
〈X ′3X ′3〉

=
〈X2X3〉
〈X3X3〉

, 〈X ′2X ′2〉 −
〈X ′2X ′3〉〈X ′3X ′2〉
〈X ′3X ′3〉

= 〈X2X2〉 −
〈X2X3〉〈X3X2〉
〈X3X3〉

. (9.26)

〈X ′nX ′m〉 refers to the covariance between the variables X ′n and X ′m resulting from
the post-selection, with the superscript ′ implying that the corresponding variable un-
dergoes post-selection. The same relations hold for the phase quadrature as well.
The elements of the covariance matrix after post-selection can be deduced from
Eq. (9.26), (9.20), and (9.24):

〈X ′2X ′3〉 =
〈X2X3〉〈X ′3X ′3〉
〈X3X3〉

=
−CV13g

2
f√

2
, 〈Y ′2Y ′1〉 =

〈Y2Y1〉
〈Y1Y1〉〈Y ′1Y ′1〉

=
CV24g

2
f√

2
,

〈X ′2X ′2〉 = ΣX2|xm +
〈X ′2X ′3〉〈X ′3X ′2〉
〈X ′3X ′3〉

=
CV11 + CV 2

11 + CV 2
13(g2

f − 1)

1 + CV11
,

〈Y ′2Y ′2〉 = ΣY2|ym +
〈Y ′2Y ′1〉〈Y ′1Y ′2〉
〈Y ′1Y ′1〉

=
CV22 + CV 2

22 + CV 2
24(g2

f − 1)

1 + CV22
,

(9.27)

where we have used the relation 〈(δXn)2〉 = 〈XnXn〉, n ∈ (1, 2, 3). The equations on
the first row denote the correlation between the statistics owned by Alice and Bob, re-
spectively, while 〈X ′2X ′2〉 and 〈Y ′2Y ′2〉 represent the conditional variances in amplitude
and phase of the EPR mode at Bob’s side after Alice performs the post-selection. We can
also derive the conditional mean of the amplitude and phase quadratures following the
same methodology:

µ′X2|x′m = µX2|xm +
〈X ′2X ′3〉
〈X ′3X ′3〉

(
g2

f xm −
〈Xin〉√

2

)
=
CV13

(
1− g2

f

)
〈Xin〉

1 + CV11
,

µ′Y2|y′m = µY2|ym +
〈Y ′2Y ′1〉
〈Y ′1Y ′1〉

(g2
f ym −

〈Yin〉√
2

) =
CV24

(
g2

f − 1
)
〈Yin〉

1 + CV22
.

(9.28)

The post-selected statistics are sent to Bob subsequently via a classical channel. To ac-
complish the reconstruction of the unknown input state, Bob first rescales the amplitude
and phase data by gx and gy, respectively, and then performs a local displacement on his
EPR beam accordingly. The expectation values of the amplitude and phase quadratures
of the output state are given by

〈Xout〉 = µ′X2|x′m + gxg
2
f 〈Xin〉/

√
2, 〈Yout〉 = µ′Y2|y′m + gyg

2
f 〈Yin〉/

√
2, (9.29)

while the quadrature variances are

〈(δXout)
2〉 = 〈X ′2X ′2〉+ 2gx〈X ′2X ′3〉+ g2

xg
2
f (1 + CV11)/2,

〈(δYout)
2〉 = 〈Y ′2Y ′2〉+ 2gy〈Y ′2Y ′1〉+ g2

yg
2
f (1 + CV22)/2.

(9.30)
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We have used Eq. (9.24) and (9.25) in the above derivation. The filter strength, denoted
by gf , and the rescaling operation, signified by gx(y), complement each other to ensure
the unity-gain condition discussed in Sec. 9.3.2 is satisfied. As a result, the rescaling
factors can be expressed as the function of gf

gx =

√
2
[
1 + CV11 + CV13(g2

f − 1)
]

g2
f (1 + CV11)

, gy =

√
2
[
1 + CV22 − CV24(g2

f − 1)
]

g2
f (1 + CV22)

, (9.31)

which are independent of the input amplitude. Unlike the conventional teleportation
scheme where unity gain corresponds to gx = gy =

√
2 in all circumstances, the fulfil-

ment of unity gain in our system does require a prior knowledge of the magnitude of the
squeezed sources. Nevertheless, the input-invariant feature of a teleporter is retained,
whereby the unity-gain conditional is satisfied irrespectively of the input amplitude.

9.3.5 Fidelity as a Function of the NLA Gains

Figure 9.6 plots the fidelity of Bob’s reconstructed state with respect to the unknown
input as a function of filter strength. We notice that with the help of post-selection,
fidelity that is only obtainable with 20 dB squeezing in the conventional scheme is now
achievable with 6 dB squeezing. This significantly surmounts the technical difficulty
associated with the generation of high-magnitude squeezing. More remarkably, unit
fidelity that would require infinitely squeezed resource conventionally can be achieved
with an arbitrary level of squeezing in the present scheme, provided that a sufficient
filter strength is adopted.

