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just one example of this and we are forever grateful for all that you have done. I especially enjoyed

the daily lunches at the shokudo, with discussions on physics, politics, sport, and Japanese culture.

Ping Koy, for adopting me when I returned from Tokyo and for always making time for discussions

and chats. You bend over backwards to help every single student or staff member around you,

and it has not gone unnoticed. It is truly inspiring. All three supervisors have filled their labs

with amazingly talented people and have cultivated wonderful groups. I am extremely aware of

how much this has shaped my own learning, and I am eternally grateful to have had the fortune

to work with and learn from exceptional people.

Ryuji Ukai, thank you for teaching me everything I know about teleportation, cluster states, and

so much more. You are an amazing experimentalist who knows more theory than most theorists.

Thank you for writing programs in visual basic for other people to use, simply to make their lives

easier. You truly are an inspiration. I am indebted to Jiri Janousek, who taught me everything

I know about lab work, and who taught me that the most important thing is to have fun. Jean-

Francois Morizur, I am in awe of your energy and quick mind, and learnt the importance of

programming from you. Boris Hage, who seems to know every trick in the lab, I am privileged to

have been able to work with you. Researching with you was a turning point for me, as you were

the first to assign me a task that seemed impossible and proceeded to give me the confidence to

complete it.

I am grateful to my colleagues both in Canberra and in Tokyo who made my PhD experience

something special: John Bartholomew, Michael Stefszky, Helen Chrnaowski, Geoff Campbell, Ben

Sparkes, Lachlan Nicholls, Pierre Vernaz-Gris, Mahdi Hosseini, Ben Buchler, Shota Yokoyama,

Shuntaro Takeda, Hidehiro Yonezawa, Jun-ichi Yoshikawa, Wise-kun, Kaji-kun, and Hugo Benichi.

Thank you to my colleagues outside of Canberra and Tokyo, who I have learnt a great deal from,

I have enjoyed every single collaboration immensely: Nick Menicucci, Rafael Alexander, Mile

Gu, Christian Weedbrook, Qiongyi He, Margaret Reid, and Peter van Loock. It is testament to

my excellent supervisors who gave me the opportunity to and encouraged me to maintain active

collaborations with these international stars of quantum optics.

I am grateful to Peter Drysdale for providing invaluable mentorship and for creating wonderful

opportunities for me. Peter, you are an inspiration and I aspire to learn from your selflessness and

enthusiasm for life.

I have learnt that the secret to a well-functioning lab is extremely capable administrative staff,

and I am especially grateful to Damien Burns, Yumiko san, and Amanda White.

v



vi

My friends have been patient with me when I haven’t had much time for them during the PhD,

and have supported me all the way through it. Thank you for making me laugh when I needed a

pick-me-up, especially Josh, Andy, Jimmy, Drew, Johnny, Utah, Ian, Peeps, Louis, and Amina.

To Steph’s family, I owe so much. For providing me with a beautiful view of the lake at your coast

house where I wrote some of this thesis, and for solving every problem that Steph and I ever have,

I am truly indebted.

Above all, I would like to thank my family for the constant supply of love and support, and for

encouraging me to pursue my passions in life, no matter if they are sport, travel, or science.
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Abstract

One of the primary goals of the quantum information science community is to build a fault-tolerant

and large-scale quantum computer. This thesis presents experimental investigations in quantum

optics that demonstrate progress towards this goal.

First, we explore scalable architectures that will facilitate a large number of quantised optical

modes (qumodes) to be entangled together. The technique investigated to achieve this is multi-

plexing the qumodes in the same optical channel. By generating orthogonal spatial modes and

engineering a sophisticated multi-photodiode homodyne detection scheme, we achieve the spatial

multiplexing of up to eight qumodes, and introduce a scheme for emulating linear optics networks.

This is done via virtual networks that are able to be programmed at the time of detection by

projecting the beam into different spatial-mode bases.

We then demonstrate that multiplexing qumodes in the time domain is a much more successful

method for creating large entangled states. We generate ultra-large entangled states that com-

prise of more than 20,000 individually accessible qumodes. The qumodes here are sequentially

propagating wave-packet modes from the continuous output of optical parametric oscillators. The

entanglement structure is fully characterised, and the entanglement is qualitatively visualised as

correlations in quadrature amplitudes. The generated quantum state is named the dual-rail EPR-

graph state. The entanglement structure leads us to conclude that these states are one possible

extension of the Einstein-Podolsky-Rosen (EPR) states to an ultra-large basis. The dual-rail EPR-

graph state is derived to be equivalent to a cluster state (up to local phase shifts), which are a

class of entangled states shown to be a resource for universal quantum computing.

In the final partition of this thesis, we explore the paradigm of measurement-based quantum com-

puting, which employs cluster states as a resource. A cluster state is treated as a blank quantum

circuit board, and the logic to be imprinted is dictated by the choice of measurements on the cluster.

Information and gates are then teleported through the cluster. We demonstrate two experiments

that together provide a universal set of gates for universal multimode Gaussian quantum computa-

tion. The first experiment demonstrates universal one-mode Gaussian operations on a four-mode

cluster state. Here, universality is achieved with a combination of rotation and squeezing trans-

formations. The second experiment introduces a tuneable entanglement gate, a robust example of

a multimode gate. The gate is defined generally, and a proof of principle experiment follows. The

experiment involves two independent inputs and a resource three-mode cluster. The inputs are

coupled into and propagated through the cluster, with entanglement being teleported onto them

at the output. The entanglement gate is fully tuneable by the choice of measurements performed

on the cluster, and we verify the full range of entanglement strength on the output state for seven

different regimes.

While there are still many more issues that must be solved before the construction of a useful and

large-scale quantum computer is possible, this thesis has demonstrated important advances in two

areas: the scalability of entangled systems, and universal Gaussian operations.
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Chapter 1

Introduction

Quantum optics as a field of research is concerned with the quantum description of light waves. The

discovery of photon bunching in 1956 by Hanbury Brown and Twiss [1] invigorated the now rich

field of fundamental research. The modern theoretical framework of quantum optics was developed

by Roy J. Glauber in the early 1960s, with treatments on quantum coherence and explanations of

the Hanbury Brown-Twiss experiments [2]. Experimental quantum optics was born in the same

period with the invention of the first ruby laser by Theodoe H. Maiman [3], making coherent light

accessible in the laboratory. Squeezed light was demonstrated in the 1980s [4, 5] as a result of

investigations into non-linear optics spurred on by the development of powerful laser systems at

various wavelengths in the 1960s and 1970s. Alain Aspect provided evidence of the genuine ex-

istence of entanglement [6, 7] by experimentally demonstrating the violation of Bell’s inequalities

in 19821 [9, 10, 11]. The relative ease of producing squeezed light via parametric amplification

[12, 13] has led to entangled light now being routinely created deterministically in laboratories by

mixing and manipulating squeezed light.

Quantum entanglement, heralded as one of the fundamental signatures of quantum mechanics, has

remarkably turned out to be useful for quantum computation. Quantum computers will process

information units that are no longer abstract mathematical entities, as formulated by the pioneer

of information theory Claude Shannon [14], but rather truly physical objects that are described

by quantum mechanics. David Deutsch, who was first to offer a formulation of quantum infor-

mation in 1985 [15], remarked that not only is information physical, it is quantum physical. A

breakthrough in quantum computing came as recently as the turn of this century [16] with the the-

oretical development of measurement-based models, using entangled states with associated graphs

as universal resources for quantum computation. The resource states are cluster states, and rely

on quantum teleportation [17, 18, 19] for the propagation and arbitrary manipulation of quantum

states. With the invention of cluster state computing, quantum algorithms no longer rely on pre-

cisely controlled sequences of reversible gates, but rather the algorithms are dictated by the choice

of measurements on a previously prepared cluster state. In other words, the difficulty has been

shifted to the preparation of the cluster state, and once this resource is available the quantum

computation becomes much more feasible to implement than in the originally proposed circuit

model [20]. Quantum information science has propelled quantum optics into the spotlight, and

is by its own right a fascinating interdisciplinary field of research attracting physicists, informa-

tion scientists, and mathematicians. A rare and wonderful feature of optical quantum information

science is that it simultaneously allows for the investigations of fundamental concepts as well as

applications-based investigations that are paving the way for new forms of communication and

computation.

1Freedman and Clauser were first to violate Bell’s inequalities in the 1970s [8]. Aspect importantly introduced
timing constraints precluding signalling between parties.
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8 Introduction

1.1 Outline of the thesis

There are three parts to this thesis, as shown in figure 1.1. Part I introduces quantum optics broadly

and describes the relevant theory and experimental techniques that are necessary for understanding

the experimental chapters. Part II describes several experiments that all share the same common

goal; to demonstrate an architecture capable of entangling together a large number of quantum

modes of light. Part III investigates quantum computing using continuous-variable cluster states,

and showcases two demonstrations of measurement-based quantum computing protocols.

Introduction

Conclusions

Part I

Theoretical concepts and experimental 

techniques in quantum optics

Quantum theory of light

Experimental techniques for 

manipulating and measuring light

Digital control of optical elements

Part II

Scaling up entangled states of light

Programmable linear optics 

networks in one beam

Quantum spatial mode converter

Ultra-large temporal-mode cluster states

Part III

Quantum computation with

continuous variable cluster states

One-way Gaussian operations

for cluster computation

Tuneable entanglement for

multimode cluster computation

Theoretical overview of quantum

computing with cluster states

Figure 1.1: Structure of this thesis.

Part I: Theoretical concepts and experimental techniques in quantum optics

Chapter 2: Quantum theory of light. This review chapter details the necessary theoretical

framework and concepts required to understand the subsequent experiments presented in this the-

sis. After a brief look at some fundamental aspects of quantum mechanics, we explore some of the

more common quantum states of light that will be generated and manipulated in our experiments.
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We end the chapter with a treatment of cluster states, a particularly useful class of entangled states

that play a central role in part III of this thesis as well as in chapter 7.

Chapter 3: Experimental techniques for manipulating and measuring light. Chapter 3

provides a brief treatment of the main techniques used frequently in the experiments throughout

my PhD. Techniques related to the generation, control, manipulation, and detection of quantum

light are treated.

Chapter 4: Digital Control of optical elements. Chapter 4 explores three different digital

control suites developed in order to provide active feedback control to various optical elements and

devices. This chapter is included as quantum optics experiments are progressing in complexity

and more and more laboratories are implementing digital control in favour of analogue electronics

for certain tasks. All control suites were custom-written in the programming language of National

Instruments LabVIEW. The first two suites are treated very briefly, primarily to indicate inefficient

programming techniques that we must avoid, before spending considerable time detailing the third

control suite.

Part II: Scaling up entangled states of light

Chapter 5: Quantum spatial mode converter. In chapter 5 we investigate the spatial ma-

nipulation of a signal beam in order to match it to a realistic fixed detection system. We present

the experimental demonstration of a unitary spatial mode converter, which allows the arbitrary

spatial manipulation of squeezed light. The losses induced on the squeezed light are shown to be

due only to the passive optical loss and not from the mode converter itself. As a proof of principle

demonstration we spatially convert a squeezed TEM00 mode into the higher order TEM10, TEM20,

and TEM30 modes, and show that the converted modes still retain their quantum nature. Spatial

mode conversion can be generalised to mode mixing in one beam, leading to considerations of

spatially multiplexing different spatial modes of light.

Chapter 6: Programmable linear optics networks in one beam. In chapter 6 we build on

the techniques developed in chapter 5 and construct a device capable of emulating linear optics

networks. We include a full theoretical treatment of the virtual networks accessible via our scheme.

Our method relies on spatially multiplexing up to eight orthogonal modes of light on one beam,

and dictating a spatial basis at the time of detection. By employing multi-photodiode detectors

capable of detecting the beam in eight different regions, we measure up to eight-mode entanglement

and explore both the advantages and the limitations of the scheme. Although successful, we find

that there are many technological challenges that limit the potential extension of this scheme.

Chapter 7: Ultra-large temporal-mode cluster states. In chapter 7 we present the exper-

imental preparation of an ultra-large cluster state. The previous record for the largest entangled

state was 14 [21], and in this experiment we entangle more than 20,000 wave-packets of light to-

gether, beating the record by 3 orders of magnitude. Our technique follows a theoretical proposal

[22] and employs multiplexing in the time domain. We provide a detailed treatment of the gen-

erated state, which we name the dual-rail EPR-graph state, and explore the associated graph’s

entanglement structure. The quantum correlations that manifest between wave-packet temporal

modes is visualised by parametric plots and various quadrature amplitudes. Details are given on a

robust digital control scheme that facilitated a “sample and hold” scheme, which made it possible

to alternate between an active feedback control regime and a phase modulation free measurement

regime.
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Part III: Quantum computation with continuous variable cluster states

Chapter 8: Theoretical overview of quantum computing with cluster states. In chapter

8 we provide a theoretical treatment of continuous-variable cluster state computing. The ex-

periments that follow in subsequent chapters will provide a universal set of gates for multimode

Gaussian transformations, and as such the emphasis in this chapter is on Gaussian unitary opera-

tions. A summary of the most common Gaussian operations is provided before detailing quantum

teleportation in the framework developed in the chapter. It is shown that two sequential tele-

portations is sufficient to perform an arbitrary one-mode Gaussian operation, and this is derived

first for a cluster state, and then extended to the EPR basis in order to be compatible with the

dual-rail EPR-graph state generated in chapter 7. While the first half of the chapter is review,

the treatment of sequential teleportation is original research, albeit a modest extension of theory

developed at the Furusawa laboratories, at the University of Tokyo.

Chapter 9: One-way Gaussian operations for cluster computation. An experimental

demonstration of one-way Gaussian operations is presented in chapter 9. By utilising a four-mode

linear cluster state as a blank quantum circuit board, we showed that different Gaussian opera-

tions may be performed on an input state that is being teleported through the cluster, simply by

our choice of measurement basis. The measurements performed are homodyne measurements, and

the classical feed-forward channel necessary for implementing quantum teleportation is described.

The cluster state was chosen to be a four-mode linear cluster as this is the smallest resource state

that offers the requisite degrees of freedom to implement universal one-mode Gaussian operations

(which follows from the result derived in chapter 7). An input state is coupled to the four-mode

cluster and the Fourier transform operation is performed on the state as it is teleported through

the cluster. The output state is characterised and the fidelity of the operation is measured to be

F = 0.68.

Chapter 10: Tuneable entanglement for multimode cluster computation. In chapter 10

a new addition to the cluster state computing toolbox is introduced. A tuneable entanglement gate

is presented, and a rigorous theoretical derivation is provided. The gate provides a method for

coupling an arbitrary number of independent inputs into a cluster state, with the ability to tune the

entanglement of the output state after the state has been teleported through the cluster. This is a

robust example of a multimode gate, necessary for universal multimode Gaussian operations. After

the gate has been introduced, a proof of principle experiment is presented. Two arbitrary inputs

are coupled into a linear three-mode cluster state and propagated through with the entanglement

being teleported onto them. The tuneable entanglement gate is operated in seven different regimes,

corresponding to seven different strengths of entanglement that is teleported onto the two inputs,

appearing on the output state. The output states of the seven regimes are fully characterised

by measuring each covariance matrix and calculating the symplectic eigenvalues of the partially

transposed covariance matrices. Full tuneability of the entanglement strength is demonstrated,

and it is shown that even the ability to turn off the entanglement is possible.

Chapter 11: Conclusions: In the concluding chapter the research presented in this thesis is

summarised. A brief outlook is also presented with an emphasis on universal quantum computing,

and what further steps are necessary to achieve this ambitious goal.
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Overview

The first three chapters of this part of the thesis provide an introduction to the essentials of

performing experiments in quantum optics. The first chapter is a review of the theory of quantum

light, the second chapter explores experimental techniques and concepts, and the third chapter

presents details of digital control systems used to provide active feedback control of some of the

experimental apparatus. The treatment on digital control can be seen as an extension of the

experimental techniques chapter, and is included in this thesis for the following reason. Digital

control is becoming increasingly ubiquitous in modern day quantum optics labs, and yet it is still

difficult to access literature on efficient methods of designing and implementing digital control

suites. Further, at least two of the experiments presented in this thesis (the generation of the

dual-rail EPR-graph state, chapter 7, and the demonstration of the tuneable entanglement gate,

chapter 10) would simply not have been feasible without these digital control suites.

The theory presented in the first chapter is almost entirely in the continuous variables regime of

quantum optics. Further, there is an emphasis on Gaussian states of light, which play a central

role in this thesis due to being experimentally accessible. Remarkably, many of the essential and

fundamental features of quantum mechanics (such as entanglement) and quantum information

science (such as teleportation) are accessible by manipulating and measuring Gaussian states of

light. One reason for this is that Gaussian light can be remarkably well characterised. In fact,

a Gaussian state can be completely characterised by its first two statistical moments, which can

be measured with over 99 % efficiency using routinely available techniques, such as homodyne

detection.
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Chapter 2

Quantum theory of light

Here we provide the relevant quantum optics theory required to understand the experiments per-

formed in this thesis1. We begin with a brief treatment of quantum mechanics and establish the

formalism that will be used throughout the thesis. A review of the quantum harmonic oscillator

then leads into a detailed look at useful states of quantum light that are generated, manipulated,

and measured in the experiments that will be treated in the later chapters. Cluster states, a type of

entangled state useful for quantum computation, are introduced in the second half of this chapter,

as well as the stabiliser and nullifier formalism. Further theoretical background relevant to each of

the experiments performed is provided at the beginnings of subsequent experimental chapters.

2.1 States and operators

A pure quantum state |ψ⟩ is described by a vector that lives in Hilbert space. Any quantum state

can be expanded in an arbitrary basis such as {|mn⟩}n∈I ,

|ψ⟩ =
∑
n∈I

cn|mn⟩, where cn = ⟨mn|ψ⟩ , (2.1)

or for example in the position basis

|ψ⟩ =
∫
dx|x⟩c(x), where c(x) = ⟨x|ψ⟩ . (2.2)

An operator is defined as

Â ≡
∑
a

a|a⟩ ⟨a| (2.3)

with eigenvalues a for each of the eigenvectors |a⟩. An operator Â is Hermitian if Â† = Â

ensuring that the measurement results a are real.

2.1.1 Density matrix operator

When we have a system which can be found in several quantum states |ψn⟩ with probabilities pn,

we define the density matrix operator ρ̂ to describe this statistical ensemble of physical states:

ρ̂ =
∑
n

pn|ψn⟩ ⟨ψn| (2.4)

Any quantum state is fully characterised by its density matrix. When dealing with states that

exist in low-dimensional Hilbert spaces such as single or few photon states, density matrices are

1For further reading the reader is referred to the following references [23, 24, 25]
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typically used to investigate the state. In this thesis we deal with continuous-variables, and the

quantum states most often used2 live in infinite-dimensional Hilbert spaces. As this corresponds to

a density matrix which would contain infinite dimensions, we typically employ other representations

such as phase space representations of quadrature operators, and deal with the covariance matrix

of the state (see section 2.5).

2.1.2 Heisenberg picture and Schrödinger picture

There are two main formulations of quantum mechanics that differ only by a basis change with

respect to time dependency. In the Heisenberg picture the initial state does not evolve (time

independent), whereas the operators do evolve (time dependent). Conversely, in the Schrödinger

picture the operators do not evolve (time independent), whereas the initial state does evolve (time

dependent). Given a time independent Hamiltonian Ĥ, the unitary evolution operator Û(t) is used

in both the Heisenberg and Schrödinger representations. The time invariance of Ĥ implies that it

is a conserved quantity and represents energy [23].

The evolution operator is given as

Û(t) = e−
i
~ Ĥt, (2.5)

with the requirements i~dÛ
dt = ĤÛ and Û(t0) = 1.

The evolutions of both operators and states in either representation is summarised below:

Schrödinger Heisenberg

State |ψ(0)⟩ → |ψ(t)⟩ = Û(t)|ψ(0)⟩ |ψ(0)⟩ → |ψ(0)⟩
Operator Â→ Â Â→ Â(t) = Û(t)†ÂÛ(t)

2.2 The Heisenberg uncertainty principle

The first few decades of the 20th century witnessed a remarkable shift in the accepted scientific no-

tions of the day. Quantum mechanics was formualted in the 1920s largely in Göttingen, and Copen-

hagen, led by physicists such as Werner Heisenberg, Niels Bohr, Paul Dirac, Erwin Schrödinger,

Albert Einstein, and Max Born. In 1927 Werner Heisenberg presented the famous Heisenberg

uncertainty principle which states that complete knowledge about a system is impossible to obtain

[26]. More precisely, there is a fundamental limit as to how well one can simultaneously measure

two non-commuting variables.

The uncertainty principle dictates that for two non-commuting observables Â and B̂ the prod-

ucts of their variances are bound as

⟨(∆Â)2⟩⟨(∆B̂)2⟩ ≥ 1

4
|⟨[Â, B̂]⟩|2 (2.6)

where the variance of a given observable Â for a quantum state is given by

⟨(∆Â)2⟩ ≡ ⟨(Â− ⟨Â⟩)2⟩ = ⟨Â2⟩ − ⟨Â⟩2, (2.7)

with the brackets denoting expectation values: ⟨Â⟩ = ⟨ψ|Â|ψ⟩ and ⟨Â2⟩ = ⟨ψ|Â2|ψ⟩.

The commutator is defined for two Hermitian operators Â and B̂ as

[Â, B̂] ≡ ÂB̂ − B̂Â = Ĉ (2.8)

2for example: coherent states, squeezed states, entangled states, and cluster states.
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where Ĉ is an anti-Hermitian operator with Ĉ† = −Ĉ. For two non-commuting variables such

as the position and momentum of a particle, |C| > 0.

The Heisenberg uncertainty principle sets an absolute bound on the maximum precision to

which we can simultaneously know two non-commuting observables. The currently accepted in-

terpretation of this is that the observables themselves do not exist with any better precision than

dictated by the uncertainty principle. A direct consequence of this is the superposition principle,

which allows several different outcomes to exist simultaneously, until a measurement projects the

state and returns one measurement outcome. This in turn forms the basis of entanglement. In this

thesis we investigate the ability to infer information, steer measurement outcomes, and perform

measurement-based quantum computations, all as a consequence of different types of entanglement.

2.3 Hamiltonian of a quantum harmonic oscillator

The Hamiltonian of a single quantum mode in a harmonic oscillator is given by

Ĥ = ~ω(n̂+
1

2
), (2.9)

for a frequency ω, and occupation number operator n̂. This may also be written as

Ĥ =
P̂ 2

2m
+

1

2
mω2X̂2. (2.10)

with position and momentum operators X̂ and P̂ , respectively. In quantising the electro-

magnetic field a pair of normalised non-commuting operators x̂ and p̂ are commonly introduced,

referred to as quadrature operators

x̂ ≡
√
mω

2~
X̂, p̂ ≡ 1√

2~mω
P̂ . (2.11)

This allows us to re-write the quantum harmonic oscillator in terms of an electromagnetic

oscillator

Ĥ =
~ω
2
(x̂2 + p̂2) (2.12)

where a single quantum mode is an oscillator with position x̂ and momentum p̂.

2.4 Useful states of quantum light

Here we introduce the quantum states of light that are generated, manipulated, and have mea-

surements performed on them in this thesis.

2.4.1 Photon number states

The Hermitian photon number operator n̂ has eigenstates |n⟩, such that

n̂|n⟩ = n|n⟩ (2.13)

where n = 0, 1, 2, . . . ,∞ is the number of photons present in the state |n⟩. In general n gives

the occupation or excitation number of the harmonic oscillator. Photon number states are physical

states that could in principle be prepared perfectly in the lab. The number operator is defined in
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terms of raising and lowering operators, as

n̂ ≡ â†â (2.14)

The non-Hermitian operators â† and â have the following Bose commutation relation

[â, â†] = 1. (2.15)

In the context of quantum optics the lowering operator â removes one photon from the state

and is referred to as the annihilation operator. Conversely the raising operator â† adds one photon

to the state and is termed the creation operator,

â|n⟩ =
√
n|n− 1⟩, â†|n⟩ =

√
n+ 1|n+ 1⟩. (2.16)

Vacuum state

The eigenvector |0⟩ with eigenvalue n̂|0⟩ = 0 defines the ground state of the harmonic oscillator

and is termed the vaccum state, also satisfying â|0⟩ = 0. The ground-state (zero-point) energy

of the oscillator is 1
2~ω and importantly is non-zero. This zero-point energy arises from vacuum

fluctuations, sometimes referred to as quantum noise. The vacuum state is a minimum uncertainty

state.

Photon number states from vacuum

Starting from the ground state we may obtain any of the number states n̂ by successively applying

the creation operator â†,

|n⟩ = (â†)n√
n!

|0⟩ (2.17)

The number operator has a discrete, countable spectrum and is indicative of a particle repre-

sentation in the quantum oscillator. The number states form an orthonormal basis ⟨n|m⟩ = δnm
as well as being complete,

∑
n |n⟩ ⟨n| = 1.