In Fig. 9.6 (a), we explore the teleportation fidelity if impure squeezed states are
utilized for producing the quadrature entanglement. A considerable degradation in fi-
delity is observed as compared to the pure case, and this discrepancy remains even
if infinite filter strength were applied. In contrast, we investigate in Fig. 9.6 (b) how
the fidelity is affected if non-identical squeezed states were used to generate entangle-
ment. Although the teleporter behaves inferior in this imperfect situation when the
filter strength is small, it shows equivalent performance to the ideal case when the filter
strength is sufficiently large. The comparison between Fig. 9.6 (a) and (b) showcases a
significant distinction between the effect of the squeezing purity and that of the squeez-
ing disparity on the resultant fidelity: while a higher filter strength can compensate for
fidelity degradation due to disparity between the two squeezed sources, it is ineffective
to counteract the additional loss attributed to the impurity of the initial squeezed states.

9.3.6 Enhancement in the Distance of Teleportation

Whilst much effort has been devoted to extend the distance of discrete variable teler-
portation, with a recent achievement of 1400 km that demonstrated the first ground-to-
satellite teleportation [334, 304, 335, 310], the distance of continuous variable teleporta-
tion is substantially limited. The maximum distance of CV teleporatation so far is 12 m
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Figure 9.6: Fidelity gradually increases as the post-selection filter strength grows. (a) illustrates
how the purity of the squeezed sources impacts the fidelity of Bob’s reconstruction, whilst (b)
shows that, on the contrary, it is not necessary for the two initial squeezed states to be identical
to obtain a reasonable fidelity. For comparison, we plot the achievable fidelity for a conventional
CV teleporter with an initial squeezing of 10 dB (red dashed) and 20 dB (orange dash-dotted),
respectively.

for a Shrödinger cat state [311], and the state-of-art teleporation for other CV quantum
states has been confined to table-top configurations [312, 313, 314, 315, 316, 317, 318].
This has been a long-standing issue in CV quantum information as teleportation serves
as a key primitive for a wide variety of quantum communication and computation tasks.
The difficulty resides in the fact that the CV entanglement is extremely vulnerable to
loss and noise. In practical implementations, long-distance distribution of entanglement
would inevitably degrade the EPR correlation and hence the teleportation fidelity. Here
we show that this technical hurdle can be perfectly surmounted if the loss is imposed on
Bob’s EPR arm, and can be alleviated otherwise if the loss is injected on Alice’s side. As
shown in Fig. 9.7 (a), by increasing the filter strength, a higher fidelity can be achieved
compared to the conventional teleporter–when benchmarked on the same channel loss
(50%). More remarkably, for loss less than 25% (equivalent to 62 km of optical fiber)
on Alice’s side, we can obtain a fidelity beyond the best achievable via a conventional
setup subject to a perfect channel.

Further advantages of the present scheme lie in its absolute robustness against the
loss on Bob’s channel as plotted in Fig. 9.7 (b): regardless of the channel transmis-
sion, the post-selection always allows us to compensate for the loss and hence obtain
unit fidelity by turning up the filter strength. Comparison between Fig. 9.7 (a) and
(b) showcases the asymmetric performance of our heralded teleporter, originating from
the mechanism of our post-selection filter. Although the post-selection in the present
scheme works analogously to a noiseless linear amplifier [22, 94, 336], it does not func-
tion equivalently to an NLA in terms of entanglement distillation [81]. The distinction
results from the non-commutative nature of the beamsplitter operation and the noise-
less linear amplification. An NLA executed before injecting the input state would result
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in a unit fidelity despite the asymmetry of the transmission channels. This no longer
holds if the NLA is performed the other way around. The enhancement in fidelity in
the present teleportation scheme is obtained by circumventing the noise penalty en-
forced on Alice’s measurement on conjugate variables. As an infinite filter strength is
applied, this additional noise can be completely avoided so the quadrature amplitudes
of an unknown input may be inferred with arbitrarily high accuracy, at the expense of
an arbitrarily low success probability.
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Figure 9.7: Fidelity of teleportation when the distribution of entanglement is subject to an im-
perfect channel. (a) illustrates the fidelity when different levels of loss, i.e. T = 0.5, T = 0.75,
and T = 0.9, are imposed on Alices’s EPR mode, while (b) shows the fidelity in situations where
Bob’s EPR mode undergoes losses of T = 0.5, T = 0.7, and T = 0.9, respectively. The channel
loss here is simulated by a partially transmissive beamsplitter. For comparison, the conventional
deterministic teleportation when benchmarked by a pure channel (orange dashed-dotted line)
and a lossy channel with T = 0.5 (red dashed line) are superimposed. 8 dB of pure squeezed
sources are assumed in all the plots.

9.4 Experimental Details

In this section, we address the experimental procedure alongside the experimental re-
sults for the heralded quantum teleportation. We describe in detail the resultant exper-
imental fidelity that quantifies the faithfulness of Bob’s reconstruction of the unknown
input and the system T-V diagram that evaluates the teleporter as a communication
channel in terms of signal transfer and additional noise.

9.4.1 Experimental Setup

Figure 9.8 and 9.9 plot, respectively, the experimental schematic and the associated elec-
tronic servo locking loops for the heralded teleportation experiment.
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Figure 9.8: Experimental layout of the heralded quantum teleportation experiment. AM/PM:
amplitude/phase modulators; PZT: piezo-electric transducer; MC: mode cleaner.

Optical Layout

Two mode cleaners (MC) were inserted into the optical path of the pump and fun-
damental beams to provide shot-noise limited TEM00 Gaussian beam at frequency
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Figure 9.9: Locking arrangement for the heralded quantum teleportation experiment.

higher than the MC bandwidth. Two bow-tie optical parametric amplifiers operating
below threshold–as characterized in detail in chapter 5–were utilized as the squeezed
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sources for generating quadrature entanglement. Alice’s station comprised of two ho-
modyne detections that conduct a simultaneous measurement on the amplitude and
phase quadratures of the incident beam, while Bob performs a single homodyne which
alternated between probing amplitude and phase of the reconstructed output.