2.4.2 Quadrature states

A single mode of the electric field operator for a single polarisation is given by [24]

Êk(r, t) = E0[âke
i(k·r−ωkt) + â†ke

−i(k·r−ωkt)], (2.18)

for position r and wave vector |k| = ωk

c . This may also be represented

Êk(r, t) = E0[x̂k cos(ωkt− k · r) + p̂k sin(ωkt− k · r)]. (2.19)

Here we have two operators x̂ and p̂ that represent the in-phase and out-of-phase components

of the electric field amplitude, respectively. These are the position and momentum operators of

the quantum harmonic oscillator (equation (2.12)) and have nothing to do with the position and

momentum of the photons. They are termed quadrature operators and represent the real and

imaginary components of the annihilation and creation operators

â =
1√
2~

(x̂+ ip̂), â† =
1√
2~

(x̂− ip̂), (2.20)

x̂ =

√
~
2
(â+ â†), p̂ = −i

√
~
2
(â− â†). (2.21)
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The rotated quadrature operators are also defined here, given as:

x̂θ = x̂ cos(θ) + p̂ sin(θ), and p̂θ = p̂ cos(θ)− x̂θ sin(θ). (2.22)

While the annihilation and creation operators are not measurable, since they are non-Hermitian,

the phase quadrature operators x̂ and p̂ are Hermitian operators and have associated eigenvector

bases {|x⟩}x∈R and {|p⟩}p∈R. The eigenstates form an uncountably infinite basis, consistent with

an unbounded and continuous spectrum of amplitude and phase values of the harmonic oscillator.

For this reason x̂ and p̂ are also sometimes referred to as the amplitude and phase quadrature

operators. This is indicative of a wave interpretation of the harmonic oscillator, complementary

to the particle interpretation we encountered earlier with the photon number states.

The eigenvector relationship is given by

x̂|x = a⟩ = a|x = a⟩, p̂|p = b⟩ = b|p = b⟩ (2.23)

and they have the following commutation relation

[x̂, p̂] = i~ (2.24)

and in this thesis we set ~ = 1
2 .

It follows that the phase quadrature operators have the following uncertainty relation

⟨(∆x̂)2⟩⟨(∆p̂)2⟩ ≥ 1

4
|⟨[x̂, p̂]⟩|2 =

1

16
. (2.25)

The bases are orthogonal: ⟨x|x′⟩ = δ(x− x′) and ⟨p|p′⟩ = δ(p− p′), and complete,∫ +∞

−∞
dx|x⟩ ⟨x| =

∫ +∞

−∞
dp|p⟩ ⟨p| = 1. (2.26)

Note that although the bases are orthogonal they are not orthonormal as for example the

photon number basis is. This is due to the quadrature states being un-normalisable and hence

un-physical. A perfect eigenstate of a quadrature operator would require infinite energy, as its

value would be fixed precisely for all values in the conjugate phase space. For this reason they

fundamentally cannot be generated experimentally, and approximate states are generated instead.

The x and p quadrature eigenstates are related to each other by the Fourier transformation

|x⟩ = 1

π

∫ +∞

−∞
e−2ixp|p⟩dp, |p⟩ = 1

π

∫ +∞

−∞
e+2ixp|x⟩dx. (2.27)

2.4.3 Coherent states

Coherent states |α⟩ are the output states of an ideal laser source, and are the quantum states

closest to a classical description of wave-like states of the electromagnetic oscillator. They were

first introduced by Roy Glauber3 [27].

Coherent states are eigenstates of the annihilation operator:

â|α⟩ = α|α⟩, (2.28)

where the eigenvalues α are complex, due to the annihilation operator â being non-Hermitian.

The mean photon number of a coherent state |α⟩ is given by

⟨α|n̂|α⟩ = ⟨α|â†â|α⟩ = |α|2, (2.29)

3For which he won the 2005 Nobel Prize in Physics.
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so that the mean energy of |α⟩ is given by

⟨Ê⟩ = ⟨α|â†â+ 1

2
|α⟩ = |α|2 + 1

2
. (2.30)

We now introduce the displacement operator D̂ in order to understand the relationship between

a coherent state and the vacuum state. The displacement operator is defined as:

D̂(α) = e(αâ
†−α∗â) = e(2ipαx̂−2ixαp̂), (2.31)

where α = xα + ipα. The displacement operator is unitary, as i
(
αâ† − α∗â

)
is Hermitian.

Acting on â with D̂ displaces the amplitude by the complex number α:

D̂†(α)âD̂(α) = â+ α, (2.32)

and we see that phase space displacements are given on the quadrature operators as:

D̂†(α)x̂D̂(α) = x̂+ xα, and D̂†(α)p̂D̂(α) = p̂+ pα. (2.33)

Finally we see that the coherent state may be viewed as a displaced vacuum state:

|α⟩ = D̂(α)|0⟩. (2.34)

From this we can see that the coherent state is also a minimum uncertainty state. The variance of

the vacuum state is equal to the variance of the coherent state, and is given by:

⟨(∆x̂(0))2⟩ = ⟨(∆x̂(α))2⟩ = ~
2
=

1

4
. (2.35)

2.4.4 Squeezed states

Squeezed light may be viewed as the optical incarnation of the manipulation of the Heisenberg Un-

certainty Principle. It is possible to create quantum states of light that have quantum fluctuations

in one quadrature below the standard quantum limit4, at the expense of an increase in fluctuations

in the conjugate quadrature. Such a state is a squeezed state of light.

The squeezing operator Ŝ(r) is unitary, is parametrised by the real number r, and is defined as

Ŝ(r) = e(
r
2 (â

2−â†2)). (2.36)

The squeezing operator acting on â gives

Ŝ†(r)âŜ(r) = â cosh(r)− â† sinh(r), (2.37)

and the squeezing operator acting on the quadrature operators gives

Ŝ†(r)x̂Ŝ(r) = e−rx̂, and Ŝ†(r)p̂Ŝ(r) = e+rp̂. (2.38)

We interpret the squeezing operator Ŝ(r) as an evolution operator (equation (2.5)) describing

the result of the following interaction Hamiltonian that is quadratic in the creation and annihilation

operators[23]:

Ĥint = χ(2)
(
b∗â2 − bâ†2

)
. (2.39)

4Defined as the variance of the vacuum state
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The product of the amplitude b, the coupling constant χ(2) and the interaction time is encap-

sulated in the squeezing parameter r. In the vast majority of quantum optics experiments, and

certainly in every experiment detailed in this thesis, squeezed light is produced by the process of

degenerate parametric amplification, following the interaction described in equation (2.39). In our

experiments we use crystals that have high non-linear coefficients such as lithium niobate (LiNbO3)

and potassium titanyl phosphate (KTP) inside a cavity in order to enhance the interaction.

The cavity containing the non-linear crystal is referred to as a optical parametric amplifier (OPA)

or optical parametric oscillator (OPO) depending on whether or not a seed beam is injected, and

both devices are pumped by a strong beam with amplitude |b|. In a degenerate parametric ampli-

fication procress, pump photons of frequency 2ω are converted into pairs of photons of frequency

ω. If the pairs of photons are not at the same frequency the process is non-degenerate and the

pair of photons will be entangled in frequency. As we will see in subsequent experimental chapters

entangled light is generated by mixing squeezed light together, which can be understood intuitively

by understanding that squeezed light is the mixture of degenerate entangled light.

An OPO produces squeezed vacuum states:

|s = r⟩ = Ŝ(r)|0⟩, (2.40)

and an OPA produces displaced squeezed vacuum states:

|α, s = r⟩ = D̂(α)Ŝ(r)|0⟩. (2.41)

The variances of the squeezed states are given as:

⟨(∆x̂)2⟩ = e−2r⟨(∆x̂(0))2⟩, and ⟨(∆p̂)2⟩ = e+2r⟨(∆p̂(0))2⟩. (2.42)

2.5 Gaussian states

All of the quantum states of light manipulated in the experiments described in this thesis have

exactly Gaussian shaped Wigner functions. By definition these are Gaussian states, and are for

example the vacuum states, coherent states, squeezed states, EPR states, GHZ-like states, and

cluster states.

2.5.1 Wigner formalism

There are many ways to represent continuous-variable quantum states in phase space. One partic-

ularly elegant quasi-probability distribution is the Wigner function, originally formulated in order

to implement quantum corrections to classical laws [28]. The Wigner function is uniquely defined

from the density matrix operator ρ to provide a classical-like phase space distribution in quantum

mechanics:

W (x, p) =
1

2π

∫ +∞

−∞
eixy⟨p+ y

2
|ρ̂|p− y

2
⟩dy. (2.43)

TheWigner function is real for Hermitian operators ρ,W ∗(x, p) =W (x, p), and can be extended

to a two-mode Wigner function W1,2(x1, p1, x2, p2) which describes the subsystems (x̂1, p̂1) and

(x̂2, p̂2). The overlap formula is given by:

tr{Â1Â2} = 2π

∫ +∞

−∞

∫ +∞

−∞
W1(x, p)W2(x, p)dxdp, (2.44)

for arbitrary operators Â1 and Â2, and corresponding Wigner functions W1(x, p) and W2(x, p),

respectively, from which we may calculate expectation values and transition probabilities between
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the pure states |ψ1⟩ and |ψ2⟩.

The Wigner function for a vacuum state is given by the Gaussian distribution:

W|0⟩(x, p) =
1

π
e(−x

2−p2), (2.45)

and the Wigner functions for the position and momentum eigenstates are given as:

W|x=a⟩ = δ(x− a), and W|p=b⟩ = δ(p− b), (2.46)

respectively.

2.5.2 Covariance matrix

Any Gaussian state can be fully described by their first and second statistical moments of the

quadrature operators x̂ and p̂. The first order moments are the quadrature amplitudes and are

arbitrarily adjusted by local unitary operations such as displacements in phase space, see equa-

tion (2.31). The second order moments are given by the Gaussian covariance matrix Γ defined

by:

Γ =
1

2

(
⟨(∆x̂)2⟩ ⟨(∆x̂∆p̂)⟩
⟨(∆x̂∆p̂)⟩ ⟨(∆p̂)2⟩

)
. (2.47)

The Wigner function of any Gaussian state can be written using the Gaussian covariance matrix

Γ [29]:

W (R) =
1

π
√
DetΓ

e−
1
2RΓ−1RT

, (2.48)

for a real phase-space vector R = (x1, p1, · · ·xN , pN ).

We return to Gaussian states and Gaussian operations in Part III of this thesis when we explore

measurement-based quantum computations.

2.6 Cluster states

Cluster states are a type of entangled state that have the remarkable property of being robust to

local measurements. Stated another way, a subsystem within the cluster may remain entangled

even when other subsystems are measured. This is in stark contrast to other multipartite entan-

gled states such as the GHZ or W states, where a measurement on any subsystem will collapse

the entire state. This will become conceptually clear when we describe cluster states as being

associated with graphs.

There are two very nice consequences of this entanglement structure, which form the basis of

Parts II and III of this thesis, respectively.

• Scalability: The amount of squeezing required does not grow with the size of the cluster

state, and only depends on how many local entanglement links there are in each subsystem.

This is quite remarkable, as other states such as the GHZ state require larger levels of

squeezing as the entangled state grows. Experiments investigating the scalability of entangled

states comprise the 4 chapters in part II of this thesis.
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• Quantum Computing: Local measurements on the cluster do not destroy the entanglement

in other subsystems, instead they project the rest of the cluster into a different state. The

projection is dependent on the measurement basis, and this forms the basis of measurement-

based quantum computing, which is a universal quantum computing architecture. A review of

this method of quantum computing, as well as 2 experiments demonstrating implementations

of cluster state computing are presented in part III of this thesis.

2.6.1 Generating cluster states

In 2001 Raussendorf and Briegel presented a formulation of cluster states in the context of

measurement-based quantum computing [16]. We provide a full treatment of this in chapters 8, 9,

and 10. For now we detail how these cluster states are generated.

Qubits

First we define qubits, which are necessary in the formulation of discrete-variables cluster states.

Qubits live in a two-dimensional Hilbert space, and are the fundamental unit of information typ-

ically used in quantum information processing. A general pure qubit state can be represented

as

|ψθ,ϕ⟩ = cos(
θ

2
)|0⟩+ sin(

θ

2
)eiϕ|1⟩. (2.49)

Stated another way, a qubit can either be in state |0⟩, or |1⟩, or in an arbitrary superposition

of these two states |ψ⟩ = α|0⟩+ β|1⟩, with |α|2 + |β|2 = 1.

Discrete-variables

In the original formulation, the generation of cluster states were presented in a discrete-variables

setting (in a finite-dimensional Hilbert space), as follows.

• Initialise a number of qubits in the state |+⟩ = 1√
2
(|0⟩+ |1⟩).

• Apply controlled phase gates (two-qubit entangling gate) between any two qubits that you

wish to form into a cluster state.

The resulting cluster state will have an associated graph comprised of a set of vertices (qubits)

and a set of edges. Two qubits are neighbours if there exists an edge that connects them.

Continuous variables

Cluster states were reformulated for continuous variables in 2006, pioneered by Michael Nielsen [30],

Jing Zhang [31], and Nicolas Menicucci [32]. Essentially, the formulation comprises of replacing

the discrete-variable elements with continuous-variable analogues, as follows.

• Initialise a number of quantum modes (qumodes) in momentum-squeezed states |p = 0⟩.

• Apply CZ = e2ix̂1x̂2 gates between |p = 0⟩ qumodes in order to entangle them.

The CZ gate is a type of quantum non-demolition (QND) interaction, and is quite difficult to

implement experimentally due to the need of online squeezing [33].

An alternative method for cluster state generation is given by a concatenation of offline squeez-

ers and linear optics, as formulated by Peter van Loock using Bloch-Messiah reduction [34]. These

are referred to as Gaussian cluster states, as opposed to the original canonical formulation, and

are the states treated extensively in Part III of this thesis.
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2.6.2 Stabilisers

An operator M̂ is a stabiliser operator of state |ψ⟩ if |ψ⟩ is an eigenstate of M̂ with unit eigenvalue:

M̂ |ψ⟩ = |ψ⟩. For example, the stabiliser operator of the vacuum state is given by the exponentiated

mode operator â,

eâ|0⟩ = ex̂+ip̂|0⟩ = |0⟩. (2.50)

Note that even though â is non-Hermitian and eâ is non-unitary, eâ is nonetheless a stabiliser

of |0̂⟩, returning a unit eigenvalue.

Weyl-Heisenberg displacement operators

We now introduce two important operators and observe their actions on the quadrature states.

The position displacement Weyl-Heisenberg (WH) operator X̂(s) and the momentum displace-

ment WH operator Ẑ(s) are given by

X̂(s) ≡ e−2isp̂, and Ẑ(s) ≡ e2isx̂, respectively. (2.51)

They each impart a displacement when acting on their own space and have the following actions:

X̂(s)|x = a⟩ = |x = a+ s⟩, X̂(s)|p = b⟩ = e−2isp|p = b⟩ (2.52)

Ẑ(s)|p = b⟩ = |p = b+ s⟩, Ẑ(s)|x = a⟩ = e2isx|x = a⟩ (2.53)

Stabilisers for cluster states

A quantum state |ψ⟩ may be specified by the generators of its stabiliser group, which turns out

to be a useful formalism when describing cluster states. An arbitrary continuous-variable cluster

state has the following stabilisers,

X̂a(sa)
∏
b∈Na

Ẑb(sb). (2.54)

where the modes a represent the vertices of graph associated with the cluster state, and b ∈ Na
represent the nearest neighbours of mode a, i.e modes a and b are directly linked by an edge in

the graph representing a CZ gate.

Expanding the displacement Weyl-Heisenberg operators (equation (2.51)) we arrive at

e−2isap̂a
∏
b∈Na

e−2isax̂b = e−2isa(p̂a−
∑

b∈Na
x̂b), (2.55)

such that when applied to a cluster state |C⟩, the stabiliser condition gives

e−2isa(p̂a−
∑

b∈Na
x̂b)|C⟩ = |C⟩. (2.56)

2.6.3 Nullifiers

The nullifier formalism first appeared in Mile Gu’s thesis [35], and offers a useful variation of the

stabiliser formalism, by recognising that the group of stabilisers is conveniently described by its

Lie algebra, the space of operators Ĥ such that Ĥ|C⟩ = 0. Every stabiliser is the exponential of a

nullifier. This results in the set of nullifiers for ideal cluster states to be defined as
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Ĥa = p̂a −
∑
b∈Na

x̂b (2.57)

where an ideal cluster state assumes infinite squeezing, and is therefore unphysical. There-

fore, we define cluster states as multimode Gaussian states for which the following quadrature

combinations become perfect in the limit of infinite squeezing,

p̂a −
∑
b∈Na

x̂b → 0. (2.58)

Approximate cluster states

As mentioned previously, ideal cluster states require infinite squeezing and are thus physically

impossible to generate experimentally. Graphical calculus developed by Nicolas Menicucci [36]

provides an elegant formalism for describing approximate cluster states, which we will visit in

chapter 7. Any Gaussian pure state |ψZ⟩ satisfies a set of exact nullifier relations based on its

associated complex symmetric matrix Z,

(p̂− Zx̂) |ψZ⟩ = 0, (2.59)

where p̂ = (p̂1, ..., p̂n)
T and x̂ = (x̂1, ..., x̂n)

T are column vectors of the p and x quadrature

operators, respectively [36, 37], and Z = iU+V where U = UT and V = VT are real and U > 0.

Nullifiers of common states

The nullifier for a vacuum state |0⟩ is simply the annihilation operator â,

â|0⟩ = 0. (2.60)

Let’s verify that we arrive at this from the graphical calculus of equation (2.59). The complex

matrix Z associated with n vacuum states is given by Z = iI [36] so that we get
p̂1
p̂2
...

p̂n

 =


i 0 · · · 0

0 i · · · 0
...

...
. . .

...

0 0 · · · i




x̂1
x̂2
...

x̂n




|0⟩1
|0⟩2
...

|0⟩n

 = 0 (2.61)

which leaves us with a vector of nullifiers that is a vector of annihilation operators â.

The momentum squeezed state is nullified simply by the momentum operator,

p̂|p = 0⟩ = 0, (2.62)

and linear combinations of nullifiers are also nullifiers,

(a+ b)p̂|p = 0⟩ = ap̂|p = 0⟩ = bp̂|p = 0⟩ = 0. (2.63)

We define the EPR state |ψEPR⟩ as the quantum state nullified by the set {x̂1 − x̂2, p̂1 +

p̂2, x̂2 − x̂1, p̂2 + p̂1} so that we have:

x̂1 − x̂2|ψEPR⟩ = p̂1 + p̂2|ψEPR⟩ = 0. (2.64)
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2.7 Statistics of quantum light

Photon number distributions

Coherent states and vacuum states have a Poissonian photon number distribution, meaning that

the probability of counting n photons is given by a Poissonian. It follows then that on average |α|2
photons will be present in a coherent state |α⟩, and the standard deviation of the photon number

is ∆n = |α|. It is a consequence of the Poissonian distribution that means the photon distribution

of a coherent state is entirely random.

Quadrature amplitudes

The quadrature probability distributions of coherent states and vacuum states are Gaussian. This

is apparent by viewing the position and momentum wavefunctions:

ψα(x) = π− 1
4 e

(
− (x−x0)2

2 +ip0x− ip0x0
2

)
, (2.65)

ψα(p) = π− 1
4 e

(
− (p−p0)2

2 +ix0p− ip0x0
2

)
, (2.66)

respectively.

2.8 Summary

We have provided a brief treatment of the theoretical concepts required to understand quantum

optics. Useful quantum states of light have been introduced, as well as several methods that will

be used throughout the thesis to analyse them. Chapter 8 extends the review presented in this

chapter with a focus on the manipulation of quantum information. This will be in the context

of Gaussian operations on continuous-variables cluster states. In the next chapter we will explore

some common experimental techniques for quantum optics research in the laboratory.



Chapter 3

Experimental techniques for

manipulating and measuring light

Figure 3.1: A typical high performance quantum optics lab. We see two optical benches sur-

rounded by an organised chaos of electronics. This particular laboratory belongs to the Furusawa Group

at the University of Tokyo, Japan.

The experiments detailed in this thesis involve the precise control, manipulation, and detection

of laser light, followed by a statistical analysis of the measured parameters. A typical experiment

will be conducted on a bench that is around two square meters in area, containing several hundred

optical elements such as mirrors, beam-splitters, lenses, and crystals. Electronics - both off the

shelf and custom made - are employed extensively in order to control the optical elements. For

example the precise position of a mirror is voltage controlled, and the refractive index of a crystal

is modulated electronically in order to modulate the amplitude or phase of the light that is passing

through it. An experiment might take between three months to one year depending on the difficulty.

In this chapter we outline some of the more important ideas and techniques that are recurring in

the thesis. Each experimental chapter will contain a treatment of the experimental apparatus and

techniques relevant to the particular demonstration.

29
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3.1 Laser light

3.1.1 Department of Quantum Science, The Australian National Uni-
versity: 1064 nm

Figure 3.2: Diablo laser from Innolight. a) Both the fundamental and the second harmonic (SHG)

wavelengths are generated in the Diablo laser system. b) Two diodes pump an Nd:YAG crystal to produce

1064nm light.

The experiments conducted at the Autralian National University were with the Quantum Imag-

ing Group under the supervision of Professor Hans Bachor, as well with the Quantum Optics group

under the supervision of Professor Ping Koy Lam, both within the Department of Quantum Sci-

ence. These experiments were based on an Innolight Diablo Nd:YAG producing laser light at both

the fundamental 1064 nm and the second harmonic at 532 nm. This ultrastable continuous-wave

dual wavelength laser is all-solid-state and diode-pumped. The Diablo features a monolithic non-

planar ring geometry (NPRO) cavity which is the source of the high stability in frequency, and

the full-width at half maximum linewidth of the laser is less than 1 kHz. The resonant relaxation

oscillation of the laser has a peak at around 1 MHz and couples noise into its power spectrum.

The peak frequency of 1 MHz can be regarded as the atomic cycling frequency from the ground

state of the Nd:YAG energy level system to the laser level. A noise eater is employed within the

Diablo system that supresses this laser noise by 25 dB electronically.

The output power at 1064 nm is around 180 mW , while there is 1 W of power at 532 nm. The sec-

ond harmonic field at 532 nm is generated within the Diablo system in an internal second harmonic

generation cavity employing a lithium niobate crystal. This doubler utilises phase modulation at

12 MHz generated via an electro-optic-modulator (EOM) in order to keep the cavity on resonance

and maintain stability using active feedback in a Pound-Drever-Hall (PDH) configuration.

3.1.2 Department of Applied Physics, The University of Tokyo: 860 nm

The experiments conducted at the University of Tokyo were with the Cluster State Group under

the supervision of Professor Akira Furusawa at the Deparment of Applied Physics. The three

experiments performed in Tokyo utilised a continuous-wave titanium sapphire laser producing light

at the fundamental wavelength of 860 nm from the Scottish company M Squared Lasers. A 10 W

laser-diode pumped and frequency-doubled Nd:YVO4 laser from Coherent, the Verdi-V10, is used

to pump the SolsTiS-SRX which produces around 2 W of 860 nm laser light in the fundamental

TEM00 Gaussian mode. Unlike the Diablo laser used at the Australian National University, the
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Figure 3.3: SolsTiS laser from M Squared. Source: SolsTiS data sheet (June 2013).

SolsTiS requires an external cavity for producing the second-harmonic field, and this is done by

employing a KNbO3 crystal in a bow-tie cavity.

3.1.3 Hermite Gaussian modes

This is a particularly useful spatial basis of light for most quantum optics experiments, as the

Hermite-Gaussian modes span a basis of spatial modes that are resonant in optical cavities. Note

that this is true for any mode basis part of the Ince-Gauss family, for example the well-known

Laguerre-Gauss basis. The difference between the Hermite-Gaussian and Laguerre-Gaussian fam-

ilies is rectangular symmetry and rotational symmetry, respectively, along the propagation axis.

The fundamental mode of the Hermite-Gaussian basis describes the fundamental output beam of

a laser, denoted as TEM00. Any mode TEMmn in this basis is described by the following:

TEMmn(x, y, z) =
Cmn

ω(z)
Hm

(√
2x

ω(z)

)
Hn

(√
2y

ω(z)

)
exp[−x

2 + y2

ω(z)2
+ ik0

x2 + y2

2R(z)
− i(n+m+1)ΦG(z)]

(3.1)

where

Cmn =
(
π2n+m+1n!m!