All data samplings were accomplished via a 3-channel digitizer (PXI-5124) with a
sampling rate of 200MS/s, maximum bandwidth of 150 MHz, and analog input resolu-
tion of 12 bits. An additional low pass filter at 100KHz was implemented subsequently
to process the data further in order to get rid of the correlation between consecutive
data samples. As addressed in Sec. 8.2.1, we implemented the post-selection off-line
by pairing up Alice’s and Bob’s measurement outcomes during data acquisition. Bob’s
data samples were either discarded or kept according to the acceptance rate in Eq. (9.23),
where αm denotes the measured quadrature amplitude by Alice. The cut-off parame-
ter αc was carefully chosen to accommodate the input alphabet based on the criterion
proposed in [234], which is around 4.5 for all data runs. This was done to ensure no
distortion appeared on the output state of the teleportation, and meanwhile to optimize
the trade-off between success probability and fidelity.

Electronic Servo Control Loops

The whole experiment involved 14 electronic control loops, among which 13 controls
were required to be activated simultaneously. This included five locking loops for the
mode cleaner at 1064 nm, the OPA cavity length, and the relative phase between the fun-
damental and second harmonic fields. Two servo loops were used to stabilize the tem-
perature of the OPA crystals. The remaining servo loops were devoted to ensuring two
interfering beams stayed either in-phase or out-of-phase throughout the experiment by
employing the relative phase locking technique in Sec. 3.4.1. Modulation signals were
generated from two direct digital synthesis (DDS) boards (AD9958) controlled by the
LabVIEW FPGA with a built-in clock produced by a frequency generator (NI PXI 5404).
To obtain pure error signals and lock to the correct quadratures, special precautions
were taken to minimize the cross-talk between amplitude and phase modulations. The
resultant PM (AM) cross-talk cancellations for the signal, seed, and auxiliary beams are
55.2(42.5), 40(32.5), and 41.7(40.3), respectively, and we present the best cancellation
result in Fig. 9.10 (a) (refer to Fig. 3.4).

Characterization of the Experimental System

Figure 9.10 (b) plots the output noise measured on Bob’s homodyne station, where the
blue curve illustrates the directly measured thermal noise of Bob’s EPR mode, and the
yellow trace shows the resultant noise spectrum after implementing the feed-forward.
We observe an apparent noise suppression at the frequency of interest (4 MHz) after
turning on the feed-forward, owing to the correlation between Alice’s and Bob’s optical
modes. During the experiment, the lengths of the electronic cables used to transmit data
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sweep time: 8.59 × 10−3 s); (b) noise suppression resulted from feed-forward (VBW: 100 Hz,
RBW: 100 kHz, sweep time: 0.244 s); (c) detector noise response (VBW: 100 Hz, RBW: 30 kHz,
sweep time: 0.988 s); (d) measurement of the OPA squeezing after a 50:50 beamsplitter (Span:
0 Hz, centre frequency: 2 MHz, VBW: 1 MHz, RBW: 100 KHz, sweep time: 0.926 s). LO: local
oscillator for the homodyne measurement; FF: feed-forward.

from Alice to Bob (refer to Fig. 9.4) were adjusted carefully such that the best correlation
and hence the largest noise suppression occurs at 4 MHz. To minimize the amount of
uncorrelated noise, we used a pair of dual-subtraction homodyne detectors at Alice’s
station which were customized to have a high dark noise clearance [337]. As shown
in Fig. 9.10 (c), up to 27.5 dB dark noise clearance was measured at 4 MHz, and 40 dB
clearance was observed at 1.6 MHz.

Furthermore, we characterized the loss of our optical system by measuring the avail-
able squeezing at the final homodyne station, as a higher loss would contaminate the
entanglement more and hence decrease the teleportation efficiency. We observed ∼ 2.9

dB of squeezing (see Fig. 9.10 (d)), of which the maximum possible is 3 dB due to the
50:50 beamsplitter. This shows that the loss in present of our system is reasonably low,
so a high fidelity should be achievable. The minimization of loss was ascribed to two
main factors: firstly, the minimum amount of optics were placed in the path of the EPR
beams, and secondly, all the intereference visibilities were optimized to above 99% (ho-
modyne: 99.5%, in-line homodyne for AM: 99.5%, in-line homodyne for PM: 99.65%,
EPR: 99.77%, signal and EPR: 99.3%, and auxiliary beam and EPR: 99.5%).
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9.4.2 Experimental Fidelity

We first applied fidelity as our figure of merit to quantify the performance of the her-
alded teleporter. Two coherent states with different quadrature amplitudes, (x, y) =

(0, 1.05) and (0.70, 0.70) as shown in Fig. 9.11 (a) and (e), were injected into the system.
Regardless of the different inputs, the resultant fidelities obviously surpass the classical
teleportation limit as well as the quantum limit, as evidenced by Fig. 9.11 (b) and (f). We
report, in particular, the highest fidelity (90%) ever achieved for CV quantum telepor-
tation. The input state under-interrogation is a coherent state, instead of a vacuum as
has been utilized in the previous state-of-the-art (fidelity of 83%) demonstration [316].
The unity-gain condition is verified unambiguously by ensuring the output amplitude
coincides with that of the input, which excludes, therefore, any overestimation of the
fidelity due to non-unity gain operation.

Note that an artificial improvement of fidelity is possible when an insufficient cut-off
is applied during the post-selection [234]. The filtered statistics exhibit an undesirable
distortion that departs the output from a Gaussian distribution [336, 234]. In the ex-
treme case where αc � 1, the output distribution tends to be a delta function, thereby
arbitrarily small output variance and in turn arbitrarily high fidelity can be achieved. In
the experiment, the cut-off was chosen with care to preclude such effect. We present the
probability distributions of the two output states in Fig. 9.10 (c-d) and (g-h), where, as
we can see, both outputs exhibit reasonable Gaussian distributions.

9.4.3 Equivalent T-V Diagram

We analyze the behavior of our teleporter also in terms of signal transfer coefficients and
the additional noise during teleportation. As discussed in Sec. 9.3.3, the T-V diagram
complements fidelity in a way that provides an avenue to study the information transfer
of the system, which is particularly useful in the non-unity gain regime.

We present in Fig. 9.12 (a) the theoretical prediction of the equivalent T-V diagram for
our heralded quantum teleporter superimposed with experimental results marked as
brown dots. In analogy to the equivalent T-V diagram for a conventional teleporter de-
scribed in Fig. 9.3, the signal transfer coefficient Tq measures the amount of information
that has been successfully conveyed between the remote stations, while the additional
noise V ′q quantifies how much additional noise is induced during the teleportation pro-
cess, and hence how closely the output resembles the original input. The post-selection
enables one to penetrate into the quantum region of a teleporter [328, 331] by increas-
ing the filter strength alone, without requiring a higher EPR correlation. With the same
amount of squeezed sources (< 3 dB), teleportation that would have failed in the con-
ventional scheme could succeed using the current system at the price of a finite success
probability.

Perhaps the more striking result lies in the possibility to obtain a signal transfer co-
efficient higher than 2, which is never the case in the conventional quantum teleporter
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Figure 9.11: Output fidelity for two coherent input states with different quadrature amplitudes.
(a) and (e) Noise contours (full width half maximum) of the Wigner functions of the input states
(purple circle) and the reconstructed outputs (green dashed circles) alongside the output corre-
sponding to the quantum limit (red dash-dotted, fidelity of 2/3). (b) and (f) The output fidelity
distribution benchmarked by the teleportation quantum limit, where the uncertainty is mostly
attributed to the finite sample size. (c, d) and (g, h) Quadrature probability distributions of the
output states.

even assuming perfect EPR correlation is at our disposal. The heralded teleporter in
this regimes operates as a noise-reduced phase-insensitive quantum linear amplifier
instead of an identity channel. It not only circumvents completely the noise penalty
associated with Alice’s dual-quadrature measurement and Bob’s reconstruction that is
feasible with perfect EPR correlation, but also increases the signal-to-noise ratio of the
unknown input state, therefore making the current scheme particularly useful in con-
structing long-distance quantum networks. This noise-reduced feature culminates with
the T-V of a noiseless linear amplifier, shown as purple spades in Fig. 9.12 (a). In contrast
to the noise-reduced linear amplifier presented in chapter 6, the realization of noiseless
linear amplification does not necessarily leads to a vanishing success probability here.
As shown in Fig. 9.12 (a), 3 dB squeezing together with a filter strength of 2 already
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suffices to give near-NLA performance. This would give a success probability around
10−2 for input with 1 unit of shot noise, initial squeezing of 6 dB, and a cut-off of 4.5. We
report the highest experimental signal transfer ever achieved, Ts = 1.63 and V ′q = 0.05,
for a coherent input with mean quadrature amplitude of (x, y) = (0.70, 0.70). The si-
multaneous fulfilment of the criteria Ts > 1 and V ′q < 1 evidently verifies the success of
a quantum teleportation. As depicted in Fig. 9.12 (a), this result also demonstrates the
near-NLA performance of our heralded teleporter.

Figure 9.12 (b), on the other hand, displays the equivalent T-V diagram of our her-
alded teleporter when it operates only in the unity-gain regime. The T-V results for
different filter strengths bunch together following the curve representing the unity-gain
trace of a conventional teleporter (blue circles), except that (Tq, V ′q ) = (1, 0) is reached
with less squeezing than the conventional counterpart. It is worthwhile noting that
even in the presence of post-selection, Tq > 1 is not achievable in this regime, because
the teleporter is constrained to an identity channel. So the best possible performance
is (Tq, V ′q ) = (1, 0). The grey dots represent our experimental data, which shows good
agreement with the theoretical curve, verifying that the unity-gain condition is always
satisfied.

9.5 Conclusions and Future Perspectives

In conclusion, we propose and experimentally demonstrate a heralded teleportation
scheme that employs a post-selection filter in analogy to a noiseless linear amplifier,
which is able to distil entanglement and avoid the noise penalty imposed on the in-line
dual-quadrature measurement. The present heralded teleporter combines profitably the
advantages of a conventional DV and CV quantum teleporter, allowing one to tune be-
tween unit success probability and unit fidelity that is in principle unattainable conven-
tionally. One intriguing feature of the heralded teleporter is its ability to correct any loss
on Bob’s channel: regardless of the transmission of the receiving channel, unit fidelity
is always obtainable with a finite filter strength. This obviates the long-standing hurdle
of CV quantum teleporters, enabling teleportation between truly remote stations.