)− 1
2 , (3.2)

ω(z) = ω0

√
1 +

(
z

zR

)2

, (3.3)

R(z) = z +
z2

zR
, (3.4)

zR =
πω2

0

λ
, (3.5)

ΦG(z) = arctan

(
z

zR

)
. (3.6)

The beam is propagating along the z axis. The wavelength of light is represented by λ, and in

our experiments λ ranges between 430 nm and 1064 nm. ω0 is the beam waist radius (typically

on the order of µm to mm), z is the distance propagated along the z axis from the waist, and zR
is the Rayleigh range. ΦG(z) is the Guoy phase shift with respect to the fundamental mode and

Hm is the mth degree Hermite Polynomial, which are usually given by the following recurrence

relation
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H0(x) = 1, H1(x) = 2x, Hn+1 = 2xHn(x)− 2nHn−1x. (3.7)

ω(z) represents the beam radius when n = m = 0, that is, for TEM00. For TEMmn with

non-zero m, n, ω(z) does not represent the radius as the spatial extension of the mode increases

as m, n go to higher orders. There will be m and n zeros on the x and y axes respectively. This

corresponds to m+1 and n+1 lobes along the respective axes. Figure 3.4 displays the transverse

profiles of several TEM modes for three arbitrary m and n values. The vertical axis represents the

normalised electrical field envelope, and the colouring is included simply as a guide to the eye.

Figure 3.4: Transverse profiles of three TEM modes. The vertical axis represents the normalised

electrical field envelope. Source [38].

3.2 Beam-splitters

The humble beam-splitter is a simple yet crucial optical element used extensively for mixing to-

gether beams of light. Linear optics networks are built around a concatenation of beam-splitters.

The beam-splitter is essentially a piece of glass with coatings. There are four ports to a beam-

splitter: two inputs and two outputs, as seen in Fig 3.5.

â1

â2

â
′

1

â
′

2

Figure 3.5: A beam-splitter with input modes â1, â2, and output modes â′1, â
′
2.

In classical optics, the complex amplitudes α1 and α2 are mixed through the following linear

transformation: (
α′
1

α′
2

)
= B

(
α1

α2

)
=

(
B11 B12

B21 B22

)(
α1

α2

)
. (3.8)

In quantum optics, the linear transformation has the same relationship [23]. By replacing the

complex amplitudes by the annihilation operators â1 and â2 we obtain:
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(
â′1
â′2

)
= B

(
â1
â2

)
=

(
B11 B12

B21 B22

)(
â1
â2

)
. (3.9)

The beam-splitter matrix B is unitary, and obeys the following:

|B11|2 + |B12|2 = |B21|2 + |B22|2 = 1, B11B
∗
21 +B12B

∗
22 = 0. (3.10)

The action of the beam-splitter is given in the Heisenberg picture by the unitary operator B̂

and the following input-output relationship:(
â′1
â′2

)
= B̂

(
â1
â2

)
B̂† = B

(
â1
â2

)
. (3.11)

One of the beam-splitter matrix elements Bij will represent a π phase shift due to the con-

servation of energy in wave mechanics. In this thesis we use the following notation to denote the

orientation of the beam-splitter1:

B(1)(
√
r) =

(
−
√
r

√
t√

t
√
r

)
, B(2)(

√
r) =

( √
t −

√
r√

r
√
t

)
, (3.12)

B(3)(
√
r) =

( √
t

√
r

−
√
r

√
t

)
, B(4)(

√
r) =

( √
r

√
t√

t −
√
r

)
, (3.13)

where r denotes the reflectivity and t = 1 − r denotes the transmission of the beam-splitter.

An important feature of the beam-splitter is that it is always a four-port device. Even if only one

beam is incident, the unused input port will couple in a vacuum state (section 2.4.1). This rather

profound quantum artefact is routinely used by experimentalists to model passive optical losses,

as we see for example in section 5.2.3.

3.3 Optical cavity parameters

Optical cavities are used extensively in quantum optics experiments. In the experiments presented

in this thesis, they are predominantly used for spectral and spatial mode cleaning, as well as for

power enhancement to improve the effective non-linearity during optical parametric amplification.

Many wonderful treatments exist for both the classical and quantum behaviours of cavities and

the reader is referred to references [40, 41, 25]. Here we simply define the key parameters used to

characterise cavities.

Finesse

The finesse is a measure of how efficiently the cavity resonates. An intuitive physical description

is that this is equivalent to the number of round trips the photons will do of the cavity before

exiting. The Finesse of a cavity with relatively high reflecting mirrors is defined as [42]:

F =
π
√
r

1− r
, (3.14)

where r is defined as the product square root of the three reflectivity coefficients which are

sources of cavity decay:

1There is unnecessary ambiguity that arises from the usual beam-splitter notation. For linear optics networks
containing numerous beam-splitters it helps to be precise about the location of the π phase shift for modelling
purposes. The notation used here follows that of reference [39].
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r =
√
Rl ×Rin ×Rout, (3.15)

with the input and output couplers denoted by in and out, and optical loss denoted by l.

Free spectral range

The Free spectral range (FSR) of the cavity represents a measure of the spacing between resonances

and is given as:

FSR[Hz] =
c

L
, (3.16)

where L is the optical path length of one round trip of the cavity and c is the speed of light.

Note that the optical path length is equal to the physical path length of the cavity with relevant

paths multiplied by the refractive indices of the materials which are present in the cavity. This is

important for example when considering cavities that contain crystals inside, such as the optical

parametric amplifiers and optical parametric oscillators detailed in the experimental chapters.

Linewidth

In this thesis we define the linewidth of the cavity to be the full width at half maximum (FWHM)

of the resonance peak. The FWHM is a measure of the bandwidth of each resonance of the cavity,

and is defined as the ratio between the FSR and the finesse, F :

δl[Hz] =
FSR

F
(3.17)

The bandwidth of the cavity is important when considering how to define our quantised optical

modes (qumodes) in experiment. For example, sideband encodings in the low MHZ are typically

used in quantum optics experiments and this does not require bandwidths exceeding 10 to 20

MHz. However, for multimode wave-packet encodings of qumodes, used for example in chapter 7,

and references [43, 44], larger bandwidths are necessary in order to extract an optimal amount of

squeezing. This is due to the qumode being defined over several MHz, rather than the tens of kHz

in sideband encodings, and the bandwidth of the non-linear gain is limited by the bandwidth of

the cavity.

3.4 Homodyne measurement

Homodyne detection is used to measure the quantum fluctuations of a signal beam in a given phase

quadrature. The amplitude of any arbitrary phase quadrature of the signal beam is accesssed by

interferring with and varying the optical phase of a reference beam, termed the local oscillator.

The local oscillator beam has a much higher intensity, allowing us to treat it as a classical state of

light. Figure 3.6 contains a schematic for balanced homodyne detection. A mode cleaning cavity

is shown in the same figure, as they are typically employed for spectral and spatial filtering of the

laser beam in order to facilitate high efficiency mode matching with the signal beam.

After the signal â and the local oscillator b̂ are mixed on a balanced beam-splitter (reflectivity

r = 50%), the output modes are given by:

ĉ =
1√
2
(â+ b̂), d̂ =

1√
2
(â− b̂). (3.18)

The photocurrents from the subsequent measurements are proportional to the photon numbers

of the detected beams, given by:
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Signal

Local oscillator

Mode cleaning cavity

Ampli!er

Subtractor

PhotodiodeBeam-splitter

â

b̂

ĉ

d̂

Figure 3.6: Optical homodyne detection. A mode cleaning cavity is typically used for the spectral

and spatial filtering of the local oscillator in order to achieve optimal mode overlap with the signal beam.

The beam-splitter is balanced.

n̂c = ĉ†ĉ, n̂d = d̂†d̂. (3.19)

The photocurrent from the two detectors are then subtracted from each other in order to

produce the homodyne measurement. We are therefore interested in the subtracted photocurrent,

ŝ:

ŝ = g(n̂c − n̂d) = g(â†b̂+ b̂†â), (3.20)

for some real value g that has absorbed any proportionality terms such as the photodiode

conversion gain. We now recognise that the local oscillator may be treated as a classical field

since it is much greater in power than the signal beam, allowing us to substitute the annihilation

operator of the local oscillator b̂ for its complex amplitude αLO. We therefore arrive at:

ŝ = g
(
αLOâ

† + α∗
LOâ

)
. (3.21)

Now from equations (2.21),(2.22) and expressing the local oscillator in terms of its phase θ, as

in αLO = |αLO|eiθ, we arrive at:

ŝ = g′x̂θ = g′ (x̂ cos(θ) + p̂ sin(θ)) , (3.22)

where again the real valued g′ has absorbed more proportionality terms, such as |αLO|.
Experimentally, the following steps are used in order to implement homodyne detection:

1) Spatially and spectrally mode match the bright local oscillator to the signal beam;

2) Block the signal beam and measure only the local oscillator;

3) Control the phase of the local oscillator with respect to the signal beam;

4) Measure the desired phase quadratures.

Step (2) ensures that there is a reference noise level, termed the shot noise, with which to

normalise the measured signal beam during data analysis.

3.5 Data acquisition

Most of the experiments conducted in this thesis employed a digital data acquisition system of

some kind. Typically, we would use a Digitizer from National Instruments to acquire the AC

signals from the photo-detectors. Custom scripts, named VIs in the software package LabVIEW,

were written in order to be able to efficiently acquire the required signals. These data acquisition
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(DAQ) cards typically have a trade-off between bandwidth and vertical resolution. A typical card

might have a 100MHz bandwidth and 14-bit resolution.

We can learn a lot from qualitative glances at the raw and unfiltered acquired data. Figure 3.7

contains three examples of measurements under different acquisition conditions. In all cases the

measurements are taken with the same photodiode. The local oscillator is scanned slowly, at

around 30 Hz.

Figure 3.7: Raw data acquired from a typical experiment. a) Vertical range too low resulting in

clipping. b) Unwanted noise is visible. c) Qualitatively speaking this data set looks perfect.

In the first case, Fig. 3.7(a), we see that the vertical range is too low. In this example the

range is set to 100mV, and we see that the signal exceeds this range, resulting in clipping. The

experimenter must be mindful of effects such as these, as automated data analysis algorithms will

not necessarily report this and the measurement could contain invalid statistics as a result. A

trade-off must be carefully determined, as a vertical range that is too high will result in a low

resolution, essentially under-sampling the data and again leading to a misrepresentation of the

quantum statistics.

In Fig. 3.7(b), we see that the range and resolution seem to be in acceptable regimes. However,

the signal looks rather noisy, suggesting non-optimal calibration of the experimental parameters.

Experimentalists will be familiar with this problem, and investigating what is going wrong consti-

tutes a large part of the entire experiment. In our case, we built monitors into the digital control

scheme so that we could tweak various optics while observing changes in the measured homodyne

signal in real time.

Figure 3.7(c) shows the measurement of the same signal displayed in Fig. 3.7(b) after the follow-

ing improvements. Several mirror mounts were tightened and dampened in order to increase the

mechanical resonance frequencies; various locks were optimised and set to operate in more stable

regimes. The latter resulted in the largest improvement, unsurprisingly. We see that qualitatively

speaking there is nothing wrong with this measurement. The best probe we have in these experi-

ments is to measure the squeezing value of the desired phase variance, as any technical noise will

manifest as phase noise and quickly degrade the sensitive squeezing values.



Chapter 4

Digital control of optical elements

Figure 4.1: Digital Controls used to manipulate optical elements and electronics.

As quantum optics experiments become increasingly complicated, current methods of control-

ling optical elements are becoming inadequate. The complexity stems from having more optics on

the lab table, which means that with regard to control, there are more optical cavities to be held

on resonance, and larger numbers of phase locks required between different optical beam paths.

Control systems based solely on analogue electronics quickly become cumbersome with their in-

herent inflexibility and lack of automation. Digital control offers the scope for automation and

reconfigurability. Certain tasks can be performed more efficiently with a digital control scheme,

and in this chapter we present examples of these tasks.

I will outline three exemplary digital control suites designed and implemented over the course of

my PhD. Broadly speaking the first system is the simplest, the second system is the most compli-

cated, and the final system is the most efficient. The first two systems are treated briefly, in order

to emphasise inefficient practises to avoid. Considerable time is spent in detailing the final system,

which appears on GitHub and is fully commented and ready for use1.

The language that I used for the digital control was LabVIEW, from National Instruments, but

many of the techniques detailed in this chapter are applicable to any programming language.

4.0.1 Feedback control of optical path length

The main objective of the digital control programs is to dictate the optical path length of various

laser beams on the table. This is typically done by the voltage control of a piezo-electric transducer

(PZT) attached to the backs of mirrors. The PZT will expand or contract on a nano-metre scale,

1Please email me at seiji.armstrong@gmail.com for the link.
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and the optical path length of the light is transformed accordingly. Two situations where this is

most useful are when a cavity needs to be held on resonance, and when the relative phase between

two beams mixing on a beam-splitter needs to be held constant.

When we wish to run the experiment and measure observables of the quantum state, all the relevant

phases and cavities must be actively controlled, or phase locked. Typically, the final offsets of the

mirror positions are actively tuned while observing some figure of merit. A reliable and robust

digital control system will allow the final measurements to be as accurate as possible, and facilitate

the measurement process by incorporating automated features such as automated relocking when

a phase lock fails.

Pound-Drever-Hall locking

The error signals used for locking the relative phases of our optical beam paths are generated ex-

ternally following the Pound-Drever-Hall (PDH) technique. There exist many excellent treatments

on this well established technique, and I recommend the following references to the reader if they

are not well versed in PDH theory and phase control in general: chapter 4 of Dan Shaddock’s PhD

thesis [45], chapter 2 of Warwick Bowen’s PhD thesis [25], and Eric Black’s technical note written

while working on LIGO at Caltech [46].

Tips for programming with LabVIEW

In LabVIEW, each module that contains programming logic is termed a VI. Each control suite

is a collection of VIs that contribute to the overall system. I hope the reader will benefit from

the multitude of time-intensive mistakes that I have made over the years while learning how

to program efficiently in LabVIEW. Below are some general recommendations that will help to

make your programs accessible to others when they want to make modifications and/or perform

debugging.

• Ensure the control logic in each VI can be displayed on one screen.

• Modularise your VI with subVIs that each perform one task.

• Always flow information (wires) from left to right.

• Always use ‘bundle by name’ in order to comment your VIs.

• Avoid any logic that confuses the user.

Three exemplary control suites

We now detail two control systems briefly, providing short descriptions of functionality before

outlining what is wrong with these two systems. This is done in order to emphasise techniques to

avoid, and to promote good programming habits.
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4.1 Control system 1: Programmable Networks (2010)

Figure 4.2: GHZ.vi in its entirety.

Overview

The VI shown above in Fig. 4.2 comprises the entire control suite. The experiment is detailed in

chapter 6 as well as in reference [47]. Three phase locks are controlled via this control suite with

error signals generated on board. Influenced and based on designs by Boris Hage. Any inefficient

programming designs are my own.
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4.1.1 A quick look at GHZ.vi

Hardware and software

The software package used was National Instruments LabVIEW 2009, operating on Windows XP,

on a desktop PC. A National Instruments FPGA card (NI PXI-7833R) was used via a 5-slot PXI

chassis (NI PXI-1033). Breakout boxes for BNC and SMA inputs and outputs were custom made.

Functionality

There are three phase locks that are controlled in GHZ.vi. The logic is built around a PID controller

that comes as a LabVIEW subVI. It can be seen near the top right of Fig. 4.3.

Figure 4.3: A subsection of GHZ.vi that implements the PID logic.

Various error signals are generated on the FPGA board itself via the logic shown in Fig. 4.4.

This logic replaces analogue electronics and the obvious advantage is the reconfigurability, which

makes modifying the logic of the circuit a simple task.

Figure 4.4: Error signal generation. Several DC signals are combined in order to create error signals

for phase locking.

Another function of the control suite is to give access to a host of signals that can be monitored

externally. The front panel shown in Fig. 4.5 displays three dials that dictate which three signals

will be outputted for monitoring on external oscilloscopes.

4.1.2 What’s wrong with the GHZ control suite

• The VI doesn’t fit on one screen: The obvious impediment is that the VI is difficult

to navigate. This makes it unnecessarily complicated to follow the flow of information and

logic, making debugging difficult, as well as making modifications hard to implement.
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• Lack of modularisation: There are no user-created subVIs in this control suite. As a

consequence, we observe the problems listed above. In order to ameliorate these related

issues, it is a good idea to create subVIs that each perform one task. The control suite has

4 subVIs, including the LabVIEW PID VIs. Metrics tell us that there are 270 nodes, for a

modularity index of 1.48. This is extremely low. A benchmark figure to aspire to is 3.0, as

recommended in reference [48] where the modularity index is defined in the following way:

Modularity Index = 100× number of subVIs

number of nodes
(4.1)

• Name of VI is uninformative: The user has no idea what function GHZ.vi performs

based on its name. Further, how the VI fits within the structure of the suite is unclear.

• Inefficient logic: The LabVIEW PID controllers contain much more logic than the user

needs. For example, the Derivative portion of the logic (the D in PID) is unused. This uses

up precious resources on the FPGA at the expense of other logic.

• Only a small portion of entire experiment is controlled: There are several phase locks

in the experiment that are controlled via analogue electronics, independent of this control

suite. The relationship between the analogue and digital systems is unclear, and when either

fails the other will not know, and this could result in unexpected behaviour.

• No displays or monitors: Shown in Fig. 4.5 are the controls that are used to monitor and

lock the various phases that the suite has access to. While there are dials for toggling which

signals are outputted, the user must rely on external equipment for viewing the signals.

Figure 4.5: Front panel of GHZ.vi. We see controls for the phase locks, and controls for various

output signals. Note the lack of displays or monitors.
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4.2 Control system 2: Tuneable Entanglement (2011)

Figure 4.6: Master E.vi. There are 5 FPGA-level VIs like this that each process 8 analogue inputs.

Overview

This control suite is by far the most complicated of the three that we treat in this chapter. There

are a total of 40 analogue inputs, processed on 5 FPGA cards and over 100 VIs that control 33

phase locks. The experiment is described in chapter 10, with further details of the control suite in

section 10.3.4. It should be noted that the entire suite may be viewed as a (considerable) extension

of the control suite developed by Dr Ben Sparkes, detailed in [49].

4.2.1 A quick look at Tuneable Entanglement

Hardware and software

National Instruments LabVIEW 2010 was used, operating on Windows 7, 64-bit, on a desktop PC.

5 FPGA cards were used (4 × NI PXI-7853R and 1 × NI PXI-7854R) installed on a 5-slot PXI

chassis (NI PXI-1033). Breakout boxes for BNC inputs and outputs were custom made. Digital

TTL signals were created using logic and analogue outputs with controllable voltage levels.

Functionality

A top level VI running on the PC facilitates access to the 33 phase locks across the 5 FPGA cards.

Each of the 5 FPGAs runs a variation of the VI shown in Fig. 4.6. Further, each of the phase

locks is aware of its place in the system and is part of an elaborate automated re-locking scheme,

based on logic created by Ben Sparkes [49]. There are over 100 useful subVIs that I developed that

facilitate the modularisation of the suite. To give an example, one such subVI takes 2 error signals

that are π
2 out of phase and combines them in such a way as to produce an error signal used to

lock two beams together at precisely any phase rotation between 0 and 90 degrees.
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Figure 4.7: Left half of remote tuneable cluster.vi.

4.2.2 What’s wrong with the Tuneable Entanglement suite

• The top level VI doesn’t fit on one screen: It’s not even close. The two halves are

shown in Figs 4.7 and 4.8, respectively, after considerable shrinking. Scrolling in both the

vertical and horizontal axes is required to find a particular piece of logic, and the complexity

makes this a very unfriendly VI.

• Inefficient modularisation: We can see 11 subVIs in the FPGA level VI shown in Fig. 4.6.

I’ve over compensated for the previous lack of modularisation and the trouble now is that

it is unclear what the relationship between the subVIs is. Since the information is flowing

every which way, it is very hard to track the logic, and this is a nightmare to debug. The

top level VI has 2472 nodes and 56 subVIs for a low modularity index of 2.27.
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Figure 4.8: Right half of remote tuneable cluster.vi.

4.2.3 What’s good about the Tuneable Entanglement suite

• It behaves extremely well: The experiment would have been extremely difficult to con-

trol with analogue electronics alone and the measurements would have suffered phase noise

without the digital automation and control. Each of the 5 FPGA cards were running at over

90% capacity, and with over 3500 nodes and over 100 subVIs this control suite pushes the

limit in terms of automated optical phase control in table-top laboratory experiments.

• Structure is logical: The suite offers glimpses of good programming techniques. The

idea of a top level VI calling FPGA level VIs is not only efficient, it is standard practise

for well designed LabVIEW programs. And although the complexity of the top-level VI is

unforgivable, the information in general flows from left to right. We are now in a position to

appreciate the efficient programming shown in control system 3.
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4.3 Control system 3: Temporal Clusters (2012)

Overview

This control system receives a considerably more in-depth treatment than the other two as it

provides a useful architecture that is logical and clear, facilitating modifications. The goal of this

experiment was to create the world’s largest cluster state. The experiment was a great success;

we managed to entangle more than 20,000 quantum modes together to make an ultra-large cluster

state. Our technique that gives us the advantage over present-day systems is to multiplex quantum

modes in the time domain. The experiment is detailed in chapter 7 as well as in reference [37].

The digital control system for this ultra-large cluster state experiment controls 10 phase locks:

4 of which are cavity-based, and 6 of which are interference-based. Further, there is a TTL

pulse generator that outputs 4 precisely timed TTL pulses, in sync with the phase locks. The

user interface gives access to these 10 locks and 4 TTL pulses on one screen complete with an

oscilloscope. The TTLs are used to switch various electronic equipment in the experiment.

Hardware and software structure

The software package used was National Instruments LabVIEW 2010 (service pack add-on), oper-

ating on Windows 7, 64-bit, on a desktop PC. 2 FPGA cards were used (NI PXI-7853R) installed

on a National Instruments 5-slot PXI chassis (NI PXI-1033). Custom-made breakout boxes for

BNC inputs and outputs were employed.

Figure 4.9: VI hierarchy. The Top Level VI provides a graphical user interface that controls the 2

FPGA level VIs.

4.3.1 FPGA level VIs

There are two FPGA level VIs. One controls 4 cavities, and is named ‘Cavities FPGA.vi’. The

other is named ‘Graph FPGA.vi’ and controls the phase locks necessary to create an entangled

graph state. These FPGA level VIs perform most of the logic that is required to control the

different phase locks, and a top level VI (detailed later) provides the user interface that allows

access to the various FPGA level controls in a user friendly way.



46 Digital control of optical elements

Cavities FPGA.vi

Figure 4.10: Control loop of Cavities FPGA.vi. 4 cavities are digitally controlled in this FPGA

level VI.

The FPGA level VI has 4 parallel while loops - Control loop, Oscilloscope loop, Pulse generator

loop, and a timing synchronisation loop. The most important of these is the Control Loop, shown

in Fig. 4.10. I will treat the other 3 loops in section 4.3.4. The functionality of the Control loop

should be apparent upon inspection. There are 4 subVIs arranged in a line near the top of the

loop. As is good LabVIEW coding practice, information here only ever flows left to right (or up

and down) and never right to left.

The Input subVI reads in data from the photodetectors on the lab table via an FPGA card. This

input (after being scaled) is fed to the Thresholds subVI which performs various tests in order to

tell if the cavity is on resonance or not - determined by being above or below a certain voltage
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threshold. The State subVI will decide on the desired state of each cavity from threshold tests and

user inputs. The Output subVI then applies the necessary voltage to each cavity’s PZT mirror,

via the FPGA outputs and external amplifiers. In between the State subVI and Output subVI we

see that there are 4 case structures, 1 for each cavity.

Each case structure determines the state of each of the cavities, as dictated by the State VI. This

control loop can therefore be seen as a State Machine architecture, with 4 parallel systems (cavi-

ties) being controlled. In this state machine, each system can be acted on by one of 4 states:

Figure 4.11: The 4 possible states of each cavity. Each cavity exists in one state at a time.

1) Safe: Output 0 voltages and falsify all booleans. Basically, do nothing.

2) Hold: Pause the output voltage and hold this constant until further notice.

3) Scan: Apply a variable saw-tooth wave voltage in order to scan the cavity’s optical length.

4) Lock: Apply a PII controller on the error signal and lock the cavity on resonance.

Modularity

This FPGA-level VI has 13 subVIs and 436 nodes, for a modularity index of 2.98. This meets the

recommended modularity of 3.0 that we mentioned with regard to equation 4.1. Note that not all

13 subVIs are visible in Fig. 4.10 as some subVIs are nested within other subVIs or case structures.

The structure of this VI makes modifications accessible, and logical. For example if we wish to

add functionality, we only need to add another state in the case structure, and modify the State

VI accordingly.

4.3.2 FPGA level sub-VIs

There are 6 subVIs visible in the Control loop of ‘Cavities FPGA.vi’. They are each programmed

to serve one purpose, which is represented by the name of the subVI. It is good practise to write

code in this way, because it is kind to the user. What I mean by this is that if the user would like to

modify something in the control loop, the user need only to modify the subVI that is responsible

for the desired action. For example if the user would like to specify another behaviour of the

control system, the user could simply add another case to the case structure so that it contains 5

states, and modify the subVI responsible for determining the state of the cavity, ‘Cavities State.vi’.

Another related reason as to why this type of modularising is in general a good idea, is that it

helps to facilitate the debugging process.