We obtain an experimental fidelity of 0.904± 0.001 for a coherent input state. Unity-
gain condition is guaranteed by ensuring output amplitude equal to that of the input.
This result reports the up-to-date best fidelity for continuous variable quantum telepor-
tation. The improvement in fidelity can be achieved by increasing the filter strength
alone without calling for more EPR correlations. Teleportation that would have been
certified as a failure conventionally due to a lack of squeezed sources would still be able
to succeed (F > 2/3) by allowing for a probabilistic operation.

We further analyze our heralded teleporter in terms of the signal transfer coefficient
and additional noise induced during the teleportation process. We report, in particular,
the best T-V result ever achieved: Tq = 1.63 and V ′q = 0.05. Our teleporter, when oper-
ates in the non-unity-gain regime, allows one to access to operational region with Tq > 2
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Figure 9.12: Theoretical TV diagram for the heralded teleportation superimposed with experi-
mental data points. We start with 3 dB squeezed sources and implement various filter strengths
so as to increase the information transfer while lowering the additional noise. (a) illustrates the
equivalent T-V diagram for the tunable gain situation, while (b) presents the T-V diagram when
unity-gain condition is satisfied. As analyzed in Sec. 9.3.3 the yellow shaded area represents suc-
cessful teleportation with both Ts > 1 and V ′q < 1. Because the corresponding fidelity exceeds
the quantum no-cloning limit, teleporation undertaken in this region thus guarantees no copy of
the unknown input has been intercepted by any potential eavesroper [338, 339]. The blue solid
curve denotes a classical teleporer with no assistance of EPR correlation where the maximum
amount of information transferable between the two remote stations is limited by Tq ≤ 1. The
purple spades and dots in (a) and (b) show, respectively, the T-V results for a noiseless linear
amplifier that is unattainable in the conventional deterministic teleportation. The operational
region beyond it constitutes the unphysical regime for both the conventional and the heralded
quantum teleporter.
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that is inaccessible for a conventional teleporter even with perfect EPR correlation. The
heralded teleporter in this regard constitutes a more powerful tool than the noiseless lin-
ear amplifier presented in chapter 6 and the references therein. In a post-NLA scheme,
the SNR degradation of input occurs due to the additional loss in transmitting it to a
remote station, which can not be avoided by the noiseless amplification. A pre-NLA
scheme, on the other hand, cannot correct for SNR degradation occurring during signal
transmission, albeit with an improved SNR to start with. In the present heralded tele-
portation scheme, however, the communication channel can be arbitrarily long and one
can still benefit from an enhanced SNR of an unknown input, owing to the combined
effect of post-selection and the presence of EPR correlation.

Considering the multiple striking benefits our heralded quantum teleporter brings
about and the significance of quantum teleportation in quantum communication and
computation, we envisage a wide rage of applications of the current teleportation
scheme in quantum information processing.



Chapter 10

Conclusions and Outlook

10.1 Summary

This thesis investigated an inverse-Gaussian post-selection filter that was originally con-
ceived to emulate a noiseless linear amplifier (NLA). The exact profile of the filter was
engineered such that the statistical properties of the output of an NLA can be fully repro-
duced by post-processing the outcomes of an information complete measurement acted
upon the original input. We found this filter applicable to a wide variety of quantum
information protocols, allowing one to either obviate the requirement for non-linear
resource to reach a certain benchmark, or realize quantum information tasks that are
conventionally impossible. We explored, in particular, its applications to quantum am-
plification, quantum cloning, quantum squeezing gate, and quantum teleportation. A
summary of each application is provided in the following.

10.1.1 Characterization of the Post-selection Filter

The behavior of the filter was placed under close scrutiny in chapter 4, where we com-
pare the performance of the measurement-based implementation of NLA and an opti-
mal physical implementation of NLA via a POVM. We studied their respective proba-
bilities of success and abilities to preserve the Gaussianity of an input Gaussian state.
We constructed a 1-to-infinity quantum cloner and an amplifier based on both NLA
schemes and examined the properties of the corresponding outputs. These investi-
gations indicate that the equivalence between these two schemes, although has been
believed to be absolutely valid, only holds under certain circumstances. The work de-
scribed in chapter 4 are of instructional importance, for it fosters our understanding of
the functionality of such a post-selection filter, and hence provides a guideline for op-
timizing the filter effective parameters in the remaining projects conducted during my
PhD.

10.1.2 Hybrid Noise-Reduced Linear Amplifier and Quantum Cloning

The work presented in chapter 6 exemplifies the possibility of overcoming deterministic
bounds by employing the post-selection filter. It has been proved that deterministic

175
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phase-insensitive linear amplifiers inevitably add noise during amplification, and hence
deteriorate the signal-to-noise ratio (SNR) of the input state, in compliance with the
Heisenberg uncertainty principle. It is this noise penalty that prevents perfect cloning
of an arbitrary unknown quantum state, which is normally referred to as the quantum
no-cloning theorem. However, this ultimate limit can be circumvented by adopting
probabilistic operations. We demonstrated for the first time an enhancement in SNR of
an input coherent state with a power gain above ∼ 100. Based on this noise-reduced
linear amplifier, we further constructed a quantum cloning machine and reported up to
five clones with fidelity of each copy surpassing their corresponding no-cloning limit.