The 6 subVIs will now be detailed, before we move on to discuss the differences in the other FPGA

level VI.
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Input Scale.vi

Figure 4.12: Input Scale.vi. Scales and bundles 8 inputs from the FPGA card. There is a DC monitor

and a PDH error signal for each of the 4 cavities.

FPGA inputs are bundled by name in order to label the wires before being scaled by user-defined

parameters. We see that in this experiment we have 2 optical parametric oscillators (OPOs), a

mode cleaning cavity (MCC) and a doubler. After the error signals and DC monitors are scaled

they are packaged into the Signals cluster.

Note that wherever possible I use the ‘bundle by name’ and ‘unbundle by name’ functions. This

is a form of commenting, and allows us to keep track of the various wires before and after logic

operations are applied to them. The controls that are fed into these ‘bundle by name’ functions

are type definitions, which allow us to easily modify all instances of this control as well as to call

on the same controls in other VIs. If for example one wanted to modify the entire control system

to control the cavities in their experiment, they would only need to modify the type definitions

found in this subVI. The other instances in the Control loop will then be automatically updated.
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Threshold.vi

Figure 4.13: Threshold.vi. Monitors the DC signal from a scanned cavity in order to see if it is on

resonance.

The idea behind ‘Threshold.vi’ is that when we scan the optical path length of a cavity, we

can tell where the cavity is on resonance by monitoring the light level of either the reflected or

transmitted field. When observing the reflected field for example the reflected optical power will

be much less on resonance. This information is represented in the ‘Cavity Monitors’ cluster. The

‘MaxMin’ subVI simply computes the absolute maximum and minimum values of these monitors

in order to be able to compare a user-defined threshold value that must be crossed in order to

characterise the cavity to be on resonance. This threshold value will be a percentage of the

resonance peak, and will be visible on the digital oscilloscope as we see in Fig. 4.21 in section 4.3.3.
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Cavities State.vi

Figure 4.14: Cavities State.vi. Determines the state of each cavity.

We see that 3 of the 4 possible states of each cavity discussed earlier are determined in this

subVI. The other state, which is ‘Safe’, has been omitted for clarity. A simple boolean that over-

rides the logic in this subVI can be included with minimal effort.

The default state of each cavity is ‘Scan’. The ‘Hold’ state over-rides any logic that has previously

been addressed, so that when the ‘Hold’ button is pressed the system is put into the ‘Hold’

state with no exception. The ‘Scan‘ and ‘Lock’ states are coupled, as in general a scan must be
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performed before the cavity can be locked on resonance. For this reason simply pressing on the

‘Lock’ control (which we will illustrate in section 4.3.3 dealing with the top level VI) does not

automatically project the cavity into the locked state. Rather, the system will remain in the ‘Scan’

state until several logic conditions are satisfied, the most exemplary of which is the threshold

condition detailed in the ‘Thresholds’ subVI. There is also logic that takes the previous state of

the cavity into account, by comparing the two states (previous state and current desired state) in

order to see if we are trying to re-lock a cavity that has become unlocked.

Scan.vi

Figure 4.15: Scan.vi. Creates a saw tooth wave from a look-up table.

The Scan subVI is based around the LabVIEW express VI ‘Look-Up Table 1D’. User-defined

controls such as scan frequency and scan amplitude are fed into the look-up table via logic that

interprets them. The logic and the use of the look-up table is based on a design by Ben Sparkes

[49].
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PII Controller.vi

Figure 4.16: PII Controller.vi. Applies a PII controller to an error signal in order to lock the cavity

on resonance. Heavily inspired by a design by Ben Sparkes.

The ‘PII Controller’ subVI is the central piece of logic in the entire control system. The sole

action of the PII Controller subVI is to take an error signal that represents the proximity to

resonance of that cavity, and apply different gains to it in order to produce an output that will

direct the cavity mirror’s PZT towards resonance. PID controllers are extensively used for active

control, and are ubiquitous in engineering systems. In place of the derivative gain found in PID

controllers, here we use an I2 gain. The I2 gain is extremely sensitive and for typical cavities it is

unused. It has been shown to be useful for low frequency noise [49].

This PII controller was inspired by a PII controller designed by Ben Sparkes in [49]. One important

difference here is the comparison logic found in the top right corner of the subVI. The previous
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output of the PII controller is compared to the current output of the PII controller. If the difference

between these two values is larger than a user-defined threshold ‘Scan-PII thresh’, then the output

will be the same as the previous value. This will continue (at an iteration rate of around 500 kHz)

until the PII controller output is near enough to the original value. A subtlety here is that what

I referred to as “the previous output of the PII controller” is more often than not the last output

of the Scan subVI, just before the locking logic kicked in. This ensures that once the cavity is

scanned onto resonance and the logic kicks over the state machine into the PII state, the change

in voltage sent to the PZT will be controllably minimal so that the cavity is not kicked out of

resonance by an unnecessarily large change in voltage. This was found to be very effective during

testing phases and is the trimmed down version of many possible logic operations that mimic this

effect.

Output.vi

Figure 4.17: Output.vi. Limits the rate of change in the output voltage before feeding the signals to

the FPGA output nodes.

An important consideration when feeding signals to FPGA output nodes is the following. At

what rate and by how much do the signals vary? In our experiments the outputs of the FPGA are

fed directly into high voltage amplifiers before reaching the PZTs that are attached to mirrors. If

the change in voltage is too large and the frequency of change is too high, it becomes a challenge
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for the combined mirror-PZT system to hold onto each other. LabVIEW has a great ‘Rate limiter’

subVI that is employed here to compute the desired logic. Note that limiting the output too

severely will adversely affect the locking bandwidth and therefore a balance between safety and

performance must be achieved.

Graph FPGA.vi

Figure 4.18: A compressed schematic of Graph FPGA.vi’s control loop. The design is the same

as that of Cavities FPGA.vi with an extension here to 6 phase locks.

‘Graph FPGA.vi’, the other FPGA level VI, controls six phase locks that are based on the

interference of two beams at a beam-splitter. The logic in this VI allows us to lock the relative

phases of the two homodyne measurements at any phase angle (not just 0 or π
2 ).

The six phase locks that are controlled here are:

1) Parametric gain of OPO A (relative phase between pump beam A and squeezed beam A)

2) Parametric gain of OPO B (relative phase between pump beam B and squeezed beam B)

3) EPR beam-splitter (relative phase between squeezed beam A and squeezed beam B)

4) Graph beam-splitter (relative phase between EPR beam A and delayed EPR beam B)

5) Homodyne A (relative phase between Graph beam A and local oscillator A)

6) Homodyne B (relative phase between Graph beam B and local oscillator B)

As you can see from the control loop shown in Fig. 4.18, the architecture here is the same as

in Cavities FPGA.vi. There are 6 parallel case structures (only 2 shown for brevity), 1 for each
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phase lock described above. The 6 subVIs found in Graph FPGA.vi perform the same tasks and

contain essentially the same logic as the 6 subVIs in Cavities FPGA.vi. Notable differences are

found only in the Input subVI and the Threshold subVI.

Input Graph.vi

Figure 4.19: Input Graph.vi Scales and bundles 8 inputs from the FPGA card. There are 4 error

signals that each correspond to a single phase lock, and then 4 error signals that correspond to 2 homodyne

detection.

One can see that the architecture and logic here is very similar to Input Scale.vi, with one

notable exception. The homodyne locks require two error signals each, that are combined in order

to be able to lock the local oscillator to any arbitrary relative phase to the signal beam. This means

that we can lock to and measure any phase quadrature of the signal beam, x̂θ = x̂ cos(θ)+ p̂ sin(θ).

The keen observer will notice that there are no DC monitors being read in. This is because the

error signal contains all of the information we need. The absolute value of an error can be taken in

order to produce an all positive signal that we may use as a monitor for our threshold logic. This

is precisely what happens in the Graph version of Threshold.vi, and the relevant logic is shown

below in Fig. 4.20.

Figure 4.20: Absolute value of error signal taken for threshold monitor. This logic appears in

Graph Threshold.vi.
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4.3.3 Top level VI

The top level VI runs on the PC and accesses the VIs compiled on the FPGA in order to update

parameters and to read data that is being communicated. A user interface was developed that

allows us to visualise the relevant signals as well as adjust the required parameters.

Front Panel

Figure 4.21: Front panel of Top level.vi. All of the 10 phase locks as well as the TTL pulses are

controlled here with an oscilloscope available for viewing the state of each phase lock.

There are 3 different structures on the front panel that provides the graphical user interface.

The display on top serves as an oscilloscope with 4 channels. We see on this screen shot that the

state of the cavity is in Scan. On the oscilloscope we can see the DC monitor of the scanned cavity,

the error signal, and a threshold line. There is also an output channel that has been omitted here

for clarity, which appears as a saw tooth wave during the scan state.

The control panel in the bottom left allows access to most of the relevant parameters required

to control the various states of each phase lock. A Tab design is used here and when a different

phase lock is selected the oscilloscope will change to the relevant phase lock. On the bottom right

distinguished by the purple background we see another tab structure, this time showing timing

controls for the TTL pulse generator. All of the other controls are placed within this bottom right

tab control, including rate limiters and oscilloscope controls.
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Block diagram of Top level VI

Figure 4.22: Block diagram of simplified Top level.vi. User friendly controls are packaged and sent

to the FPGA to update parameters. A FIFO is used to read signals from the FPGA that are visualised

on an oscilloscope.

Shown above in Fig. 4.22 is a simplified version of the block diagram pertaining to the Top

level VI. We see that on the very left an FPGA reference is opened. Here, the compiled bitfile for

Cavities FPGA.vi is opened, and the reference is fed first into a read/write control function. This

is where the controls on the FPGA are accessed and updated from the graphical user interface

we saw on the front panel. The controls used in the top level are user friendly but quite clunky

and inefficient with regard to the FPGA level controls. For this reason they are first tidied and

repackaged for efficiency in the Tidy Cavity SubVI, before being fed into the FPGA read/write

control function. The FPGA reference is then fed into a FIFO which reads data that has been sent

from the FPGA via a Direct Memory Access (DMA) channel. We will visit this in section 4.3.4.

This data is used to produce the front panel oscilloscope in the Scope SubVI. Finally, the FPGA

reference is closed before reporting an error cluster that is used for debugging.

The logic pertaining to the Graph FPGA.vi reference is exactly the same as the process described

above, and has been omitted from the block diagram for clarity.

4.3.4 TTL pulses and oscilloscope

Oscilloscope

We have seen that the top level VI running on the PC communicates with the FPGA-level logic

by opening and then writing to the FPGA reference. Another way that the FPGA card and the

PC communicate is via the FIFO method, used in this experiment in order to visualise the signals

on the front panel oscilloscope. There are 3 DMA FIFO channels on our FPGA cards (other cards

have different quantities), and they allow for very fast data streams between a target and host.

The Cavities Scope Loop sits in the Cavities FPGA.vi in its own parallel while loop so that it

can run at an independent speed from the Control Loop. Note that as this loop is reading local

variables from the Control Loop the oscilloscope will ultimately be only as fast as the Control Loop

speed.

The FIFO here uses the default 4095 elements and the data type used is an unsigned 64-bit integer

(U64). This U64 is created by concatenating 4 16-bit integers, allowing 4 channels to be sent via

the FIFO at the same time. The method of the FIFO in the Scope Loop is set to ‘write’, while

the method of the FIFO in the Top Level VI is set to ‘read’.
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Figure 4.23: Cavities Scope loop in Cavities FPGA.vi. Error signals, DC monitors, lock thresholds,

and output signals are sent to the Top Level VI via a FIFO DMA channel allowing very fast data streams.

Based on a FIFO design by Ben Sparkes.

TTL Pulses

Figure 4.24: Pulse generator loop in Cavities FPGA.vi.
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In order to synchronise the TTL pulses between the two FPGA cards we use PXI trigger lines that

are inherent to the PXI chassis that holds the 2 FPGA cards.

We use a PXI-1033 chassis which has a PXI backplane local bus that is a daisy-chained bus that

connects each slot to adjacent slots. All the slots in the chassis share 8 PXI trigger lines via this

backplane that allows high-speed TTL signals to be passed between FPGA cards. The PXI trigger

lines are synced by a 10MHz clock. Note that it is possible to send pulses up to 100MHz via a star

trigger from slot 2, but for our system this speed was not necessary.

There are 4 TTL pulses that are created in this loop. They each operate within a period dictated

by the Sample & Hold Period, which might be on the order of 500 µs to a few milliseconds. The

logic here allows for the pulse to start after a certain delay time as well as finish at a specified time

for full flexibility of the pulse duration and temporal location. TTL pulses were necessary in this

experiment for switching electronics as well as to sync the 2 FPGA VIs. During the measurement

phase of the experiment the states of all locks were set to Hold, and the TTLs were used to switch

off any noisy electronics. See section 7.4 for details on the experimental implementation.

Digital FPGA outputs are typically used for TTL outputs. Here we create TTLs by logic and

employ analogue outputs in order to be able to specify maximum and minimum voltage levels.

These are indicated in figure 4.24 as ‘High Pulse’, and ‘Low Pulse’, respectively. These values are

controlled from the graphical user interface on the top level.

4.3.5 Final notes

The state machine system outlined in this section as control system 3 has been successfully adopted

and implemented in several experimental groups at the Australian National University as well as

the University of Tokyo. An advantage of the program’s simple and modularised structure is that

modifications and debugging become simplified and intuitive.

The project files necessary to compile and use the digital control suite outlined in this section can

be found at GitHub, an online repository.

The link is here: https://github.com/Seiji-Armstrong/PDH-state-mach
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Overview

Entanglement between large numbers of quantum entities is the quintessential resource for future

technologies such as the quantum internet. The three chapters that form this part of the thesis

investigate techniques of scaling up the number of quantised optical modes (qumodes) that form

an entangled state. Entanglement was first proposed in the context of fundamental science, by the

famous Einstein-Podolsky-Rosen thought experiment of 1935 [6] that would either prove quantum

mechanics wrong or else deny local realism. Nearly 50 years later, in the early 1980s, two remarkable

things happened. The first was a rigorous violation of Bell’s inequalities2 [7, 10] that would

give evidence to the genuine existence of entanglement. The second was the birth of quantum

information theory as a field, based on the idea that entanglement could be used as a resource

for arbitrary manipulations of quantum information. Richard Feynman and David Deutsch were

responsible for this remarkable insight [50, 15].

There are two techniques that are investigated in the following three chapters. Both techniques are

concerned with multiplexing qumodes on the same physical channel. This is done in order to reuse

optical and electronic components, as conventional schemes that require an increase in experimental

apparatus in order to achieve an increase in the number of entangled qumodes are demonstrably

not scalable. We look at multiplexing spatial modes in chapter 6, the idea itself developed from

spatial mode conversion experiments presented in chapter 5. By designing a robust and flexible

detection scheme, we are able to choose the basis of measurement at the time of detection, leading

to a range of spatial mode bases available for measurement. We achieve up to eight-qumode

entanglement, which was at the time the largest entangled state to be multiplexed on one beam.

More interesting than the size of the entangled state is the idea of emulating linear optics networks

within the beam, and this is given a considerable theoretical treatment in the chapter. The final

technique demonstrated in this part of the thesis is based on multiplexing qumodes in the time

domain, presented in chapter 7. The experimental demonstration was based on concepts that

Nicolas Menicucci has been developing [51, 52, 22] over the past few years. By treating continuous

beams of light as a sequence of independent wave-packets, each one a qumode, we were able to

create ultra-large entangled states. A full theoretical treatment of the entanglement structure is

formulated, following the graphical calculus presented in [36].

2John Bell formulated the famous inequalities in the 1960s, and these were first violated experimentally by
Freedman and Clauser in the 1970s [8].
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Chapter 5

Quantum spatial mode converter

It is often assumed that the spatial properties of the light to be measured are well understood

before measurement. There are many instances where this is untrue, such as in medical imaging,

or astronomy to name a few. In order to extract the maximum amount of information from a mea-

surement, one must completely match the optical field of interest with the detection apparatus.

In this chapter we detail a quantum imaging project that deals with the spatial manipulation of a

signal beam in order to match it to a fixed detection system. The demonstration uses homodyne

detection, an efficient method of measuring quadrature variances in continuous-variable quantum

optics. A spatial mode converter was designed and constructed by the Quantum Imaging Group,

led by Jean-Francois Morizur. The mode converter was able to reshape an arbitrary spatial mode

to match the homodyne detector’s local oscillator. This was tested for classical light inputs and

performed remarkably well. My contribution was to inject the mode converter with non-classical

light, in this case squeezed light. The performance of the device as a quantum mode converter

is characterised by noise analysis. The design and construction of extremely sensitive and well-

aligned optical paths, as well as the optimisation of our optical parametric amplifier led to three

demonstrations of the spatial conversions of squeezed light, each time while retaining their quan-

tum nature.

The results from this chapter have been summarised in the following publications:

• J.-F. Morizur, L. Nicholls, P. Jian, S. Armstrong, N. Treps, B. Hage, M. Hsu, W. Bowen, J.

Janousek, and H.-A. Bachor, Programmable unitary spatial mode manipulation., Journal of

the Optical Society of America. A, Optics, image science, and vision 27, 2524 (2010).

• J.-F. Morizur, P. Jian, S. Armstrong, N. Treps, W. Bowen, J. Janousek, and H.-A. Bachor,

Spatial reshaping of a squeezed state of light, The European Physical Journal D 61, 237

(2011).

5.1 Classical mode converter

In the late 1970s, a Russian mathematician Zenon Ivanovich Borevich published a series of the-

orems related to complex unitary matrices [53]. Pu Jian and Jean-Francois Morizur from our

Quantum Imaging Group at the Australian National University reformulated Borevich’s results in

terms of reshaping the transverse amplitude profile of a laser beam.

Given a finite number of phase deformations and optical Fourier transforms applied to the light,

it is possible to perform any desired unitary transform of the spatial mode profile, asymptot-

ically reaching perfect conversion efficiency. As a specific example, Morizur and Jian showed

that an arbitrary beam-splitter operation can be performed between co-propagating spatial modes

with perfect conversion efficiency given 17 successions of phase profile deformations and Fourier
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transforms. Further, simulations revealed that it is possible to achieve relatively high conversion

efficiencies between certain spatial modes. It was shown experimentally [54] that 3 successions

are enough to convert a TEM00 fundamental mode from the Hermite-Gauss basis into either a

TEM10, TEM20, or a TEM30 mode with over 80% efficiency. For a complete theoretical treatment

the reader is encouraged to read Morizur’s PhD thesis [38].

The classical mode converter constructed by Morizur and Nicholls performs 3 phase profile defor-

mations with 2 optical Fourier transforms in between, as shown in Fig. 5.1.

Figure 5.1: Phase and amplitude transformations of light. The spatial profile of the beam un-

dergoes 3 phase transforms via the phase plates and 2 amplitude transforms via Fourier optics. Source:

[38].

A simple glass plate with a varying thickness profile would suffice to deform the beam’s phase

profile. Indeed, this is essentially what is used in the experiment detailed in the Programmable

linear optics network chapter of this thesis in order to create a very simple orthogonal basis.

However, there are two limitations that this imposes. First, we are limited to one phase profile

per glass plate. Second, and much more serious, is that the desired phase profile must be known

prior to designing the glass plate. For complex mode transforms, analytical solutions for successive

phase profiles are extremely difficult to calculate. For these two reasons we employed a deformable

mirror from Boston Micromachines that can be adaptively optimised in order to find an optimal

phase profile.

5.1.1 Phase deformation by adaptive optics

The deformable mirror was purchased from Thorlabs (DM140-35-UM01) and manufactured by

Boston Micromachines. The surface of the continuous gold membrane is 4.4 mm wide and is

malleable and deformable, which allows for arbitrary phase profiles to be imprinted onto the

incident light. The membrane has 140 electrostatic actuators behind it laid out in a 12× 12 grid

with the 4 corners removed. Each actuator is individually controlled via a voltage with 14-bit

resolution. The range of each actuator is 3.5 µm, or several wavelengths, such that the smallest

increment is 0.21 nm. A useful mental image to consider is a tent sheet with 140 tent poles

underneath it, with the freedom to move each tent pole individually with extreme precision.

As these deformable mirrors cost on the order of US$17,000, it was not plausible to purchase

more than one for the experiment. A trade-off between the performance of the experiment and

financial constraints led to the elegant solution of using the surface of the deformable mirror 3

times, at the expense of the horizontal axis. In other words, the horizontal axis essentially acts

as a mirror, and we only perform spatial transforms in the vertical axis. Operating within the

Hermite-Gaussian basis, we are constrained to TEMm0 modes. This is achieved by focusing the
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Figure 5.2: Deformable mirror from Boston Micromachines. The width of the deformable mirror

is 4.4 mm, and there are 140 individually accessible pixels in a 12 × 12 grid (minus the corners). Each

pixel width is 370 µm. Source: [54] and [55].

beam elliptically as shown in Fig. 5.2. The horizontal waist, wh, is 350 µm ensuring that there is

no cross talk between the 3 designated regions of the surface. The vertical waist, wv, is 780 µm so

that around 99% of the beam power is incident on 10 pixels.

The original mode converter

The actual device is rather compact and looks like a purposefully misaligned triangle cavity, as can

be seen in Fig. 5.3. The light encounters 3 round trips before exiting as a different spatial mode.

The light is coupled in and out of the mode converter via polarisation optics. One large spherical

mirror of focal length 300mm and diameter 2” is used by each of the 6 optical paths, in conjunction

with a cylindrical lens of focal length 50 mm in order to perform the necessary Fourier transforms

between the phase deformations. Per round trip, we get 3 Fourier transforms (equivalent to 1)

in the vertical axis, and 2 Fourier transforms in the horizontal axis, which have no effect. This

ensures that we get a sequence of phase and amplitude transforms in the vertical axis for each of

the 3 round trips.

Finding optimal phase profiles

The precise analytical derivation of optimal phase profiles quickly becomes infeasible due to the high

number of coupled degrees of freedom. Any deformation of the first phase profile will necessarily

modify the optimal deformations in the subsequent reflections in both amplitude and phase space.

For this reason, the phase profiles are optimised by employing a genetic algorithm developed largely

by Morizur. Each of the 140 actuators is moved individually until its position maximises the desired

conversion before moving on to the next actuator. This is done iteratively until the relative change

in efficiency is very small, indicative of a local minima that approaches the global minima. In our

experimental runs this tends to be on the order of 105 iterations, which take around 3 hours.
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Figure 5.3: The original classical mode converter. Designed and constructed by Morizur, Jian, and

Nicholls, this mode converter uses 3 spatially separated segments on the deformable mirror to emulate

3 deformable mirrors. The lenses in between are for Fourier optics, and the polarising optics are for

input/output coupling. PBS: polarising beam-splitter, HWP: half-wave plate, SL: spherical lens, CL:

cylindrical lens, DM: deformable mirror. Source: [54].

5.2 Shaping squeezed light via unitary transforms

5.2.1 The optical parametric amplifier (Australian National University,
2009)

The Quantum Imaging Team had an old optical parametric amplifier (OPA) that was built by

Jiri Janousek several years prior, which had the potential to be optimised for use here. Over the

course of several months we optimised the performance of the OPA in order to produce reliable

high quality squeezed light. Much of this process was concerned with the systematic elimination of

phase noise, not only inherent to the OPA but to the entire optical path leading up to detection.

Figure 5.4: Optical parametric amplifier (OPA) used for quantum mode converter. A non-

linear crystal is placed within a bow-tie cavity in order to enhance the non-classical cavity mode. The

crystal, PPKTP, is placed inside a crystal oven with its temperature regulated via a peltier element. The

electronics are there for controlling the optical cavity length, and to hold the cavity on resonance via

feedback. Source: [56].
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The OPA is displayed in Fig. 5.4. This squeezer is a type I OPA, which means that both

photons in the down-converted pair are in the same polarisation. The non-linear crystal is a

periodically poled KTP that is quasi-phase matched, and the OPA is operated below threshold,

in a de-amplification regime such that amplitude-squeezed light is produced. There are two input

beams to this OPA: a seed beam at 1064 nm and a pump beam at 532 nm. The seed beam

used here makes this device an OPA rather than an optical parametric oscillator (OPO). An

electro-optic modulator (EOM) is used to modulate the seed beam by passing the light through

the voltage-driven crystal within the EOM. The phase modulation imparted on the seed beam via

the EOM is at 14 MHz, and this is used for creating an error signal that dictates the position of

one of the cavity mirrors such that the cavity is held on resonance. The feedback process used is

Pound-Drever-Hall (PDH) locking.

Pump beam

Seed beam
Squeezed beam EOM

Function

generator

(14 MHz)

X
S

S

Cavity

error signal

  90 o 

XDeampli!cation

error signal

Figure 5.5: Feedback and control of the OPA. Phase modulation at 14 MHz is used in a Pound-

Drever-Hall configuration in order to control both the cavity resonance and the pump beam phase to

achieve de-amplification. X: Mixer, S: Splitter, EOM: Electro-optic-modulator.

The reflection of the seed beam is detected, split, and mixed with two different signals (Fig. 5.5.

Both signals come from the function generator that is driving the EOM (14 MHz) with a relative

phase of 90 degrees between them. The 0 degree mixed signal gives the cavity error signal, while

the 90 degree mixed signal gives the de-amplification error signal in order to lock the green pump

(532 nm) to the infrared (1064 nm) signal.

Parametric gain of OPA

The parametric gain of the OPA is measured by varying the pump power. As we can see from

table 5.1, the temperature of the PPKTP crystal needs to be optimised each time, but stays within

a range of 1%.

Power (mW) 0 50 100 150 200 250 300 350

Temp 32.03 32.03 32.00 31.97 31.96 31.94 31.92 31.88

G+ 1 2.45 4.04 6.37 10.85 19.72 44.91 169.8

G− 1 0.55 0.47 0.39 0.35 0.32 0.29 0.27

Table 5.1: Parametric gain of OPA.

The measured parametric gain values are found to agree extremely well with the theory, as

shown in Fig. 5.6. Here, the threshold power is 411 mW . The same figure shows measured
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Figure 5.6: Squeezing and anti-aqueezing values of OPA. Squeezing values, anti-squeezing values,

and parametric gain values as a function of pump power. In all traces the red circles are experimental data

points, and the blue solid line is theory. Uncertainties for amplification/de-amplification are too small to

be plotted. Uncertainties in squeezed noise variances are between ±0.2 dB and ±0.7 dB for high pump

powers (error bars not plotted for clarity).

squeezing values taken immediately after the OPA for a sideband mode at 2.7 MHz and resolution

bandwidth 30 kHz.

5.2.2 Injecting the mode converter with squeezed light

The squeezed output of the OPA must be mode-matched to the input coupler of the mode converter

in order to ensure the maximum conversion efficiencies. This requires a selection of lenses and

mirrors, which contribute to an unavoidable amount of propagation losses as each optical element

introduces a small amount of optical loss. In order to characterise the performance of the mode

converter with respect to the quantum noise properties of the light, we compare the amount of

squeezing in the input light to the amount of squeezing in the output light, and take passive optical

loss into account. For this reason we measure the squeezing value of the input light directly before

the mode converter as well as directly afterwards.

We find the input squeezed light directly before the mode converter to be consistently at −5±0.1

dB in the squeezed quadrature, and 6.4 ± 0.2 dB in the anti-squeezed quadrature. The output

mode of the quantum mode converter is then measured at a second homodyne detector and the

squeezing values are tabulated below for the various mode conversions.

We see from the measurements in table 5.2 that the quantum mode converter successfully

reshapes the input TEM00 mode into 3 higher order modes in the Hermite-Gaussian basis, and

remarkably preserves squeezing below the quantum noise limit. In all of the demonstrations the

measured squeezing level of the output mode is comfortably below −1 dB, recovering up to −1.6±
0.1 dB noise suppression for the TEM10 mode. Note that this is the first demonstration of this
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Figure 5.7: Shaping squeezed light. The amount of squeezing present in the signal beam is measured

before and after the mode transformation, at HD 1, and HD 2, respectively. Source: [57].

Mode: Input TEM00 TEM10 TEM20 TEM30

Squeezed noise variance (dB) -5.0 -1.7 -1.6 -1.3 -1.4
Anti-squeezed noise variance (dB) 6.4 4.4 4.4 3.3 4.0

Table 5.2: Measured noise variances after quantum mode conversions. All uncertainties are ±0.1 dB

except for the anti-squeezed quadrature for the input, which is ±0.2 dB.

kind and paves the way for mode conversions of quantum light.

5.2.3 Optical loss

In order to characterise the performance of the quantum mode converter, we must systematically

investigate where the losses in squeezing are occurring. We are concerned with two types of loss:

phase noise that is added by the mode converter, and passive optical loss that is introduced by lossy

optical components. A detailed study of the optical beam path revealed that there is 51% loss,

consistent with measurements of the difference in power between the input to the mode converter

and the output of the mode converter.

We find that there are three main categories of loss:

1) Losses due to reflections from the deformable mirror;

2) Losses due to beam propagation through polarisation optics;

3) Losses due to beam propagation through non-polarising optics.
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Reflections from the deformable mirror

The gold surface of the deformable mirror is protected by a broadband anti-reflection (AR) coated

protective window that is on an angle of 6◦. Reflections from the deformable mirror can therefore

be separated into reflections from two subsystems: the protective window and the gold membrane

surface. Figure 5.8 depicts the specified reflection coefficients obtained from the manufacturer

(Boston Micromachines) via the vendor of the device (Thorlabs) for the two subsystems.

Figure 5.8: Reflecitivities of various surfaces of the deformable mirror. (a) The reflectivity of

the gold membrane as a function of wavelength as provided by the manufacturer. Our experiment uses

light at 1064 nm. (b) The reflectivity of the protective window. Source: [55].

We see that for our wavelength of 1064 nm the loss from the gold surface of the deformable

mirror is on the order of 0.5%. We also see that the AR coating of the protective window has

around 0.7% loss under normal incidence. Note that Fresnel’s equations tell us that the reflection

coefficient has minimal change for up to 6 degrees. As there are four surfaces of the protective

window that the beam experiences upon one reflection from the deformable mirror (front surface

and back surface on the incident beam followed by back surface and front surface of the reflected

beam), we should get on the order of 2.8% loss1. Our total of 3.3% loss is consistent with what

the manufacturer Boston Micromachines specifies.

This needed further investigation and so we set up the schematic of Fig. 5.9 in order to precisely

measure the amount of optical loss from the deformable mirror.

Incident light is first split on a balanced beam-splitter so that the two beams exiting the beam-

splitter have precisely the same power. This is verified by using flip mirrors in the top beam path

so that the beam does not see the deformable mirror, and the two beam powers are carefully

calibrated using two identical detectors. Then, the flip mirrors are flipped down allowing the top

beam to be reflected from the deformable mirror, and the difference of the two detectors gives

us a precise measure of the optical loss due to the deformable mirror. This technique is much

more reliable than using a power meter for example, as any fluctuations in the laser power will be

cancelled out due to the classical intensity correlations created by the balanced beam-splitter.

Changing the polarisation of the incident light had no effect on the amount of loss measured, con-

trary to initial expectations. Repeated careful measurements revealed a 6.5% loss upon reflection

of the deformable mirror and protective window system, for an incident angle of 2.8◦ with respect

to the axis perpendicular to the face of the deformable mirror. Increasing this angle saw a nearly

linear increase in loss, for example up to 10% for an angle of 8.1◦. Closer inspection of the window

revealed faint reflections both at a slight angle above and a slight angle below the optical plane.

In order to see this effect, we hit the deformable mirror with light normal to the face, and clearly

observed the two unwanted reflections, as depicted in Fig. 5.10. This provided visible confirmation

1Morizur reports in his thesis that “each reflection from the deformable mirror is responsible for a 4.2% loss...
consistent with the reflectivity of the gold membrane of the DM and the coatings used on the protective window”.
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Figure 5.9: Measuring losses from deformable mirror. The optical power loss induced by the

deformable mirror is measured by comparing alternate beam paths.

of the less than desirable quality of the AR coating on the protective window.

Figure 5.10: Unwanted reflections from protective window. We see that there are several reflec-

tions per surface of the protective window. The width of the window is exaggerated in order to show the

reflected beam paths.

A group at the Jet Propulsion Laboratory, NASA, were using the same device for nulling in-

terferometry. They custom ordered their deformable mirror from Boston Micromachines without

the protective window, and could observe 99% reflectivity from the mirror. This served as con-

clusive evidence that the optical loss in each reflection from our deformable mirror is due to the

poor anti-reflection coating of the protective window. Correspondence with Boston Micromachines

convinced me that removing the window at this stage was not an option as it was hermetically

sealed.

Optics that contribute to loss

All of the optical elements that comprise the mode converter are summarised in table 5.3.

The original mode converter had 2 polarising beam-splitters (PBS) along with strategically

placed half-wave plates that were responsible for coupling in and out the signal beam. One PBS

was used as both the input coupler and the output coupler. The second PBS was necessary for

alignment purposes - ensuring symmetry in the optical path lengths - due to the change in refrac-

tive index seen by transmission through the first PBS. As these PBS are specified to have a touch

less than 5% loss when used for transmission, the total loss from 6 transmissions would be on the

order of 1− (1− 0.05)6 = 26.5%.
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Item Manufacturer Serial number
2′′ f = 300 mm lens Thorlabs LA1256-C
f=50 mm cylindrical lens Thorlabs LJ1659L2-C
1′′ Polarising Beam Splitter Newport 10BC16PC.3
Deformable Mirror Boston Micromachines 17W025#089-400D16
1064 nm Half Wave Plate Newport 10RP12-34

Table 5.3: Optical elements in mode converter.

Calculating the optical losses of all optical elements besides the deformable mirror and the polar-

ising beam-splitters by using the specifications of their coatings reveals around 18% loss [38]. This

gives us 1 − (1 − 0.05)6(1 − 0.065)3(1 − 0.18) = 51% loss, consistent with the 51% difference in

power measured between the input and output of the mode converter.

Spatial conversion efficiencies

The final source of loss necessary to identify in order to characterise the performance of the mode

converter is due to the spatial mode mismatch between the signal beam and a reference beam. Here,

the reference beam is generated by a misaligned mode converter on the local oscillator beam-path.

A reasonable question would be the following. If we can create spatially near perfect higher order

Hermite-Gaussian modes by misaligning mode cleaning cavities, why not pass the squeezed beam

through a misaligned mode converter in the first place? The answer of course is that this is an

inherently lossy process, and wasteful of the precious squeezing resource.

The degree of mode matching between the spatially reshaped signal beam exiting the mode con-

verter and the reference beam are tabulated in table 5.4. Note that the power transferred from

one spatial mode to another is defined here as the square of the visibility.

TEM00 TEM10 TEM20 TEM30

Measured visibility (v) 98.5% 95.4% 92.2% 90.0%
Power conversion (v2) 97% 91% 85% 81%

Table 5.4: Mode conversion efficiencies. Uncertainties in power conversions are ±0.1%

Figure 5.11: Progression of conversion from a TEM00 mode to a TEM30 mode. The CCD

images after each reflection from the deformable mirror are shown. The final mode conversion resembles

the desired output, but is not a perfect conversion. Source: [54].

We see in Fig. 5.11 that the spatial transformation to a TEM30 mode is visibly not perfect.

The measured visibility for this transformation is v = 90 %. It is also interesting to visualise the

progression of the mode transformation after each iteration of the mode converter. Clearly after

only 1 reflection from the deformable mirror the mode has no resemblance to the desired output.



§5.2 Shaping squeezed light via unitary transforms 75

Degradation of squeezing

The important assumption that we must verify or falsify here is that the measured optical loss is

consistent with the measured degradation in squeezing value. This will tell us if the deformable

mirror is behaving as we assume - by not introducing any phase noise. For this, we model the

mode converter as a black loss box that mixes the signal beam with vacuum on a 51% beam-splitter.

Figure 5.12: Modelling optical loss as beam-splitter interaction with vacuum. The transmission

coefficient, η, of the beam-splitter represents the propagation efficiency.

Both the squeezed quadrature and the anti-squeezed quadrature will have their variances

brought closer to the vacuum by an amount proportional to the reflectivity of the beam-splitter

used to model the loss. The new variance after the loss is given by

∆2x̂out = η∆2x̂sig + 1− η (5.1)

∆2p̂out = η∆2p̂sig + 1− η (5.2)

where η represents the transmission of the loss-inducing process, such that 1−η is the reflectiv-

ity of the beam-splitter in the loss model. With respect to optical power loss, η is simply the power

difference between the input and output measurements. With respect to spatial mode mismatch,

η = v2. By applying this model of loss twice - once for the measured optical loss, and once for

the spatial mode mismatch - we arrive at the following predicted variances, tabulated in table 5.5

with the measured variances.

TEM00 TEM10 TEM20 TEM30

Predicted squeezing (dB) -1.7 -1.6 -1.5 -1.4
Measured squeezing (dB) -1.7 -1.6 -1.3 -1.4
Predicted anti-squeezing (dB) 4.2 4.0 3.8 3.7
Measured anti-squeezing (dB) 4.4 4.4 3.3 4.0

Table 5.5: Comparison of predicted and measured squeezing values. All values have uncertainties of ±0.1

dB.

We conclude that the quantum mode converter degrades the quantum states only in the sense

of passive optical power loss. Importantly, there is no additional phase noise that degrades the

squeezing. This result lends itself to the possibility of an improvement in the amount of optical

loss induced passively.
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5.2.4 Optimising the setup

Figure 5.13: The optimised quantum mode converter. This mode converter has polarisation free

input and output couplers. The inset shows the actual half mirrors used in the lab as input and output

couplers.

Reducing optical loss

In order to optimise the optical setup, we must remove or replace the main culprits that are

responsible for passive optical loss. We have learnt from the analysis detailed previously that

removing any polarisation optics will be beneficial. In order to do this we modified the input and

output coupling to make it polarisation-free. The 2 PBS and 2 half-wave plates were removed,

and instead 2 half-mirrors were carefully placed to act as input and output couplers respectively.

As these mirrors should only reflect one beam and not interfere with the other beam paths, half

mirrors were used, reducing the physical space required.

The optimised mode converter

Figure 5.13 shows the polarisation optics-free setup. The mode matching into the mode converter

was modified as well in order to account for the modified beam paths. The method employed

here for alignment was to first align the mode converter as a cavity by allowing only one reflection

from the deformable mirror. This simplifies the alignment of the mirrors and lenses within the
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mode converter by reducing the degrees of freedom. Once this is optimal, we systematically rotate

one of the steering mirrors within the mode converter and re-align until we have the 3 desired

reflections on the designated regions of the deformable mirror. The baseline visibility of 98.5% was

again attained after careful alignment. The optimised quantum mode converter is pictured in its

entirety in Fig. 5.14.

Figure 5.14: The experimental layout of the optimised mode converter. The 3 round trips that

perform the spatial mode conversion within the quantum mode converter are shown by the yellow paths

near the centre of the image. Note the absence of polarisation optics, and the addition of input and output

couplers. The local oscillator’s path is shown in cyan. The optics below the quantum mode converter are

for mode matching, and the optics above are for homodyne detection.
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5.3 Conclusion of project and outlook

5.3.1 Optimised mode conversion efficiencies

The difference in power between the input and the output of the mode converter is now reduced to

30.0% due to the replacement of the input and output coupler, and the removal of the half-wave

plates. This is consistent with the predicted value of loss taking into account the optical loss per

pass through each element.

Timing constraints forbade me from performing updated squeezing measurements after the mode

conversions, as our team was in a transitioning stage with group members coming and going,

and the experimental setup had to be modified overnight for some entanglement measurements.

This is all part of working in a team with parallel interests and projects. The mode conversions

are not affected by the change in input and output couplers however, as demonstrated by the

same maximum limit of 98.5% visibility obtained when using the mode converter as the identity

operation (a mirror). Therefore we can sensibly predict what the new squeezing measurements

might have been, and they are summarised in table 5.6.

TEM00 TEM10 TEM20 TEM30

Predicted squeezing (dB) -2.7 -2.5 -2.3 -2.1
Predicted anti-squeezing (dB) 5.2 5.0 4.8 4.6

Table 5.6: Predicted squeezing values for optimised setup. All values have uncertainties of ±0.1 dB.

5.3.2 Further research into co-propagating spatial modes

This project has paved the way for further explorations into one-beam quantum networks. The

simplified mode converter based on 3 successive phase and amplitude transforms constructed in

our labs can be regarded as a beam-splitter between any two modes co-propagating in the beam.

The case when we convert one spatial mode completely into another can then be regarded as a

beam-splitter with r = 100 % reflectivity. If we were to have N modes co-propagating in the

beam, given a finite number of successions of phase profiles and Fourier transforms, an ideal mode

converter could function as a complete linear optics network, with the freedom of choosing as many

beam-splitters as desired as well as the capacity to implement arbitrary phase shifts at any stage

of the network.

An obvious extension of this work is to encode two squeezed spatial modes onto the same beam, in

an orthogonal basis, and to perform beam-splitter operations. This would give us a flexible device

for producing entanglement within one beam. This is exactly the direction that we took next,

and that research is the focus of the next chapter. We extend the concepts investigated here, and

develop a simplified and powerful process to emulate linear optics networks in one beam.

Single-photon metrology

In 2012, a similar result as the work presented in this chapter appeared from the group of Marco

Bellini in Florence, Italy, in the context of adaptively shaping single photons. I wrote a Research

Highlight for Nature Photonics and it appears in reference [58].

CAILabs

The idea of being able to mulitplex spatial modes in one optical beam and to apply unitary

transforms on the modes has worked remarkably well. The technology developed by the Quantum

Imaging Group (largely by Morizur) has been patented and Jean-Francois Morizur is currently in

the process of developing the technology for commercial interests as the CEO of CAILabs.
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The team

Figure 5.15: The Quantum Imaging Group, led by Professor Hans Bachor. Left to right: Kate

Wagner, Jiri Janousek, Jean-Francois Morizur, Hans Bachor, Lachlan Nicholls, Seiji Armstrong, Pu Jian.

Taken at the Australian National University, 2009.
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Chapter 6

Programmable linear optics

networks in one beam

The conventional method for generating entanglement in table-top quantum optics is to create

a linear optics network of beam-splitters that mix together different quantum states of light. In

continuous-variables quantum optics, one would mix together squeezed modes of light while care-

fully controlling the phases between various beam paths. The contribution of each of the input

modes is controlled by the various reflectivities of the beam-splitters. This method has thus far

proven to be successful in demonstrating the creation of a modest number of entangled modes,

such as 4, 6, or more recently 8 [59, 60, 61]. However, each network is inherently inflexible in that

the beam-splitter ratios are necessarily fixed. In order to change the ratios of the input modes that

are mixed, the beam-splitters must be physically replaced and realigned. This is a time-consuming

and arduous task. Further, if we want to increase the number of modes in the network, we need to

increase the number of optical components, as well as the electronics required to actively control

the relative optical phases, quickly leading to a very complex and unscalable system1

The spatial mode conversion experiments from the previous chapter inspired a treatment of the

possibilities of spatial-mode engineering in one beam. Jean-Francois Morizur showed in his mathe-

matically rigorous theory [54] that given a beam containing orthogonal squeezed modes and enough

iterations of phase deformations and lenses, one could engineer a quantum mode converter of sorts

that would mix the co-propagating beams. This mixing would precisely mimic an optical beam-

splitter; the measurable modes contained in the beam after the mode converter would be equivalent

to the output modes of a beam-splitter. This scheme would replace the arduous task of exchanging

and re-aligning physical optical components with modifying the software that drives the phase

masks. While this was a beautiful idea, there were some drawbacks to the proposed scheme. As

we found out, while possible, it is extremely difficult to significantly minimise the optical loss in

the quantum mode converter, and so shaping the beam containing the squeezed modes is not opti-

mal. Also, one fixed deformation on the phase masks would correspond to one fixed beam-splitter

network, ultimately limiting the measurement scheme in the same way that conventional linear

optics networks do.

One exciting idea is to shape the local oscillator instead of the signal beam. Is this mathematically

equivalent? If so, one could preserve every drop of squeezing in the signal beam, as loss on the

local oscillator is only a technical issue that can be overcome by increasing the optical power as

it is a classical beam. We arrive at the idea of engineering the measurement basis at the time of

detection, using both an un-shaped local oscillator and an un-shaped signal beam. By designing

a versatile measurement scheme, the measurement basis is chosen by selecting precise weighted

combinations of the detected spatial components of the beam. We propose to do this by using

detectors comprising of multiple photo-diodes, with individually addressable electronic gains.

1While this is an impediment for present-day table-top technologies, there is impressive research being conducted
that might alleviate these issues by going to wave-guide (and other miniaturisation) technologies. [62, 63].
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In our experimental demonstration, we employ multi-pixel homodyne detectors (built by Boris

Hage, with initial designs from Morizur). Each detector has 8 pixels each, so that we record the

light beam in 8 different spatial sections. Of course if we choose to set all of the 8 electronic gains

to unity, this detector is equivalent to a standard “bucket” detector comprised of one photo-diode.

Setting non-uniform gains on the detector pixels corresponds to some kind of mixing of the spatial

modes within the beam. By defining a mapping of electronic gains to arbitrary linear optics net-

works, we gain access to a plethora of different entangled bases by simply modifying the software

that drives the gains.

In this way we were able to to access our desired linear optics networks in a versatile and controlled

way. Our approach is to co-propagate all possible spatial modes of light within one beam. This

multiplexing in the spatial dimension leads to a much more efficient method for mixing the modes.

By introducing a powerful mode shaping process, it is now possible to engineer complex networks

of beam-splitters with any desired reflectivities by software only.

The theory and experiment discussed in this chapter are summarised in the following publica-

tion:

• Seiji Armstrong, Jean-Francois Morizur, Jiri Janousek, Boris Hage, Nicolas Treps, Ping Koy

Lam, Hans Bachor. Programmable multimode quantum networks. Nature Communications,

3, 1026 (2012).

It should be noted that co-propagating 2 spatial modes in one beam has been previously demon-

strated by Jiri Janousek and the ANU group a couple of years ago [64], as well as Ulrik Andersen’s

group in DTU [65]. There are also some excellent demonstrations coming out of Olivier Pfister’s

group at the University of Virginia, where they employ multiplexing in the frequency domain

[66, 67]. Nicolas Treps and Claude Fabre at the University of Pierre and Marie Curie have also

recently demonstrated entanglement between frequency modes in frequency combs [68].
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6.1 A simple one-beam network

The concept of being able to program different linear optics networks via software, as opposed to

modifying hardware, is a powerful one. We use matrix mechanics to systematically build up the

networks from unitary (reversible) operations. We begin our treatment with a walk-through of a

simple network. This reveals the underlying mechanisms of our technique, and help develop the

intuition required to appreciate the more complex networks treated later in the chapter.

Entanglement between two halves of a beam

The simplest possible network that we create contains 2 inputs that are transformed to 2 outputs.

By engineering two spatial modes that are orthogonal, they are able to propagate on the same

beam. Crucially, they are able to be measured independently. If we choose to measure half of one

mode and half of the other mode, we have emulated a simple beam-splitter operation.

Figure 6.1: EPR entanglement in one beam. 2 squeezed modes that are spatially orthogonal

propagate on the same signal beam. Depending on if the 2-pixel homodyne signal is summed or subtracted

we can measure either squeezed mode independently.

In this demonstration the two spatial modes are a fundamental Gaussian, TEM00, and a phase-

flipped version of a Gaussian TEM00. The phase-flipped mode, referred to from here-on-in as a

flip mode, simply has one half of its spatial profile phase shifted by π or 180o such that it is

precisely orthogonal to the TEM00 mode. Experimentally this is achieved by delaying one half of

the Gaussian TEM00 by exactly half a wavelength. The phase-flipped mode was introduced by

Delaubert in reference [69].

Now comes the detection and subsequent measurement. You will notice from the schematic in

Fig. 6.1 that we have a homodyne setup with a fundamental Gaussian local oscillator. The detectors

however are not standard single photodiode detectors. They contain 2 photodiodes each so that the

beam is measured in two halves. After performing two standard homodyne subtractions between

the two signal beams (one for each half, as in Fig. 6.1), we are left with homodyne current from

detector A as well as homodyne current from detector B. In this demonstration we either sum

A and B or take the difference of A and B. The sum of A and B results in the measurement of

the fundamental Gaussian TEM00 mode, while the flip mode is not measured. Conversely, the

difference of A and B results in the complete measurement of the flip mode while the Gaussian

mode is entirely not measured. This can be understood by observing that the right half of the

flip mode is precisely the inverse of the left half. Therefore if the two halves are added together

(current in A + current in B) the measurement result will be zero:
(
1 1

)(
1
−1

)
= 0.
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Now that we have understood how to measure the input mode independently, we arrive at the

exciting part, the virtual networks. We know from our linear optics experience that if we combine

two squeezed modes (in quadrature) on a balanced beam-splitter the outputs will be entangled. A

balanced beam-splitter simply combines the two modes and distributes them equally in the output

ports, with a π phase shift on one mode. In our one-beam scheme we may now emulate this

2-mode network by combining the two recovered input modes. Preserving the phase relationship

of beam-splitters, one output port will be the sum of the two input modes while the other output

port will be the difference of the input modes due to the π phase shift.

Figure 6.2: EPR entanglement between two halves of one beam. Linear combinations of recovered

input modes lead to entanglement between the left half and the right half of the same beam.

Performing these combinations, we realise that one output port is precisely the left half of the

beam, while the other output port is the right half of the beam, as illustrated in Fig. 6.2. We

see that in this way we can determine which modes we wish to measure by combining the 2-pixel

homodyne detection current in different ways. More generally, we scale the homodyne current by

electronic gains that range between -1 to 1. The different modes measured as a consequence of

different electronic gains applied in this simple demonstration are summarised below.