10.1.3 Generation of OPA Squeezing and Quadrature Entanglement

In the preceding projects, the post-selection filter was employed in quantum systems,
where only measurement and linear optics are involved. It could be more interesting
to introduce non-linear sources into the system. Motivated by this idea, we developed
a pair of optical parametric amplifiers (OPAs) producing reasonably pure (purity of
1.12) and highly squeezed vacuum (11 dB). The two OPAs also provided the sources
to create quadrature entanglement that was utilized in the teleportation experiment in
chapter 9. In chapter 5, we put forward considerations with respect to the configuration
of the OPA cavities to optimize its performance. Furthermore, the OPA squeezer had
been carefully characterized to evaluate its potential for producing high-magnitude of
squeezing. We discussed explicitly the experimental results and the theoretical expecta-
tions of the pump threshold and the escape efficiency of our squeezer and showed that
a rather accurate estimation of the system properties can be obtained from the coating
specifications.

10.1.4 High-Fidelity Squeezing Gate for CV Quantum Light Fields

In chapters 7 and 8, we considered an application of our post-selection filter to real-
ize a high-fidelity universal squeezing gate. Such a universal squeezing gate is capable
of squeezing arbitrary input states and is an essential component for continuous vari-
able quantum computation. However, in present state-of-the-art techniques, the fidelity
of such gate is ultimately limited by the need to synthesize squeezed vacuum modes
of unbounded energy. Here we circumvented this fundamental limitation by using a
heralded squeezing gate. We proposed and experimentally demonstrated a universal
squeezer that can achieve arbitrarily high fidelity for all input states. For a target squeez-
ing of 2.3 dB, we reported a fidelity of up to 98% on a coherent input state. This result
cannot be reproduced by conventional schemes even if infinitely squeezed ancilla was
available–when benchmarked on identical experimental imperfections. Our technique
provides a promising pathway towards high-fidelity gate operations and fault-tolerant
quantum computation.
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10.1.5 Heralded Quantum Teleportation

A more interesting application was demonstrated in chapter 9, where the post-selection
filter was incorporated into a conventional quantum teleportation scheme. Our her-
alded quantum teleporter reconciles the conventional discrete variable and continu-
ous variable teleportation, allowing one to tune between unit-fidelity and unit-success-
probability operations. The significance of the present teleportation scheme is three-
fold. First, the teleporter works in analogy to an error-corrected channel, where any loss
induced on the receiver’s transmission line can be completely compensated by turning
up the post-selection filter strength. Unit fidelity is obtainable regardless of the channel
transmission, rendering the teleporter more resilient to imperfect employment condi-
tions. Second, it obviates the technical difficulty of the conventional CV teleportation,
where high-fidelity remains hard to achieve and unit fidelity is in principle impossible.
This predicament stems from the intrinsic limit on CV EPR correlation, as perfect cor-
relation would require infinitely squeezed sources. The state-of-the-art fidelity is 83%,
reported by Furusawa’s group for a vacuum input [316]. We showed that our heralded
teleporter allows one to attain high-fidelity teleportation and permits even unit fidelity
with a modest level of squeezing and finite success probability. Third, the present tele-
porter provides access to a signal transfer coefficient Tq > 2, in stark contrast to both
the classical teleporter where Tq ≤ 1 and the conventional quantum teleporter where
1 < Tq ≤ 2. As such, via our heralded teleporter, one can benefit from both long-
distance communication and SNR enhancement simultaneously owing to the inclusion
of EPR correlation.

10.2 Future Work

10.2.1 Potential Characterization of our System and Improvements on
Squeezing Generation

We have observed more than 11 dB output squeezing using our bow-tie OPAs, and suc-
cessfully implemented a quantum teleportation protocol with EPR correlation gener-
ated by combing the two squeezed vacuums. There remains much work to be done
to fully characterize the entangled state at our disposal. This can be accomplished
by conducting dual-quadrature homodyne or heterodyne measurements on both arms
of the EPR state, which is sufficient for reconstructing the covariance matrix of the
state. Furthermore, the magnitude of available squeezing needs to be improved with
the aim of developing entanglement-based quantum network in field deployment set-
tings [283, 319, 2, 8, 320] as well as fault-tolerant and distributed quantum computa-
tion [274, 340, 341, 342]. We envisage three possible ways to address this problem. First,
material that possesses a higher nonlinear coefficient than PPKTP would potentially
promote the parametric non-linear interaction and hence the obtainable squeezing. One
promising candidate would be the halide perovskites that has been found to have high
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non-linearity [343, 344] and has already been used in a wide variety of device engi-
neerings [345, 346, 347, 348, 349, 350, 351]. Second, the bow-tie geometry of our OPA
cavity may be replaced by the hemilithic geometry, where less optical interfaces and
hence less intra-cavity loss would be present. This geometry was utilized in the state-
of-the-art squeezing generation (15 dB) [186]. Third, a refinement of the present servo
locking techniques would reduce any potential additional noise attributed to unstable
lockings and enables consequently a constant production of highly squeezed states. We
have observed gradually increased detuning of the OPA cavity away from resonance
and non-zero offset for the relative phase locking between the pump and fundamental
beams in our OPA setup. Although the shift of locking point is fairly small, it could
introduce phase mismatching between the two interacting fields, which consequently
contaminates the achievable squeezing and may induce spectral splitting of the funda-
mental mode [352, 254].

In addition, it is worthwhile to explore the miniaturization of squeezing [181,
193, 189] and squeezing on other platforms like atomic and optomechanical sys-
tems [178, 184, 179, 174]. Without much reconfiguration of our current experimen-
tal setup, we can explore several interesting phenomena arising from the cooperating
nonlinearities [353]. Interaction between the second-order up-and-down conversions
provides avenues for future research including generation of third-order nonlinear ef-
fects [354, 355, 356], optical bistability [357], and optical switching [358, 359]. Con-
versely, it would be interesting to investigate the competing nonlinearities, as no exper-
iments have successfully demonstrated the predicted signature of such effect that near-
perfect squeezing, impossible in the absence of competition, is possible in a quadruply
resonant system [360, 361].

Furthermore, we observed an apparent cross-talk degradation for the amplitude and
phase modulations on the seed beam as it transmits through the OPA. This issue arises
due to multiple reasons, such as the cavity detuning discussed above, the non-ideal
phase matching of the pump and seed fields, and the nonlinear interaction between the
two fields. To develop a better understanding of how the sidebands evolve in the pres-
ence of these effects, more thorough investigations are required on the existing causes
and their respective impacts.

10.2.2 Future Directions for Post-selection-based CV Quantum Information

Beyond the aforementioned applications, numerous quantum information tasks can be
improved with the inclusion of the inverse-Gaussian post-selection filter. It can be uti-
lized to improve the secure transmission distance of continuous-variable quantum key
distribution (QKD) [79, 92, 281, 362, 363]. It may also has the potential to improve the se-
crete key rate in a pre-amplified QKD configuration [364]. Another interesing extension
would be to apply the filter function in remote entanglement generation [365]. While we
only concentrated ourselves with noiseless amplification, the filter function can be gen-
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eralized to realize noiseless attenuation by setting g < 1. Much work needs to be done in
characterizing the performance of the attenuator with respect to all effective parameters
and the limit on its operational regime. One may also consider to employ the noiseless
attenuator to achieve purification of a lossy quantum communication channel [366, 367].

Upon modifications of the filter function, post-selection may open the way for emu-
lating other non-Gaussian operations that are otherwise technically difficult or resource
intensive. One possibility is to mimic the photon subtraction and addition operation
using post-selection, so that the requirement of non-classical single photon source and
single-photon detectors in its conventional implementation is circumvented. The post-
selection filter can be constructed following the same methodology in chapter 4. Once
the filter is available, it can be adopted to engineer arbitrary single-mode quantum op-
erations [280] or a physical noiseless linear amplifier, for which all of the present ex-
perimental demonstrates are extremely challenging [73, 74, 69, 70, 71, 72]. Virtual im-
plementations of various quantum information tasks are enabled with the aid of this
filter, including entanglement distillation [368, 369], device-independent QKD [78], and
generation and amplification of Shrödinger cat state [370, 371, 74, 372, 373].

An immediate extension of the squeezing gate project in chapters 7 and 8 would be
to exploit post-selection to enhance quantum operations that rely on a high-fidelity uni-
versal squeezing gate. One such example would be a controlled-Z gate that is essential
in the conventional generation of large-scale cluster states [261, 262, 263]. In particular,
Menicucci et al. proposed a flexible scheme for cluster state generation based on a single
controlled-Z gate and feedback controls [261]. The difficulty of this proposal resides in
the implementation of the controlled-Z gate; once this technical hurdle is surmounted,
a two-dimensional square-lattice graph state with an arbitrary number of modes can
be created. One may also look up the possibility of utilizing post-selection to improve
the fidelity of nonlinear operations such as the cubic phase gate [260, 374, 375, 376],
the quantum non-demolition gate [264], and quantum error-correction [377], as univer-
sal quantum computation demands at least one nonlinear operation together with the
full set of linear operations [260]. We anticipate this refinement to be feasible because
the filter can be naturally embedded into the measurement-based quantum computing
framework [286, 273, 272] by incorporating it into the feed-forward loop present in all
gate implementations.

Beyond the characterization of our heralded quantum teleporter in terms of fidelity
and T-V diagram in chapter 9, it is worth examining the behavior of our teleporter rel-
ative to other figure of merits. One example is to evaluate how effective we harness
entanglement to reach a particular teleportation criterion, say secure quantum teleporta-
tion certified by a fidelity surpassing the no-cloning limit 2/3. The magnitude of original
squeezing provides a direct indicator of the generated EPR correlations; we have shown
that thanks to post-selection, significantly higher fidelity is attainable via the present
scheme as compared to its conventional counterpart–when benchmarked on the same
squeezed sources. Turn this perspective around, He et al. [249] proved how noiseless
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linear amplification helps to relax the requirement of EPR correlation from Tan-Duan
inseparability δent < 1/2 [338, 378, 43] to two-way steerability [46, 379, 380, 381] to ac-
cess secure quantum teleportation. An open question is to see if the same improvement
retains with regard to other entanglement measures.

Section 9.3.6 has investigated fidelity of our heralded quantum teleporter that ac-
counts for unbalanced channel losses on the sender’s and receiver’s stations. This anal-
ysis may be re-examined in terms of entanglement steerability, because entanglement
steering, as opposed to inseparability, offers additional insights into the properties of
asymmetric entangled systems. And quantum teleporation subject to unbalanced chan-
nel losses describes exactly this type of system [382, 383, 384]. In Section 9.3.6, we have
restricted our investigation to pure lossy channel and demonstrated that post-selection
is capable of correcting any loss regardless of the transmission rate on the receiver’s
channel. We have noticed that the result coincided with a recent proposal in [385]. More
generally, Tserkis et al. put forth that such an NLA-based quantum teleporter can be
used to correct noise not only from pure loss but also from thermal loss channels [386].
Recently, there has been study emerged on using quantum teleporter with limited re-
sources to simulate Gaussian channels [386, 387]. The connections between the new
criteria and the equivalent T-V diagram in Sec. 9.3.6 deserve further investigations, and
may lead to a complete characterization of our heralded teleporter as a more general
Gaussian channel instead of simply an identity channel.