Input Modes Output Modes

Mode Profiles
Electronic Gains [1 1] [1 -1] [2 0] [0 2]
Spatial Mode Gaussian Flip Left Half Right Half

A useful way to think about the electronic gains of the multi-pixel detectors is to imagine that

we are spatially modifying the local oscillator beam. Only the components of the signal beam that

are matched to the shaped local oscillator are measured. The modes that span the input basis

are orthogonal, and so are the modes that span the output basis. However, it is worth stating

explicitly that in general, modes in the input basis will not be orthogonal to modes in the output

basis. This is fairly intuitive, as the output modes in general contain non-zero contributions of

the input modes - this is how they are generated, after all. As a final note, here I have ignored

normalisation constants as we are interested in conveying the idea of these networks. A full

mathematical treatment follows in this chapter, and we ensure that all bases are orthonormal.
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6.2 Programmable networks

6.2.1 8 spatial modes in one beam

As seen in the powerful example of two-mode entanglement, we radically extend the idea of one-

beam entanglement by introducing the notion of emulating linear optics networks. This is done

by programming virtual networks that mix together different spatial regions of the light beam.

These software-based networks calculate the precise weighted combinations of the spatial regions

required to emulate the physical networks. This is possible because the linear optical components

in a typical network simply perform reversible operations, and can be represented by unitary

matrices.

In our complete setup, we are able to create networks that manipulate up to 8 modes. Our

scheme may be represented as in Fig. 6.3 below:

Inputs Network Entanglement

Veri cation

Figure 6.3: Multimode entanglement via emulated linear optics networks. The programmable

networks are split into 3 steps. First, the input modes are recovered. A subset of input modes are then

mixed together on virtual linear optics networks, creating output modes. Entanglement between the output

modes is then verified using inseparability measures.

The first step is to select how many modes will form the input basis from the 8 spatial modes that

we can measure. The N input modes that we select are fed into a programmable virtual network

that emulates a given linear optics network. The linear optics networks that we have access to

are arbitrary concatenations of beam-splitters and π phase shifts. This produces N output modes

that we then measure and characterise with a given criteria for verifying entanglement.

6.2.2 Experimental overview

We use a dual-wavelength continuous-wave Nd:YAG laser at 1064 nm and 532 nm. The optical

parametric amplifiers (OPA) each contain a periodically poled KTP crystal in a bow-tie cavity. The

squeezed beams are almost identical in purity, with squeezing levels of approximately -6 dB and

anti-squeezing of 8.5 dB. The beam containing the 8 spatially orthogonal modes is made highly

elliptical in order to be measured by the multi-photodiode homodyne detector (MPHD), which

has a linear array of 8 photodiodes. The photodiode array is a Hamamatsu InGaAs PIN array

(G7150) which actually has 16 photodiodes however we choose to use only 8 of these in the present

experiment. The filling factor for the array is 90%, meaning that 10% of the light does not hit an

active surface. The quantum efficiencies for the photodiodes are 80% at 1064 nm.

Full experimental details including a treatment on the squeezing resources, active control of the

co-propagating beam, and the detection scheme including the process of data analysis are presented

in section 6.4 of this chapter.
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Figure 6.4: Experimental setup. Squeezed light is prepared and combined in squeezers with a piezo

electric transducer (PZT) controlling the phase between the two squeezed modes, locked in quadrature.

Vacuum modes (vac) co-propagate so that the beam exiting squeezers and entering detection contains 8

measurable spatial modes. Multi-pixel homodyne detection (MPHD) is used to measure the quadrature

amplitudes of the beam in 8 different regions, in detection. Local oscillator (LO) gives a reference to phase

quadratures. A PC is used to calculate electronic gain functions Gn via the notion of virtual networks. The

detected beam is then projected onto a basis of measured modes (see equation 1). (Inset) Flip mode (FM)

generation; half of the wave is phase retarded by half a wavelength, flipping the electric field amplitude.

A note on terminology

I use ‘detection’ when referring to the process of converting light to photo-current; shining the

signal beam onto the MPHD. ‘Measurement’ refers to the calculated process of combining the

weighted photo-currents in order to access the desired spatial mode, or the desired combination of

spatial modes.
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6.2.3 Measuring spatial modes

By employing custom-made MPHDs that each contain an array of 8 photodiodes (see Fig. 6.4), we

detect the light in 8 spatial regions and assign individual electronic gains to each spatial region.

The linear combination of the 8 gain-adjusted photocurrents constitutes the measurement of one

mode. More generally, we can express the measurement process of a complete set of spatial modes

in one beam by the following:

â = Uî (6.1)

= UnetU
N
in̂i, (6.2)

where â = (â1, · · · , âN )T is the set of N measured modes projected by the N×8 unitary matrix

U acting on the 8 homodyne-subtracted photocurrent operators î = (̂i1, · · · , î8)T.
UN

in is an N × 8 matrix made up of the top N rows of Uin, the orthogonal 8× 8 unitary matrix

that recovers the important set of 8 unmixed spatial modes that span the input basis. Input modes

are then mixed via Unet, which emulate linear optics networks, given by the N ×N matrix:

Unet =


v11 v12 · · · v1N
v21 v22 · · · v2N
...

...
. . .

...

vN1 vN2 · · · vNN

 , (6.3)

where vnp ∈ R.
This allows us to uniquely define a mode ân by the 8 real numbers in the nth row of U , which

we will label as the mode’s gain vector Gn, such that ân = Gn̂i. Therefore each spatial mode

that we measure, whether belonging to the input basis or an entangled mode basis, is defined by

a unique pattern within the light beam.

These spatial mode patterns, represented by Gaussian profiles modulated by respective electronic

gains Gn, are shown visually in Fig. 6.5, while the detection stage of Fig. 6.4 shows how we

implement this experimentally. The spatial modes are orthogonal to each other, spanning a basis

so that the independent measurement of each mode is possible [70, 71].

6.2.4 Input basis

The first spatial mode in the input basis is the fundamental Gaussian mode of the Hermite-Gauss

basis, the TEM00. We choose not to work in the Hermite-Gauss basis, however, as this basis is

not optimal for our detection scheme. As we are using a multi-photodiode detector, we choose

the pixel basis for maximum efficiencies. This means that we will have sharp transitions in the

amplitude profiles of our spatial modes. The phase-flipped Gaussian mode is used as the second

mode in the basis. This is simply a TEM00 with one half of its spatial amplitude phase flipped. It

is clear to see that these two modes are orthogonal, as the overlap between them is zero:∫ +∞

−∞
fG(x)fF (x)dx = 0. (6.4)

As our multi-pixel detector has 8 pixels, we are concerned with discretised mode vectors that

represent the modes in the pixel basis:

8∑
n

fG[n]f
ᵀ
F [n] = 0. (6.5)

In order to gain some intuition regarding our spatial mode basis, we first consider an idealised

basis that consists of equal intensity components. This can be considered to be the spatial profile
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of the light normalised by a Gaussian profile. It follows that the first two modes in the idealised

pixel basis have the following mode vectors:

fG =
1√
8
( 1 1 1 1 1 1 1 1 ) , fF =

1√
8
( 1 1 1 1 −1 −1 −1 −1 ) . (6.6)

The remaining 6 mode vectors are calculated via the singular value decomposition of the matrix

containing the Gaussian mode vector and the flip-mode vector as its rows. An orthonormal basis

is found by computing the null space of this matrix. We obtain a matrix that contains all 8 mode

vectors, defined to be the idealised input mode matrix.

The idealised input matrix Uideal is defined as follows:

Uideal =
1√
8


1 1 1 1 1 1 1 1
1 1 1 1 −1 −1 −1 −1
1 1 −1 −1 1 1 −1 −1
−1 1 1 −1 1 −1 −1 1
1 −1 1 −1 1 −1 1 −1
−1 1 1 −1 −1 1 1 −1
−1 1 −1 1 1 −1 1 −1
−1 −1 1 1 1 1 −1 −1

 , (6.7)

with U∗
idealUideal = I.

Figure 6.5 displays this idealised input mode basis scaled by a Gaussian envelope.

Inputs

Figure 6.5: Input basis spatial mode patterns. There are 8 orthogonal spatial modes that we may

input into different linear optics networks. These spatial modes are scaled by Gaussian envelopes.

The input matrix needed to extract the experimentally measured data is created in an analogous

way, however we need to account for the Gaussian amplitude envelope of the light. This is taken

into account when building the multipixel detector and as a result each diode has a different

response that we need to account for2. In order to measure the fundamental mode of the input

basis, the TEM00, we must scale the multipixel detector by the following electronic gain vector:

[0.1022 0.2655 0.3966 0.5117 0.5117 0.3966 0.2655 0.1022] (6.8)

These gain factors were found via a genetic algorithm written in MATLAB that minimised

over the recovered squeezing value of the first input mode. The genetic algorithm mimics an

evolutionary process and is designed to approach the global minimum of the parameter space by

including environmental disturbances to kick the algorithm out of local minima. Alternatively,

Jean-Francois Morizur’s thesis contains a treatment on this detector including a methodology of

how to extract gain factors via the transfer functions [38]. Morizur’s recovered gain factors are close

to those employed here. Perhaps unsurprisingly, the gain vector I use here is optimal and recovers

the measured quantum state with higher levels of squeezing than those calculated by Morizur’s

transfer function method. In general I favour an algorithm to find the numerical optimum, due

to the usual existence of experimental imperfections. Where applicable, I use the numerical solve

and minimize functions from Wolfram Mathematica. It is important however, to also compute

2The outer photodiodes are designed to have higher amplification compared to the inner photodiodes.
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analytical solutions when appropriate in order to verify the validity of the found solutions.

Experimentally, the input basis is created in the following way. First, two amplitude squeezed

modes are created via optical parametric amplification (OPA). The first mode is converted to a

flip mode (FM) by phase delaying half its beam by half a wavelength, π (see inset of Fig. 6.4).

This is achieved by using a flip-mode generating waveplate, similar to that outlined in [69]. The

FM is overlapped in quadrature with the Gaussian mode (GM) output of the second OPA upon

reflection of its output coupler [72]. These two squeezed modes are the first two modes of the input

basis: â1 and â2. Six co-propagating vacua modes are measured by calculating Gn vectors that

are orthogonal to both â1 and â2, as in the example of idealised mode vectors.

These vacua modes (labelled â3...â8) complete the experimental input mode basis (see Fig. 6.5).

Measuring these modes amounts to matching the detection basis by following equation (1) and set-

ting Unet = I.

The experimental input matrix Uin is defined as follows:

Uin =


0.1022 0.2655 0.3966 0.5117 0.5117 0.3966 0.2655 0.1022
0.1022 0.2655 0.3966 0.5117 −0.5117 −0.3966 −0.2655 −0.1022
−0.3492 −0.4439 0.7700 −0.2967 0.0000 0.0000 0.0000 0.0000
−0.4506 −0.5728 −0.2967 0.6172 0.0000 0.0000 0.0000 0.0000
−0.5852 0.4181 −0.0485 −0.0625 0.4764 −0.4058 −0.2717 −0.1046
−0.4536 0.3241 −0.0376 −0.0485 −0.4058 0.6855 −0.2106 −0.0811
−0.3037 0.2170 −0.0251 −0.0324 −0.2717 −0.2106 0.8590 −0.0543
−0.1169 0.0835 −0.0097 −0.0125 −0.1046 −0.0811 −0.0543 0.9791

 (6.9)

with U∗
inUin = I. Each row of Uin represents the 8 electronic gains that match the detection

basis to the input modes. For example, the top row recovers the standard Gaussian TEM00 mode

(GM), and the second row recovers the phase-flipped Gaussian mode (FM). By setting Unet = I

we can label each row of Uin as Gin
n . Formally, UN

in = (IN ON,(8−N))Uin, where ON,(8−N) is a zero

matrix of size N by (8−N).

Each spatial mode is characterised by the continuous-variable (CV) quadrature operators x̂ and p̂

of the electric field operator. The x̂ and p̂ variance measurements of the eight modes in the input

basis are shown in Fig. 6.6a,b as well as table 6.1, for a parametric gain of G = 20.

Input △2p̂ (dB) △2p̂ (r) △2x̂ (dB) △2x̂ (r)
1 -4.37 -0.50 11.19 1.29
2 -3.72 -0.43 10.18 1.17
3 -0.09 -0.01 0.07 0.01
4 -0.04 0.00 0.09 0.01
5 -0.11 -0.01 0.21 0.02
6 -0.00 0.00 -0.07 -0.01
7 -0.05 -0.01 0.31 0.04
8 -0.05 -0.01 0.22 0.02

Table 6.1: Measured variances of input basis. All variances given in dB have uncertainties ±0.05 dB.

Here, our two squeezed modes have variances ⟨[∆p1]2⟩ = −4.37 ± 0.05dB and ⟨[∆p2]2⟩ =

−3.72± 0.05dB below the standard quantum noise, and the variances of the vacua are verified to

equal quantum noise with a small but non-zero amount of noise associated with each vacuum mode.

These non-zero noise contributions arise from imperfect linear combinations of the 8 photodiodes

when producing the orthogonal mode basis. Conceptually, they can be understood by appreciating

that any slight misalignment in either of the two squeezed beams on the MPHD will lead to

asymmetry that is amplified in the vacuum mode recovery process. Note that any diffraction from

the flip-mode generating waveplate contributes to these noise values. The very low noise values

indicate the precision of the imaging and mode-matching setup. A separate issue is the large
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anti-squeezing values for both of the squeezed modes, a consequence of the large parametric gain

necessary to increase the squeezing values in the face of a lossy MPHD.

Figure 6.6: Noise variance measurements of the input spatial modes. (a) x̂ quadrature mea-

surements of the input mode basis. The squeezed 〈[∆x̂1]
2〉 is shown in the red and anti-squeezed 〈[∆x̂2]

2〉
is shown in the blue. The x̂ quadrature variances of the 6 vacua modes are measured to equal quantum

noise (0dB). (b) p̂ quadrature measurements. The anti-squeezed 〈[∆p̂1]
2〉 is shown in the red and squeezed

〈[∆p̂2]
2〉 is shown in the blue. The p quadrature variances of the 6 modes are again measured to equal

quantum noise, confirming they are vacua.

6.2.5 Entangled mode bases

Programming a virtual network amounts to calculating the precise expression of Unet. The uni-

taries we have access to in programming the virtual networks are beam-splitters and π phase shifts.

Unet is the concatenation of all of these unitaries that make up a linear optics network. The π

phase shift is equivalent to multiplying â by −1. Note that arbitrary relative phase shifts are for-

bidden as each measurement naturally corresponds to detection at a fixed phase defined by a shared

reference beam, the local oscillator. Optimising networks due to asymmetries in squeezing levels

are important in certain situations. I provide a treatment of these situations in appendix A. Here,

we characterise the entanglement present in our multi-partite quantum states by the van Loock-

Furusawa criteria. Under these conditions, optimising networks by biasing the beam-splitters has

a minimal effect.

The most intuitive virtual network we create is the 2-mode EPR state [6] that is treated in sec-

tion 6.1. Here we engineer spatial mode patterns that have no spatial overlap; the left half of the

beam is entangled with the right half (see Fig. 6.2). Note that spatial separation is not a condition

for spatial orthogonality, and the 2-mode case is a unique example. The Gaussian mode and the

flip mode clearly share spatial overlap, and are also clearly spatially orthogonal. Entangled modes

belonging to other bases share spatial overlap but are nevertheless spatially orthogonal. In the

following treatment, spatial modes measured in an entangled mode basis are given a superscript

N to distinguish them from modes in the input basis; a21 and a22 represent the two modes spanning

the N = 2-mode EPR basis. In general, we construct networks pertaining to N modes by concate-

nating N − 1 virtual beam-splitters with vacua on unused input ports. This is a highly efficient

approach to creating multimode entanglement, as the time-consuming tasks of mode matching and

alignment are replaced with the ease of programming.
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Figure 6.7: Multimode entanglement via emulated linear optics networks. Squeezed light and

vacua are mixed together using unitary operations in order to produce entangled mode states. Unless

otherwise stated beam-splitters are 50% reflective. Superscripts denote mode basis and subscripts denote

mode number. (a) The emulated linear optics network used to measure 2-mode EPR entanglement (U2
net).

(b) 8-mode entanglement via a calculated concatenation of beam-splitter and π phase shift operations

(U8
net). The dots between a and b imply virtual networks for N = 3...7, not shown for brevity.

6.2.6 Network for 2-qumode state

The linear optics network for the ideal and symmetric 2-mode EPR basis is simply a balanced

beam-splitter:

U2
net = B(

1√
2
) =

(
1√
2

1√
2

1√
2

− 1√
2

)
(6.10)

From equation 6.2 we get:(
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=
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=
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)̂
i,

from which we see that indeed Ĝ2
1 and Ĝ2

2 share no part of the detected light. We show this

ideal EPR basis in Fig. 6.8 in order to emphasise the spatial separation. Note that the factor 1√
8

has been omitted from the scale in Fig. 6.8 for clarity.

6.2.7 Networks for 2 to 8 qumode states

For even-numbered mode bases (N = 2, 4, 6, 8), the method for creating the virtual network is as

follows. The two squeezed modes a1 and a2 are combined on a balanced beam-splitter. As the

output of this first beam-splitter is an EPR state, we refer to this from now on as the EPR beam-

splitter (EBS). The EBS outputs are symmetrically combined with N − 2 vacua, as in Fig. 6.7.

Any beam-splitter in the remaining network is then given by B̂(cos−11/
√

N
2 − n), where n is the

number of beam-splitters between the EBS and the beam-splitter in question. For N = 4 and
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N = 6 and N = 8, mode output 2 is swapped with mode output N-1. For N=8, an additional

swap of output modes 4 and 5 is made. For odd-numbered mode bases (N = 3, 5, 7), the method

is the same with the following modifications. The EBS has its reflectivity changed to r = 1
2 − 1

2N .

(See for example references [73, 74] for more details on N = 3). The vacua are mixed using

beamsplitters as above, with one output arm having one less vacuum input. π phase shifts are

applied to all beam-splitter outputs on the left of the EBS except for the one left output exiting

the last beam-splitter. Mode outputs 1 and N − 1 are swapped, and the network for N = 7 has

an additional swap between output modes 3 and 4.

The homodyne gains gi are optimised using a genetic algorithm3, in order to maximally violate the

van Loock-Furusawa inequalities. These gains gi scale the contributions of the quadrature vari-

ances and are independent from calculations regarding Unet. Here, optimal homodyne gains are

calculated using two measures: minimising the mean of the N − 1 inequalities; and minimising the

variance of the set of inequalities. A trade-off between the two measures is needed, and preference

is given to minimising the mean of the inequalities.

Figure 6.8: Spatial mode patterns. Measured modes are defined by spatial patterns of electric field

amplitudes. Shown in the top right box is an example of how the spatial mode pattern for â5 is matched

by applying 8 electronic gain values (G5) to the detected Gaussian profile (̂i). The basis of input modes

â1. . . â8 is shown in the middle row. The arrows represent a mapping via the virtual networks U2
net (blue)

and U8
net (violet) onto the respective bases of entangled modes; the top row shows the symmetric EPR

or 2-mode basis, while the bottom row shows the 8-mode basis. Superscripts denote mode basis and

subscripts denote mode number. Each basis is orthogonal; the mode profiles shown here are scaled by

Gaussian envelopes. The spatial mode bases for N=3 to N=7 are not shown for brevity.

3The algorithm is a variation of one employed and discussed in section 6.2.4
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6.3 Verifying entanglement

In general we emulate a network, produce an entangled state, and then characterise it by calculating

noise statistics. Different combinations of the quadrature variances will allow us to verify the

existence of different levels of entanglement. In order to verify entanglement between measured

modes we use the well-established van Loock-Furusawa inseparability criteria [74]. For an N -mode

entangled state, it is sufficient to satisfy N − 1 inseparability inequalities:

(I) ⟨[∆(x̂1 − x̂2)]
2⟩+ ⟨[∆(p̂1 + p̂2 + g3p̂3 + ...+ gNp̂N)]

2⟩ < 1,

· · ·
· · ·
(N-1) ⟨[∆(x̂N−1 − x̂N)]

2⟩+ ⟨[∆(g1p̂1 + ...+ gN−2p̂N−2 + p̂N−1 + p̂N)]
2⟩ < 1.

(6.11)

with free parameters gi, to be optimised for maximum inseparability. We have omitted the super-

script N here for clarity, as the above holds for any mode basis. The subscripts n of x̂ and p̂ here

indicate the nth mode in the N-mode basis.

Table 6.2 summarises the measured degrees of inseparability for all N − 1 inequalities in each

experimentally generated N -mode basis, given in Roman numerals.

N I II III IV V VI VII Avg.
2 0.39 0.39
3 0.56 0.56 0.56
4 0.64 0.63 0.64 0.64
5 0.69 0.69 0.70 0.70 0.69
6 0.73 0.73 0.75 0.74 0.74 0.74
7 0.77 0.78 0.77 0.76 0.77 0.77 0.77
8 0.79 0.79 0.78 0.81 0.79 0.80 0.79 0.79

*Uncertainties are ±0.01 in all cases.

Table 6.2: Inseparability of entangled modes based on the van Loock-Furusawa criteria. Each

row shows that for a basis of N quantum modes, the N − 1 values obtained from quadrature variances are

well below 1. This verifies entanglement of the N modes.

The terms in equation (6.11) measure the degree of correlations between any two modes in a

given basis. For the modes to be inseparable each of these correlation variances (correlations in

the x̂ quadrature and anti-correlations in the p̂ quadrature4) must be in the quantum regime, that

is below the normalised quantum noise of two units of vacua.

Figure 6.9. shows this to be the case in our experimental measurements. Although we are limited

here to 8 modes due to our detection scheme, this scheme is scalable to higher numbers of mode

entanglement even without increasing the number of squeezing resources, as shown in the simulation

traces of Fig. 6.10. As we increase the simulated number of modes in the basis up to 30, the

degree of inseparability approaches the classical bound of 1 due to the vacuum noise penalty for

each additional unsqueezed mode input. Entanglement is shown to hold here however, even with

current squeezing levels.

4These correlations are a consequence of our method of squeezed light generation. In other circumstances it
would be possible to have correlations in p̂ and anti-correlations in x̂.
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Figure 6.9: Noise variance measurements of the entangled spatial modes. (a) These variances

show the x̂ quadrature correlations between modes as in the first half of the L.H.S. of equation (6.11) of

the text. Every column shows N − 1 traces of x̂ quadrature correlations below shot noise, as well as the

blue shot noise trace (0 dB) normalised to two units of vacua. Each green trace shows 〈[∆(x̂N
1 − x̂N

2 )]
2〉 for

each N-mode basis. Each new colour represents the other N-1 variance correlation traces of equation 6.11.

(b) Correlations between measured modes in p̂ quadrature, second half of the L.H.S. of equation (6.11).

Each green trace now shows 〈[∆(p̂N1 + p̂N2 + g3p̂
N
3 + ...+ gNp̂

N
N)]

2〉. The traces overlapping show that each

pair of modes is entangled with the same strength as any other pair of modes, a result of optimising for

symmetry in the virtual networks.

Importantly, there is very little loss incurred during the transformation of the squeezed input

modes into a set of entangled modes, as can be seen by the agreement of the theoretical predictions

and the experimental values of Fig. 6.10. This equates to near-perfect mode matching at every

virtual beam-splitter. Figure 6.10 explores how inseparability scales with different squeezing levels.

Measuring a larger number of inseparable modes experimentally requires only an increase in the

number of photodiodes in the MPHD, and importantly no modification of the optical setup. Note

that this in general is not true for other quantum states of light such as cluster states or multi-

partite states that demonstrate EPR steering. In those instances, the number of squeezed inputs

must be increased accordingly.
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Figure 6.10: Inseparability for different entangled mode bases. The solid black line represents

the bound of separability. Dashed lines represent theory. All traces have two squeezed inputs and N − 2

vacua modes, as in the experiment. What changes is the amount of squeezing in the two squeezed inputs,

assumed here to be symmetric with equal anti-squeezing. From the top we have: -1 dB (magenta); -3 dB

(cyan); experimental parameters (blue); experimental values (blue markers); -6 dB (green); and -10 dB

(red).

Note that the very small, but non-zero, noise contributions of our measured vacua modes do

not show up as notable discrepancies with regard to the inseparability theory here. This is due to

the relative insensitive nature of inseparability to anti-squeezing, and mixedness of our quantum

states. When measuring a stricter form of entanglement such as EPR steering, as detailed in ap-

pendix A, these discrepancies become noticeable.

I will briefly mention here that it is an open question as to how useful a quantum state with only

minimal inseparability might be. Its usefulness depends on the protocol in which the quantum state

is used as a resource. See for example references [75, 76, 62] for discussions on photonic quantum

technologies and quantum communication protocols.