Another more intriguing observation lies in the equivalence between the additional
noise V ′q in Fig. 9.3 and 9.12 and the one-way steerability defined in [388, 383, 389]. This
gives a new insight into the physical meaning of the equivalent T-V diagram, whereby
V ′q signifies not only the additional noise incurred during the teleportation process,
but also the quantum correlation between the input and output states. In perspective
of input-output correlation, non-separability between the input and output additional
noise was manifested in quantum teleportation with F > 2/3 [331]. However, this
analysis is constrained to unity-gain regime. The re-evaluation of the equivalent T-V di-
agram, from the viewpoint of entanglement steering, would aid us to better understand
the behavior of the heralded teleporter in more general operational regimes.

The study in Section 9.4.3 has showcased the ability of our heralded quantum tele-
porter to obtain a signal transfer coefficient Tq > 2, which is impossible conventionally
even if perfect EPR correlation was available. This opens up the possibility to real-
ize quantum telecloning [390] with fidelity even surpassing the no-cloning limit and
quantum tele-amplification [391] that was useful for coherent-state quantum comput-
ing [392, 393].

The phase conjugation on an arbitrary Gaussian state executes the transforma-
tion that flips the sign of the phase quadrature of the input while keeping its ampli-
tude quadrature intact [35, 394]. It presents a continuous analogue to the antiunitary
universal-NOT gate for qubits [395, 396, 397]. Such a transformation does not con-
serve the commutation relation and therefore, cannot be performed perfectly. The op-
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timal fidelity of phase conjugation was proven to be 1/2, where two units of shot noise
are induced inevitably [394]. The fidelity bound coincides with the maximum accu-
racy of a dual-quadrature measurement [18, 19, 20], implying, therefore, that the best
possible phase conjugator is exactly a measure-and-prepare setup. The deterministic
phase conjugator in this regard can be considered as a purely classical process; how-
ever, interesting quantum effect occurs when one considers encoding information on
phase-conjugated states. Rather counterintuitively, it was discovered that the antiparel-
lel state |α〉 ⊗ |α∗〉 carries more information than the parallel counterpart |α〉 ⊗ |α〉. The
advantage is attributed to entanglement arising from a joint measurement on the two
modes [394, 396]. Through some preliminary studies, we found it is possible to build a
probabilistic phase conjugator for coherent states by cascading a conventional CV tele-
porter with an upfront noiseless linear amplifier and a posterior noiseless attenuator. This
novel scheme, by renouncing determinism, permits fidelity beyond the quantum limit
(F > 1/2) and even unit fidelity, which is in principle unachievable deterministically. It
is certainly worthwhile to experimentally demonstrate this possibility upon modifica-
tions of our current experimental setup and investigate the many applications this new
scheme leads to.

Last but not least, in all experiments in this thesis, the post-selection was imple-
mented off-line for proof-of-principle demonstrations. A truly feasible quantum opti-
cal system empowered by post-selection would require it to be performed in real time.
To this end, we can design a high-speed nonlinear analogue circuit similar to that has
been constructed in [271]. The circuit in [271] was used to apply arctan(κ) and

√
1 + κ2,

where κ is a sine wave with frequency of 1 MHz. The function of interest here has an
inverse-Gaussian profile as discussed in chapter 5. Alternatively, FPGA would have the
potential to post-process raw data directly after sampling. This method offers the ad-
vantage that both system control, data acquisition, and data processing are integrated in
one PXI system; the potential problem, however, lies in the limited speed of data trans-
mission between the digitizers and the FPGAs. Once the post-selection can be carried
out in real time, the more appealing investigation would be to implement the telepor-
tation scheme out of laboratory and to pinpoint the technical obstacles associated with
post-selection-based quantum network proposals [83, 398].
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Appendix A

Layout and Locking for the
high-fidelity squeezing gate

This appendix provides supplementary details on the experimental setup as well as the
locking scheme for the high-fidelity squeezing gate and teleportatoin projects presented
in chapters 7 and 8, and 9, respectively.
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Figure A.1: Experimental layout for the high-fidelity squeezing gate experiment.
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Figure A.2: Locking arrangement for the high-fidelity squeezing gate experiment. Four lockings
are involved in total, including the lockings of the mode cleaner for the fundamental laser and
the second harmonic laser, respectively, (a) the locking for the OPA cavity length and the rela-
tive phase between the pump and seed for the OPA, (b) the locking for the verifying homodyne
station consecutively to phase and amplitude, (c) the locking for the in-loop single-quadrature
homodyne which is locked to phase and the locking to make signal and the ancillary squeezed
vacuum always interfere in phase, (d) the locking for the interference between the bright aux-
iliary beam and the signal beam that is used to realize the displacement operation. When the
verifying homodyne is locked to a particular quadrature, namely phase or amplitude, the output
signal is mixed with the corresponding modulation signal for input state generation at 4MHz,
which is then fed to the data acquisition card on our PXI chasis (DAQ PXI).
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