Characterisation of emulated networks

We now present the networks for each of the N = 2 up to N = 8 mode entangled states. We

also tabulate the van Loock-Furusawa variances, along with the optimisation gain values for the

relevant p̂ quadrature expressions. Uncertainties have been omitted from the tables for clarity. For

each van Loock-Furusawa inequality, the uncertainty is ±0.01.
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6.3.1 2 qumodes

Figure 6.11: 2-qumode entangled state schematic. Two squeezed modes are combined on a balanced

beam-splitter. The 2 modes are combined with a π
2
relative phase between them.

VLF variances Value

∆2
VLF(x̂1) = ∆2(x̂1 − x̂2) 0.18

∆2
VLF(p̂1) = ∆2(p̂1 + p̂2) 0.21

{I} ∆2
VLF(x̂1) + ∆2

VLF(p̂1) 0.39

The 2-qumode entangled state is measured as described in section 6.1. The quadrature variances

described by equation 6.11 are tabulated above. The quadrature variance in the x̂ quadrature

is smaller than the quadrature variance in the p̂ quadrature due to the asymmetric squeezing of

the two input modes. The van-Loock Furusawa criterion is satisfied, as 0.39 < 1, indicating full

inseparability. Shown below is a snippet of the source code that emulates this network.

� �
G=[0.1022 0.2655 0.3966 0.5117 0.5117 0.3966 0.2655 0.1022];

G=G./norm(G); % gain vector for mode projections
a1_pattern =[1 1 1 1 -1 -1 -1 -1]; % phase−flipped mode
a2_pattern =[1 1 1 1 1 1 1 1]; % Gaussian TEM00 mode

5 a1_gains=G*diag(a1_pattern ,0); % G1 for projecting to a1
a2_gains=G*diag(a2_pattern ,0); % G2 for projecting to a2
a1x=a1_gains*data_x ’; % a1 input mode from detected data
a2x=a2_gains*data_x ’; % a2 input mode from detected data

10 r=0.5; % beamsplitter reflectivity
t=1-r; % beamsplitter transmissivity
BS=[ sqrt(r) sqrt(t);sqrt(t) -sqrt(r)]; % beamsplitter matrix
BSoutx = BS*[a1x; a2x]; % mixing modes a1 and a2 on BS
HD1x=BSoutx (1,:); % output modes at Homodyne 1 (x)

15 HD2x=BSoutx (2,:); % output modes at Homodyne 2 (x)� �
Listing 6.1: MATLAB source code for 2-qumode network.
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6.3.2 3 qumodes

Figure 6.12: 3-qumode entangled state schematic. Two squeezed modes and a vacuum mode are

combined in a tritter configuration of beam-splitters.

VLF variances value g1 g2 g3

∆2
VLF(x̂1) = ∆2(x̂1 − x̂2) 0.26

∆2
VLF(x̂2) = ∆2(x̂2 − x̂3) 0.26

∆2
VLF(p̂1) = ∆2(p̂1 + p̂2 + g3p̂3) 0.30 0.82

∆2
VLF(p̂2) = ∆2(g1p̂1 + p̂2 + p̂3) 0.30 0.82

{I} ∆2
VLF(x̂1) + ∆2

VLF(p̂1) 0.56

{II} ∆2
VLF(x̂2) + ∆2

VLF(p̂2) 0.55

mean[∆2
VLF(x̂) + ∆2

VLF(p̂)] 0.56

The measured tripartite inseparability is summarised above. The 3-qumode state is an interesting

multi-partite state to investigate because it has the unique advantage of being the smallest and

simplest entangled state that is larger than the bipartite case. The first time this continuous-

variable analogue of the GHZ state was demonstrated was by Aoki and the Furusawa Lab in 2003

[73]. The difference in the current demonstration is of course that our tripartite state is contained

within one beam.

The first beam-splitter here has a reflectivity of r = 1
3 , and the second (last) beam-splitter is

balanced. Note also that the output qumodes 1 and 2 have been swapped. This is semantic and

the swap is performed in order to align the labels with the van Loock-Furusawa criteria.
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6.3.3 4 qumodes

Figure 6.13: 4-mode entangled state schematic. Two squeezed modes and two vacua modes are

combined on 3 balanced beam-splitters.

VLF variances value g1 g2 g3 g4

∆2
VLF(x̂1) = ∆2(x̂1 − x̂2) 0.34

∆2
VLF(x̂2) = ∆2(x̂2 − x̂3) 0.33

∆2
VLF(x̂3) = ∆2(x̂3 − x̂4) 0.34

∆2
VLF(p̂1) = ∆2(p̂1 + p̂2 + g3p̂3 + g4p̂4) 0.30 0.41 0.40

∆2
VLF(p̂2) = ∆2(g1p̂1 + p̂2 + p̂3 + g4p̂4) 0.30 0.44 0.40

∆2
VLF(p̂3) = ∆2(g1p̂1 + g2p̂2 + p̂3 + p̂4) 0.30 0.44 0.40

{I} ∆2
VLF(x̂1) + ∆2

VLF(p̂1) 0.64

{II} ∆2
VLF(x̂2) + ∆2

VLF(p̂2) 0.63

{III} ∆2
VLF(x̂3) + ∆2

VLF(p̂3) 0.64

mean[∆2
VLF(x̂) + ∆2

VLF(p̂)] 0.64

The 4-qumode state is interesting for a variety of reasons. It is the smallest multi-partite state

that offers symmetry. This means that even if the input modes have asymmetric squeezing values,

the first beam-splitter is still optimal when balanced. It is also the smallest state that allows for

different beam-splitter networks (with appropriate phase shifts) leading to different entanglement

structures. Although beyond the scope of the current chapter, we refer the reader to references

[34, 59] for a treatment on how different configurations of 4-qumode networks lead to various graph

state shapes; specifically a square, linear, and T-shaped cluster state.

The 3 beam-splitters in this network are all balanced. Note the phase shift on the 2nd output of

the left beam-splitter, as well as the swapping of mode labels between modes 2 and 3.
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6.3.4 5 qumodes

Figure 6.14: 5-mode entangled state schematic. Two squeezed modes and two vacua modes are

combined on 4 beam-splitters.

VLF variances value g1 g2 g3 g4 g5

∆2
VLF(x̂1) = ∆2(x̂1 − x̂2) 0.36

∆2
VLF(x̂2) = ∆2(x̂2 − x̂3) 0.36

∆2
VLF(x̂3) = ∆2(x̂3 − x̂4) 0.37

∆2
VLF(x̂4) = ∆2(x̂4 − x̂5) 0.36

∆2
VLF(p̂1) = ∆2(p̂1 + p̂2 + g3p̂3 + g4p̂4 + g5p̂5) 0.32 0.44 0.30 0.42

∆2
VLF(p̂2) = ∆2(g1p̂1 + p̂2 + p̂3 + g4p̂4 + g5p̂5) 0.32 0.42 0.30 0.42

∆2
VLF(p̂3) = ∆2(g1p̂1 + g2p̂2 + p̂3 + p̂4 + g5p̂5) 0.33 0.42 0.40

∆2
VLF(p̂4) = ∆2(g1p̂1 + g2p̂2 + g3p̂3 + p̂4 + p̂5) 0.34 0.42 0.40 0.44

{I} ∆2
VLF(x̂1) + ∆2

VLF(p̂1) 0.69

{II} ∆2
VLF(x̂2) + ∆2

VLF(p̂2) 0.68

{III} ∆2
VLF(x̂3) + ∆2

VLF(p̂3) 0.70

{IV} ∆2
VLF(x̂4) + ∆2

VLF(p̂4) 0.70

mean[∆2
VLF(x̂) + ∆2

VLF(p̂)] 0.69

The 5-qumode network is an extension of the asymmetric network we observed in the tripartite

case. The first beam-splitter has reflectivity r1 = 2
5 . The right-hand side then can be viewed as a

3-qumode network with r3 = 1
3 and r4 = 1

2 while the left-hand side takes on a 2-qumode network

with a balanced beam-splitter, r2 = 1
2 .
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6.3.5 6 qumodes

Figure 6.15: 6-mode entangled state schematic. 2 squeezed modes and 4 vacua modes are combined

on 5 beam-splitters.

VLF variances value g1 g2 g3 g4 g5 g6

∆2
VLF(x̂1) = ∆2(x̂1 − x̂2) 0.38

∆2
VLF(x̂2) = ∆2(x̂2 − x̂3) 0.38

∆2
VLF(x̂3) = ∆2(x̂3 − x̂4) 0.38

∆2
VLF(x̂4) = ∆2(x̂4 − x̂5) 0.39

∆2
VLF(x̂5) = ∆2(x̂5 − x̂6) 0.40

∆2
VLF(p̂1) = ∆2(p̂1 + p̂2 + g3p̂3 + g4p̂4 + g5p̂5 + g6p̂6) 0.35 0.33 0.32 0.31 0.31

∆2
VLF(p̂2) = ∆2(g1p̂1 + p̂2 + p̂3 + g4p̂4 + g5p̂5 + g6p̂6) 0.35 0.35 0.32 0.31 0.31

∆2
VLF(p̂3) = ∆2(g1p̂1 + g2p̂2 + p̂3 + p̂4 + g5p̂5 + g6p̂6) 0.36 0.35 0.33 0.31 0.31

∆2
VLF(p̂4) = ∆2(g1p̂1 + g2p̂2 + g3p̂3 + p̂4 + p̂5 + g6p̂6) 0.36 0.35 0.33 0.33 0.31

∆2
VLF(p̂5) = ∆2(g1p̂1 + g2p̂2 + g3p̂3 + g4p̂4 + p̂5 + p̂6) 0.35 0.35 0.33 0.33 0.32

{I} ∆2
VLF(x̂1) + ∆2

VLF(p̂1) 0.73

{II} ∆2
VLF(x̂2) + ∆2

VLF(p̂2) 0.73

{III} ∆2
VLF(x̂3) + ∆2

VLF(p̂3) 0.75

{IV} ∆2
VLF(x̂4) + ∆2

VLF(p̂4) 0.74

{V} ∆2
VLF(x̂5) + ∆2

VLF(p̂5) 0.74

mean[∆2
VLF(x̂) + ∆2

VLF(p̂)] 0.74

The 6-qumode network can be seen as a concatenation of a 2-qumode network (balanced beam-

splitter) with 3-qumode networks on each side of the outputs.
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6.3.6 7 qumodes

Figure 6.16: 7-mode entangled state schematic. 2 squeezed modes and 5 vacua modes are combined

on 6 beam-splitters.

VLF variances value

∆2
VLF(x̂1) = ∆2(x̂1 − x̂2) 0.40

∆2
VLF(x̂2) = ∆2(x̂2 − x̂3) 0.40

∆2
VLF(x̂3) = ∆2(x̂3 − x̂4) 0.41

∆2
VLF(x̂4) = ∆2(x̂4 − x̂5) 0.40

∆2
VLF(x̂5) = ∆2(x̂5 − x̂6) 0.40

∆2
VLF(x̂6) = ∆2(x̂5 − x̂7) 0.40

∆2
VLF(p̂1) = ∆2(p̂1 + p̂2 + g3p̂3 + g4p̂4 + g5p̂5 + g6p̂6 + g7p̂7) 0.38

∆2
VLF(p̂2) = ∆2(g1p̂1 + p̂2 + p̂3 + g4p̂4 + g5p̂5 + g6p̂6 + g7p̂7) 0.37

∆2
VLF(p̂3) = ∆2(g1p̂1 + g2p̂2 + p̂3 + p̂4 + g5p̂5 + g6p̂6 + g7p̂7) 0.36

∆2
VLF(p̂4) = ∆2(g1p̂1 + g2p̂2 + g3p̂3 + p̂4 + p̂5 + g6p̂6 + g7p̂7) 0.36

∆2
VLF(p̂5) = ∆2(g1p̂1 + g2p̂2 + g3p̂3 + g4p̂4 + p̂5 + p̂6 + g7p̂7) 0.37

∆2
VLF(p̂6) = ∆2(g1p̂1 + g2p̂2 + g3p̂3 + g4p̂4 + g5p̂5 + p̂6 + p̂7) 0.37

{I} ∆2
VLF(x̂1) + ∆2

VLF(p̂1) 0.78

{II} ∆2
VLF(x̂2) + ∆2

VLF(p̂2) 0.78

{III} ∆2
VLF(x̂3) + ∆2

VLF(p̂3) 0.77

{IV} ∆2
VLF(x̂4) + ∆2

VLF(p̂4) 0.76

{V} ∆2
VLF(x̂5) + ∆2

VLF(p̂5) 0.76

{VI} ∆2
VLF(x̂6) + ∆2

VLF(p̂6) 0.77

mean[∆2
VLF(x̂) + ∆2

VLF(p̂)] 0.77

There are only 2 unique gain values for the p-quadratures,

g1 = g3 = g5 = g7 = 0.31 and g2 = g4 = g6 = 0.24. (6.12)
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6.3.7 8 qumodes

Figure 6.17: 8-mode entangled state schematic. 2 squeezed modes and 6 vacua modes are combined

on 7 beam-splitters.

VLF variances value

∆2
VLF(x̂1) = ∆2(x̂1 − x̂2) 0.42

∆2
VLF(x̂2) = ∆2(x̂2 − x̂3) 0.42

∆2
VLF(x̂3) = ∆2(x̂3 − x̂4) 0.41

∆2
VLF(x̂4) = ∆2(x̂4 − x̂5) 0.41

∆2
VLF(x̂5) = ∆2(x̂5 − x̂6) 0.41

∆2
VLF(x̂6) = ∆2(x̂5 − x̂7) 0.42

∆2
VLF(x̂7) = ∆2(x̂5 − x̂8) 0.41

∆2
VLF(p̂1) = ∆2(p̂1 + p̂2 + g3p̂3 + g4p̂4 + g5p̂5 + g6p̂6 + g7p̂7 + g8p̂8) 0.37

∆2
VLF(p̂2) = ∆2(g1p̂1 + p̂2 + p̂3 + g4p̂4 + g5p̂5 + g6p̂6 + g7p̂7 + g8p̂8) 0.37

∆2
VLF(p̂3) = ∆2(g1p̂1 + g2p̂2 + p̂3 + p̂4 + g5p̂5 + g6p̂6 + g7p̂7 + g8p̂8) 0.37

∆2
VLF(p̂4) = ∆2(g1p̂1 + g2p̂2 + g3p̂3 + p̂4 + p̂5 + g6p̂6 + g7p̂7 + g8p̂8) 0.40

∆2
VLF(p̂5) = ∆2(g1p̂1 + g2p̂2 + g3p̂3 + g4p̂4 + p̂5 + p̂6 + g7p̂7 + g8p̂8) 0.38

∆2
VLF(p̂6) = ∆2(g1p̂1 + g2p̂2 + g3p̂3 + g4p̂4 + g5p̂5 + p̂6 + p̂7 + g8p̂8) 0.38

∆2
VLF(p̂7) = ∆2(g1p̂1 + g2p̂2 + g3p̂3 + g4p̂4 + g5p̂5 + g6p̂6 + p̂7 + p̂8) 0.38

{I} ∆2
VLF(x̂1) + ∆2

VLF(p̂1) 0.79

{II} ∆2
VLF(x̂2) + ∆2

VLF(p̂2) 0.79

{III} ∆2
VLF(x̂3) + ∆2

VLF(p̂3) 0.78

{IV} ∆2
VLF(x̂4) + ∆2

VLF(p̂4) 0.81

{V} ∆2
VLF(x̂5) + ∆2

VLF(p̂5) 0.79

{VI} ∆2
VLF(x̂6) + ∆2

VLF(p̂6) 0.80

{VI} ∆2
VLF(x̂7) + ∆2

VLF(p̂7) 0.79

mean[∆2
VLF(x̂) + ∆2

VLF(p̂)] 0.79

All gains in the quadrature variances above have the same value; gi = 0.25.
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6.3.8 Cluster states

In order to demonstrate the versatility of our programmable networks, we also engineer entangled

states with different structures. More specifically, we measure cluster states, which are detailed in

sections 2.6, 9.3.1, and 10.3.1 of this thesis. Cluster states have been attracting attention in the

last decade or so, for their potential in one-way quantum computing schemes [30, 77, 32]. The

chapters in part III of this thesis detail an exploration of cluster states in the context of one-way

quantum computing. In this section, we give a very brief summary and present results relevant to

the current experiment.

Cluster states are a type of highly entangled Gaussian graph state, and they satisfy the set of

nullifiers, or quadrature relations (p̂a−
∑

b∈Na
x̂b) → 0. As infinite squeezing would require infinite

energy and are thus unrealisable, we are limited to the production of approximate cluster states in

the laboratory, and there have been demonstrations of 4-mode, 6-mode, and 8-mode continuous-

variable spatial mode cluster states thus far [59, 78, 79, 80, 61].

In order to measure cluster states in one beam, we must be able to access the correct quadratures

of each entangled mode. Here we have the freedom to create and measure linear cluster states,

however measuring arbitrary cluster shapes would require modifying the optical setup, and is be-

yond the scope of the current demonstration. We present results for the generation of 2, 3, and

4-mode linear cluster states, which are graphically depicted in Fig. 6.18.

The difference between a two-mode cluster state and a two-mode EPR state is a Fourier transform

on one mode. The Fourier transform is a rotation in phase space of π
2 degrees: F = R(π/2) =( cosπ/2 −sinπ/2

sinπ/2 coπ/2

)
=

(
0 −1
1 0

)
. Therefore we get F

(
x̂
p̂

)
=

(−p̂
x̂

)
. It follows that the homodyne mea-

surements we perform in the 2-mode cluster basis {p1 − x2, p2 − x1}cluster and the 2-mode EPR

basis {x1 − x2, p1 + p2}EPR are equivalent. Therefore we may perform local Fourier transforms so

long as we can match the homodyne detection basis for individual modes. It is important to note

that this convenient basis change will not always be possible for different clusters. Hence we are

limited here to the generation of linear cluster states, as one consequence. Note, however, that by

shaping the local oscillator we may have access to arbitrary cluster states within the one beam.

While out of the scope of the current experiment, the implementation is feasible with current

technologies.

Figure 6.18: Linear cluster states. 2-mode, 3-mode, and 4-mode un-weighted linear cluster states

are depicted as graphs with vertices and edges. The green links (edges) indicate entanglement of unity

strength. The numbered spheres represent quantum modes of light.

The generation of a 4-mode linear cluster state by the conventional method of a physical beam-

splitter network is detailed in section 9.3.1 of this thesis, and a 3-mode cluster is described in

section 10.3.1.
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6.3.9 Measuring 2, 3, and 4-mode cluster states

The criteria for verifying the measurements of the various cluster states are given below [34, 59]:

N=2

I ⟨[∆(p̂1 − x̂2)]
2⟩+ ⟨[∆(p̂2 − x̂1)]

2⟩ < 1,
(6.13)

N=3

I ⟨[∆(p̂1 − x̂2)]
2⟩+ ⟨[∆(p̂2 − x̂1 − x̂3)]

2⟩ < 1,

II ⟨[∆(p̂2 − x̂1 − x̂3)]
2⟩+ ⟨[∆(p̂3 − x̂2)]

2⟩ < 1,

(6.14)

N=4

I ⟨[∆(p̂1 − x̂2)]
2⟩+ ⟨[∆(p̂2 − x̂1 − x̂3)]

2⟩ < 1,

II ⟨[∆(p̂2 − x̂1 − x̂3)]
2⟩+ ⟨[∆(p̂3 − x̂2 − x̂4)]

2⟩ < 1,

III ⟨[∆(p̂3 − x̂2 − x̂4)]
2⟩+ ⟨[∆(p̂4 − x̂3)]

2⟩ < 1,

(6.15)

N=5

I ⟨[∆(p̂1 − x̂2)]
2⟩+ ⟨[∆(p̂2 − x̂1 − x̂3)]

2⟩ < 1,

II ⟨[∆(p̂2 − x̂1 − x̂3)]
2⟩+ ⟨[∆(p̂3 − x̂2 − x̂4)]

2⟩ < 1,

III ⟨[∆(p̂3 − x̂2 − x̂4)]
2⟩+ ⟨[∆(p̂4 − x̂3 − x̂5)]

2⟩ < 1,

IV ⟨[∆(p̂4 − x̂3 − x̂5)]
2⟩+ ⟨[∆(p̂5 − x̂4)]

2⟩ < 1.

(6.16)

Table 6.3 summarises the more stringent inseparability required for un-weighted cluster states.

Weighted cluster states have non-unity strength entanglement links between modes, and conversely

un-weighted cluster states have all unity strength entanglement links (all homodyne gains {gi} in

equation (6.11) are set to 1). The relevant inseparability inequalities satisfy the cluster state

quadrature relationship written in the form of equation (6.11), and are written out explicitly in

equations (6.16).

N I II III IV Avg.

2 0.39 0.39
3 0.49 0.70 0.59
4 0.79 0.67 0.84 0.76
5 0.79 0.67 1.10 1.18 0.93

*Uncertainties are ±0.01 in all cases.

Table 6.3: Inseparability of cluster states.

Note that not all of the inequalities for N = 5 are below the quantum threshold normalised

to 1.0. For this reason the N = 5-mode cluster state is not measured to be fully inseparable

and therefore is not a valid quantum state with respect to this criteria. We confirm that un-

weighted cluster states require higher levels of squeezing due to the more stringent conditions of

inseparability than conventional entangled states such as GHZ-like states.
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6.4 Experimental details

Figure 6.19: Optical table containing entire experiment. MC G: Mode-cleaning cavity for green

(532 nm); MC IR: Mode-cleaning cavity for infra-red (1064 nm); OPA: Optical parametric amplifier.

Around 300 precisely positioned optical elements comprise the optical setup of this experiment.

In general we use mirror mounts from Radiant Dyes, lenses from Newport, and all of the cavities

are custom-made.

6.4.1 Optimised squeezers

Two squeezers were used in this experiment. Identical in design and near identical in performance,

both were initially constructed by Jiri Janousek. A full treatment is offered in section 5.2.1 of

this thesis. The purity and strength of the measured squeezing has been greatly improved for

the current experiment. The leading contributors were an improvement in the feedback systems

used for phase locking, improvements in mode matching and alignment, and the replacing of lossy

optical elements and mirror mounts that had undesirable mechanical frequencies.

Cavity OPL T FWHM FSR finesse

OPA 1 275mm 0.10 19MHz 1.1GHz 57

OPA 2 275mm 0.10 19MHz 1.1GHz 57
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Figure 6.20: Squeezing and anti-squeezing values of 2 OPAs. Both OPAs are remarkably similar

in performance. Uncertainties are ±0.2 dB.

Squeezing values for varying parametric gains are plotted above and tabulated below. The

parametric gain is varied via the optical power of the pump field (range of 10 mW to 300 mW ).

Gain OPA 1 Sqz (dB) OPA 1 A-Sqz (dB) OPA 2 Sqz (dB) OPA 2 A-Sqz (dB)

5 -6.1 6.9 -6 6.9

6 -6.3 7.2 -6.2 7.2

7 -6.5 7.7 -6.4 7.6

8 -6.7 8 -6.7 8

9 -7 8.2 -6.9 8.3

10 -7 8.4 -7 8.7

11 -7 9 -7.2 9

12 -7.2 9.2 -7.2 9.2

13 -7.4 9.4 -7.4 9.4

14 -7.5 9.5 -7.5 9.5

15 -7.5 9.7 -7.5 9.7

20 -7.6 9.8 -7.6 10

30 -7.8 10.6 -7.7 10.5

40 -7.9 11 -7.8 11

50 -7.9 11.2 -7.8 11.3

75 -8 11.5 -7.9 11.6

100 -8 11.8 -7.9 11.7

We find that the two squeezers offer remarkably similar performances, indicative of the relia-

bility and repeatability of the performances of these OPAs. Uncertainties are ±0.2 dB.



§6.4 Experimental details 107

These squeezing measurements were taken using high efficiency single-photodiode detectors at

the same plane of detection as the multi-photodiode homodyne detectors (MPHD). Figure 6.21

shows the detection station of the optical setup. Note the cylindrical lenses placed before the

MPHDs in order to make the beam highly elliptical for the linear photodiode array.

Figure 6.21: Detection station of experimental set up. MPHD: multi-pixel homodyne detector;

HD: homodyne detector.

6.4.2 Feedback control of cavities and optical phases

We employed Pound-Drever-Hall (PDH) phase locking in order to apply feedback to various cavi-

ties. Error signals were created using analogue electronics (mixers fromMini-Circuits) and National

Instruments LabVIEW was used to program the locking logic via software PIDs. The different

frequencies of phase modulations used for PDH locking are tabulated below.

System: Laser OPA 1 OPA 2 Beat

Modulation: 12 MHz 7 MHz 16 MHz 4, 5 MHz

As an example, let us discuss the first optical parametric amplifier (OPA 1). The reflected field

from OPA 1 is detected, and the AC signal is mixed down and filtered in order to produce an error

signal. The electro-optic modulator (EOM) that the beam is passed through in order to receive

the phase modulation at 7 MHz is driven by a function generator outputting a sinusoidal wave of

amplitude 3.5 V peak to peak.

Locking to de-amplification (relative phase between pump and signal) is performed with the same

AC signal, however the phase of the electronic local oscillator is shifted by π
2 . This is achieved
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practically, by first scanning the phase of the pump beam (via a PZT outside the cavity) and

monitoring the OPA PID output and varying the electronic phase until any oscillations are flattened

out. Next we monitor the de-amplification PID output and vary the phase shifter in order to

maximise the error signal. Note that changing the lengths of the cables will change the electronic

phase as well.

Co-propagating modes

The squeezed beam exiting the first OPA is converted into a flip-mode via propagation through

a flip-plate. The flip-pate consists of two λ
2 wave-plates of unequal size stuck together such that

one half of the beam sees 1 wave-plate and the other half sees both. This ensures that half the

beam is π out of phase, and therefore orthogonal to the output of the second OPA. This technique

is not perfect as the top wave-plate was not perfectly cut and we observe a 3% optical loss from

scattering as well as diffraction. The scattered light is detectable, differentiating it from losses due

to poor anti-reflection coatings, and exits the imaging setup as loss.

When OPA 2 is locked, by reflecting the flip-mode off the output-coupler, the flip mode will be

reflected from a near perfect mirror as the flip-mode will not resonate within the cavity. Note that

when OPA 2 is scanned, the flip-mode will see a 90% reflection from the output-coupler, as the

mirror is r = 0.9.

Due to the spatial composition of the two modes, when they are propagating in phase, only one-half

of the beam will be visible on a CCD camera, due to destructive interference on the other half.

Balancing intensities then between the two halves ensures a phase of π
2 between the modes. A DC

error signal is used to ensure that the intensities are balanced.

Error signals for MPHD phase locking

In order to measure the desired spatial mode at the homodyne station, we create an error signal

from combinations of the detected photocurrent. The error signal is used in order to lock the

reference local oscillator to the desired phase relative to the signal beam. The homodyne visibilities

were 99.2% and 99.4% for OPAs 1 and 2, respectively.

Figure 6.22: Error signal generation from MPHD signals. The linear array of photodiodes is

shown on the left. A protective window is being carved off in order to increase the efficiency. Different

combinations of photodiodes 3 and 6 will recover spatially orthogonal modes, leading to different error

signals.

We can lock to the Gaussian mode by taking the sum of channels 3 and 6 and mixing down

at 16 MHz (phase modulation of OPA 2). Conversely, we can lock the flip mode by taking the

difference of channels 3 and 6 and mixing down at 7 MHz (phase modulation of OPA 1). The AC

signals of the MPHD channels are used. In practise we also monitor the 4 corresponding DC signals
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from the 2 MPHDs. As the two MPHDs are balanced in power, we can ensure the correct phase

exists between the two orthogonal modes by matching the powers between pairs of DC signals.

For example, to lock to the Gaussian mode, we would ensure that channels 3 and 6 from MPHD

1 have the same power, whereas to lock to the flip mode we would ensure that channel 3 from

MPHD 1 and channel 6 from MPHD 2 had the same DC power.

6.4.3 Data analysis

Data acquisition

We use an 8-channel Digitizer from National Instruments (PXI-5105) to acquire the AC signals

from the photo-detectors. This data acquisition (DAQ) card has a 60MHz bandwidth and a

12-bit vertical resolution. A custom script in National Instruments LabVIEW was written by

Jean-Francois Morizur, Boris Hage, and myself that can be used to acquire the 8 signals with full

control over various parameters such as acquisition rate and vertical range. As detailed in chapter 3

of this thesis, these parameters must be optimised in order to operate the acquisition process in a

sensible and efficient regime.

Repeatability of experiment

The experiment was repeated many times under various conditions to ensure repeatability and

statistical significance of the results. During the fine-tuning stage of the experimental setup, after

the optical layout and electronic testing of the components was completed, measurements were

taken daily over several weeks and were found to be consistent. The final data set comprised of

50 x̂ quadrature measurements and 50 p̂ quadrature measurements, where each measurement was

1,000,000 data points in length.

Data processing

Figure 6.23 shows the data at various stages of processing. Shown here is the signal beam detected

in the x̂ quadrature, and the exact same process is applied for the detection in the p̂ quadrature.

Each plot contains all 8 channels from the multi-photodiode homodyne detector. While each chan-

nel in each data set contains 106 points, only 5000 points are shown in the figure for clarity. Note

the scale of amplitude differs dramatically for each stage of processing.

A sample of the source code required to process the data at the various stages is shown alongside

the plots. The source code is written in MATLAB. Starting from the top, the raw data is read in

from the photodetectors via a DAQ card. We cannot quite make out 8 channels, but we can see

that there are roughly 3 amplitude levels. The magenta and cyan are out of phase, the gold and

grey are in phase, and apart from the blue in the centre the other channels are hidden behind the

layers. The band-pass filter is implemented in two stages, first by low-pass filtering and then by

applying a high-pass filter. We see that the amplitude levels are decreased by an order of 100, and

the data is clearly qualitatively different. The same process is carried out for the shot noise, which

is then used to normalise the signal beam data. The parameters describing the bandpass filter is

shown in the listing below the figure. Hage and Morizur helped me to design the digital filter.

The normalised data is then ready for manipulation in the programmable networks. We have ar-

rived at the filtered and normalised 8 homodyne-subtracted photo-current operators î = (̂i1, · · · , î8)T
described in equation (6.2).
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Plots at different stages of data processing

0 5000

−0.5

0

0.5

Raw data

time

a
m

p
li

tu
d

e

f =( ’\ data\x 35 . tdms ’ ) ;

[ f x ]=convertTDMS( f a l s e , f ) ;

Ch=[1 3 4 5 6 7 8 9 ] ;

f o r c=1:8

data x ( c , : )= f x . Data (1 ,Ch( c ) ) . Data ;

end

0 5000

−0.2

0

0.2

Low−pass "ltered

time

a
m

p
li

tu
d

e [ b , a]= e l l i p (no ,Rp, Rs ,2∗ fu / f s ) ;

f o r k=1:8

data x (k , : )= f i l t e r (b , a , data x (k , : ) ) ;

end

0 5000

−0.005

0

0.005

High−pass "ltered

time

a
m

p
li

tu
d

e [ b , a]= e l l i p (no ,Rp, Rs ,2∗ f l / f s , ’ high ’ ) ;

f o r k=1:8

data x (k , : )= f i l t e r (b , a , data x (k , : ) ) ;

end

0 5000

−5

0

5

Normalised

time

a
m

p
li

tu
d

e

cs=cov ( sho t no i s e ’ ) ;

snV=diag ( cs , 0 ) . ˆ ( −0 . 5 ) ’
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Figure 6.23: Plots of data at various stages. Source code shown on right.� �
%% global bandpass filter parameters
no=8; % order n
Rp=.1; % dB of ripple in passband
Rs=90; % stopband dB down from the peak value in passband

5 fs=60e6; %sampling frequency
fu=2.99e6; % resolution bandwidth
fl=2.98e6; % 10kHz RBW� �

Listing 6.2: parameters used for bandpass filter in MATLAB.
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6.5 Conclusion

Emulating linear optics networks by mixing copropagating spatial modes is a highly efficient

method for generating multimode entanglement. Otherwise arduous and potentially lossy tasks

such as mode matching during the construction of a linear optics network are performed effort-

lessly and in a lossless manner via software-controlled combinations of the spatial modes. We have

shown that although correlations weaken if more squeezing resources are not added, (non-cluster)

entangled modes scale here as the number of orthogonal modes measurable within the beam. The

maximum number of measurable modes corresponds directly to the number of photodiodes in each

pair of the multi-pixel detectors. We have demonstrated this by measuring N = 2, 3, 4, 5, 6, 7, and

8-mode entanglement within one beam, including up to 4 mode cluster states, switching between

them in real time. The ability to perform a wide range of protocols and optimise networks for

asymmetry using just one optical setup offers versatility to future networks that will utilise entan-

glement as a resource.

6.5.1 Further possibilities

The entanglement demonstrated in the current work allows for such protocols as quantum telepor-

tation [81, 82, 19]. To perform complex protocols such as one-way measurement based quantum

computations [83], we need to increase the degrees of freedom in our detection scheme as follows.

First, we need to introduce the ability to measure each mode in an arbitrary phase quadrature at

the MPHD. This may be achieved by manipulating the phases between the copropagating entan-

gled modes. By introducing a unitary mode-shaping device such as that explained in chapter 5

of this thesis, as well as references [54, 57, 38], such access to individual phases becomes possible.

These papers describe a process of manipulating both the amplitudes and phases of spatial modes

in a lossless fashion via an adaptive process utilizing a network of deformable mirrors and lenses.

Second, in order to perform teleportation-based computations, we require the ability to feed-

forward the measurement results of arbitrary cluster nodes to remaining cluster nodes. This may

be realised by combining a specifically shaped displacement beam containing the necessary phase

space displacements with the beam containing the co-propagating modes. By shaping the dis-

placement beam to spatially match a specific mode to be displaced, it will interfere only with the

desired mode owing to the orthogonal nature of the spatial mode basis. While these modifications

are feasible with existing technologies, we conclude that this is a non-trivial technical challenge.

6.5.2 Purity or mixedness of input states

With regard to entanglement, as defined by the inseparability criteria, the most important param-

eter is the amount of squeezing in the optical mode. The amount of anti-squeezing present in the

state has a minimal effect. However, when considering a stricter criterion such as EPR steering (a

form of non-locality), anti-squeezing values will quickly degrade the quality of the quantum state.

This mixedness, or asymmetry in squeezing values, can be accounted for in some conditions by

creating asymmetric networks that have a bias towards different inputs. As each unique beam-

splitter reflectivity in our virtual networks changes the mapping of Unet, formally the beam of

light in our experimental setup contains an infinite number of mode bases. The versatility of our

scheme comes from being able to match the detection basis to a network that has been optimised

for an arbitrary set of inputs. This is explored in appendix A.

6.5.3 The Cast

The main researchers involved in this project were myself, Jean-Francois, Jiri, and later Boris, all

supervised by Hans. This project was conducted between August 2010 and April 2012, at the
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Department of Quantum Science, The Australian National University.

Figure 6.24: Quantum Imaging Team at the ANU Department of Quantum Science (2011).

(Left to Right) Boris Hage, Seiji Armstrong, Hans Bachor, Jiri Janousek, Kate Wagner, Jean-Francois

Morizur.



Chapter 7

Ultra-large temporal-mode cluster

states

The idea of multiplexing spatial modes in one beam was shown to be successful, as we saw in the

previous chapters. We were able to emulate various linear optics networks in order to generate

and measure a variety of entangled mode bases. The experiments also exposed several limitations,

however, both of a fundamental and a technical nature. We saw that increasing the number of

spatial regions of light the detector had access to would increase the number of entangled modes

we could measure in the one beam. However, this was shown to be true only for the particular

class of inseparable states that we created, and importantly not true for cluster states. When we

briefly explored the computationally useful cluster states, we found that the method was entirely

not scalable, due to the more severe conditions on squeezing levels for cluster state generation.

This is a fundamental limitation. Further, due to the nature of spatial multiplexing, it is difficult

to spatially separate the individual quantum modes after the cluster state has been generated.

While this is a technical limitation, it exposes an unnecessary level of complexity that is inherent

to the spatial multiplexing scheme.

A similar, yet altogether different approach is to multiplex quantum modes of light in the time

domain. As we will see in this chapter, temporally orthogonal modes are remarkably scalable.

Further, they are individually accessible, allowing us to develop an efficient theory of quantum

computation using the generated states.

The research explored in this chapter appears in the following journal publication:

• S. Yokoyama, R. Ukai, S. Armstrong, C. Sornphitphatphong, T. Kaji, S. Suzuki, J-I. Yoshikawa,

H. Yonezawa, N. Menicucci, A. Furusawa. Ultra-large-scale continuous-variable cluster states

multiplexed in the time domain. Nature Photonics 7, 982-986 (2013).

7.1 Background and motivation for the experiment

The desire was to entangle together a very large number of modes. Historically, the first entan-

glement experiments began surfacing around the 1980s. Since then progress regarding the scaling

of entangled states has been relatively slow compared with the accelerated interest in performing

elegant experiments demonstrating various uses for entangled systems. An idea borrowed from the

well established telecommunications industry for boosting bandwidth is to consider multiplexing

the information carriers within one channel. Apart from our investigations in spatially orthogonal

channels, there is also excellent research being conducted in regard to frequency-mode multiplex-

ing. Two groups leading the charge are Olivier Pfister’s group at the University of Virginia, and

Nicolas Treps’ group at the Laboratoire Kastler Brossel. The third natural option when consider-

ing a domain in which to multiplex quantum light is the time domain. This has the advantage of

113
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being mathematically similar to the frequency domain (being only a Fourier transform away), and

also allowing for spatially separated quantum modes of light.

Our experiment produced ultra-large cluster states that were multiplexed in the time domain, and

was based on a theoretical proposal by Nicolas Menicucci from the University of Sydney. Menicucci

gave a talk at the Conference on Quantum Communication, Measurement and Communication 2010

in Brisbane describing a scheme for creating large cluster states with a well-understood structure,

via a conceptually simple setup. I described the scheme to the Cluster Group at the Furusawa

Laboratories at the University of Tokyo the following year, and we began interpreting the theoret-

ical proposal into a language that experimentalists could understand. A group of 6 of us built and

performed the experiment in 12 months.

7.1.1 Defining the quantum mode of light

We have some freedom in defining our quantum modes of light. We can consider them for example

as spatial, frequency, polarisation, or temporal modes. In most continuous-variable quantum optics

experiments [84] a quantum mode is encoded within a single side-band pair at a fixed frequency

away from the carrier. The positive (upper) and negative (lower) sidebands either side of the

carrier frequency are typically added together and the collective pair is defined as one quantum

mode. It is possible to measure each frequency sideband individually, for example by resonator

detection, which has been developed by Paulo Nussenzweig’s group in Sao Paolo in collaboration

with Claude Fabre’s group in France [85]. In the vast majority of quantum optics experiments

dealing with sidebands however, homodyne detection is used, which cannot resolve the upper and

lower sidebands individually.

An alternative is to consider wave-packets of light, separated by a certain time, as independent

single modes of light. The separation time will be inversely proportional to the bandwidth of the

cavity producing the light. This characterisation of a quantum mode as a temporal mode, not

dissimilar to a pulse of light in a laser beam, has the concept of one-beam multiplexing inherently

built in. Remarkably, this method of producing quantum modes allows us to re-use the optical

components that comprise the linear optics network, for each temporal mode. Importantly, to

scale up the number of modes produced, we need not add any more optical components. We will

ultimately be limited by the amount of time we can coherently produce, control, and measure the

successive wave packets within the beam.

Temporal orthogonality of sideband modes

Quantum modes that are encoded within sidebands are typically in the low MHz, with a typical

bandwidth ∆f in the tens of kHz. The wavepacket of the qumode then has spatial length c
∆f and

temporal length 1
∆f . These lengths are independent of light power, or number of photons, and

could even describe a wavepacket containing a single photon [24]. The sideband frequency f is

chosen such that the squeezing is optimised, and there is no interference from modulations at other

sideband frequencies used for feedback control. At the Furusawa Lab, University of Tokyo, where

they employ a SolsTiS laser from M Squared, the sideband frequencies are chosen to be around

f = 1 MHz. At the Department of Quantum Science, Australian National University, Diablo lasers

from Innolight are popular, and there the sideband frequencies are chosen to be around f = 2.8

MHz. In general the lower the frequency the more squeezing there is, however there is usually noise

at very low frequencies due to laser relaxation oscillations and other technical sources. Regardless

of the sideband frequency f , the bandwidths used in both labs is ∆f = 30 kHz.

A sideband qumode of bandwidth 30 kHz will then have a spatial length of 10km and a temporal

length of 33 µs. This means that every 33 µs we will get a wavepacket that is orthogonal to the

one behind and in front of it in the beam. These spatial and temporal lengths are relatively very

large when considering interacting them to create an entangled state. Figure 7.1 shows a sequence
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of orthogonal temporal quantum modes (qumodes) for a temporal length T .

OPO
T

Figure 7.1: Temporal modes from OPO. Qumodes are encoded as wavepackets of light separated by

a time T. The bandwidth of the cavity dictates T.

Since these temporal qumodes are independent, we must interact them with the other qumodes

in order to create an entangled state. One way to do this would be to delay each qumode at some

point in the circuit so that it can interact with a qumode at a neighbouring temporal position. In

Fig. 7.2 we see two equivalent schemes for generating a linear cluster state. The figures are taken

from a theoretical proposal by Nicolas Menicucci and Tim Ralph [52].

Figure 7.2: Equivalent methods for creating a large cluster state. (a) N squeezer and N CZ

gates are employed in order to create an N -qumode cluster state. (b) One squeezer and one CZ gate are

used iteratively to produce an N -qumode cluster state. Figure created by Nicolas Meniccuci, and appears

in [52].

Figure 7.2 (a) shows the conventional approach of preparing N squeezers and mixing the N

beams in order to create anN -qumode cluster state. Figure 7.2 (b) displays an equivalent schematic

that employs multiplexing, allowing us to have only one squeezer, and one device for mixing the

qumodes, in order to create an N -qumode cluster state. This is a beautiful idea that comes from

a sound understanding of the flexibility we have in defining the qumodes. There are several issues

with this scheme that ultimately made it not feasible, but we benefit greatly from the idea. The

main drawback is that the implementation of a Controlled Z gate is experimentally difficult [33].

Returning to Fig. 7.2 briefly, we note that the physical size of the delay in (b) will be dictated

precisely by the spatial length of the qumodes. The shorter the delay the better, as longer optical

paths incur loss through mode mismatch and propagation losses. If we were to employ the typical

sideband qumodes as detailed above, the optical delay line would need to be on the order of 10km!

This is clearly impractical, as the losses occurred from propagation losses (either in fibres or free

space) would be too great. For this reason we need to consider different encodings of qumodes

that will allow for much shorter time delays. As time and frequency are conjugate Fourier pairs,

intuitively we might consider broadband light, or multimode light containing many frequencies,

that will necessarily have narrow temporal widths.
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7.1.2 Quantum modes in time and frequency domains

Quantum modes in frequency domain

In this section we formulate the precise meaning of quantum modes in both the frequency domain

and the time domain. Several theses include a treatment on this formulation, and I encourage

the reader to read for example references [25, 86] or if the reader is familiar with Japanese then

[87, 88].

In chapter 2 we introduced the annihilation and creation operators as ladder operators of excitations

of the quantum harmonic oscillator. Here, we re-formulate the operators in terms of oscillations of

an electromagnetic field at frequency ω, or equivalently a plane wave of frequency ω,

â→ â(ω) = âω, â† → â†(ω) = â†ω. (7.1)

It follows that for each frequency ω there is an associated Hamiltonian that describes the

quantum mode at ω

Ĥω = ω(n̂ω +
1

2
) = ω(â†ωâω +

1

2
). (7.2)

These frequency modes are independent and orthogonal, meaning that there is no overlap

between them. Therefore we get the following commutation relations:

[â(ω), â†(ω′)] = δ(ω − ω′), [â(ω), â(ω′)] = 0. (7.3)

Continuous light and pulsed light

A continuous-wave light beam approaching infinite duration (Fig. 7.3(a)) would represent a sin-

gle frequency qumode, whereas an ultrashort pulse of light (Fig. 7.3(b)) would represent a wide

spectrum of frequencies.
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Figure 7.3: Wavepackets of light. (a) continuous-light of extremely long temporal length correspond-

ing to a single frequency band. (b) Ultra-short pulse of light corresponding to ultra-high bandwidth in

frequency space.

By considering a continuous-wave light beam to be sequential pulses of finite duration, we may

define qumodes to be wave-packets with certain temporal mode functions that define their shape,

and temporal width.

Formally, we define time-domain annihilation (and creation) operators by recognising that they
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Figure 7.4: Pulsed light within continuous light. Pulses of light propagating within a continuous-

wave beam.

are related to the frequency-domain operators via a Fourier transform

â(t) =
1√
2π

∫ +∞

−∞
â(ω)e−iωtdω, â†(t) =

1√
2π

∫ +∞

−∞
â†(ω)e−iωtdω (7.4)

â(ω) =
1√
2π

∫ +∞

−∞
â(t)e+iωtdt, â†(ω) =

1√
2π

∫ +∞

−∞
â†(t)e+iωtdt (7.5)

with the following commutator relations

[â(t), â†(t′)] = δ(t− t′), [â(t), â(t′)] = 0. (7.6)

As emphasised in ref [86] we can arrive at these different bases in time and frequency domains

via different decompositions of the Maxwell equations, and we remark that a multimode treatment

of light is possible without considering the quantum properties of light.

Wavepackets of light as quantum modes

We can now define a basis of wavepacket qumodes, allowing us to treat each qumode as a quantum

harmonic oscillator in a basis that is indpendent of both the time and frequency domains. For

every n we define a qumode ân as

âfn =

∫ +∞

−∞
â(t)fn(t)dt, (7.7)

where fn(t) is referred to as the temporal mode function that defines the wavepacket qumode.

We describe a set of orthonormal functions fn(t) that satisfy the commutation relation [ân, â
†
m] =

δmn, and the normalisation condition∫ +∞

−∞
fn(t)f

∗
m(t)dt = δmn. (7.8)

This is the basis in which the experiment is operated, allowing us to achieve relatively short spa-

tial and temporal lengths of qumodes, on the orders of tens of metres and hundreds of nanoseconds,

respectively. Re-writing in terms of the quadrature operators, and implementing time windows on

the integrals we get

x̂fn =

∫ +T
2

−T
2

x̂(t− nT )fn(t)dt, (7.9)

p̂fn =

∫ +T
2

−T
2

p̂(t− nT )fn(t)dt. (7.10)
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Finding the optimal temporal mode function is relatively straightforward, and we found that

the shape isn’t as important as the temporal duration of fn(t). Ukai provides a treatment of various

temporal mode functions investigated for the experiment in [87], and an elegant approach based

on the eigenfunction expansion of the autocorrelation function is suggested in [89]. I optimised

the mode function using a genetic algorithm and found differences to be minimal from what is

expected by employing a standard Gaussian or Lorentzian of sensible temporal width.

We employ a Gaussian temporal mode filter f(t) ∝ e−(Γt)2 which is normalised as
∫ T/2
−T/2 |f(t)|

2
dt =

1. The optimal bandwidth Γ was found to be Γ = 2π × 2.75 MHz (1/Γ ∼ 58 ns). T is dependent

on the fiber length and is found to be 160 ns.

7.1.3 Potential implementations of time-delayed circuits

The schematic suggested by Nick Meniccuci in [52] and Fig. 7.2 is difficult to implement because the

CZ gate requires online squeezing. This gate has been demonstrated by Miwa and co-researchers

at the Furusawa Lab [33], but was found to be quite complex and requires high squeezing levels

for even modest entanglement strengths.
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a b

Figure 7.5: Equivalent beamsplitter networks for linear clusters. a) N squeezed resources are

interferred with N − 1 beamsplitters to create an N -mode cluster state. b) One squeezer produces orthog-

onal squeezed mode wave-packets that are mixed on a variable beamspltiter with time-delayed iterations

of one output port. Fourier transforms omitted in both schematics for clarity.

Another option would be to replace the CZ gate by a linear optics network so that the squeezers

can be taken offline, as suggested by Peter van Loock [34]. We consider the beamsplitter networks

of Fig. 7.5. The schematics are conceptually equivalent, with local Fouriers omitted for clarity.

The reason why Fig. 7.5 (b) is a valid scheme is of course because we are treating the qumodes

as wave-packets, or temporal modes, and the optical delay line is made longer than the temporal

separation needed to ensure orthogonality.

The main drawback of the one beam-splitter network of Fig. 7.5(b) is that the beam-splitter ratio

must be changed for each incoming qumode. While this can be achieved using ultra-fast electronics

and polarisation optics (for example in [90]), the unavoidable impediment is that the size of the

output state must be known from the beginning. As the reflectivity of the beamsplitter operating

on the first qumode will be r = N−1
N , where N is the size of the output state, this means that N

must be specified initially. Stated another way, the cluster cannot be made to continue indefinitely

and to an arbitrary size. This has not been a problem until now, as cluster states were limited

to under 10 modes [78, 59, 47, 61]. However, as we will see, we create clusters that are several

orders of magnitude larger, and the ability to extend qumodes on the end of the cluster becomes

important. Next, we present our scheme that overcomes all of the shortcomings discussed so far.
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7.1.4 Experimental overview

Our experimental schematic is shown in Fig. 7.6. The generated dual-rail structure was first sug-

gested by Menicucci in [22], where a detailed theoretical investigation is performed using graphical

calculus [36].

Beam splitter

Fiber delay line

Optical parametric oscillator

Homodyne detection

Squeezed mode

EPR mode

Graph mode

Entanglement strengths

+1

 +1/2

- 1/2

Figure 7.6: Experimental Setup. Shown as coloured spheres are depictions of the temporal modes at

various stages of propagation. Squeezed modes are mixed on a beam splitter to create EPR modes. EPR

modes are then mixed to create the graph modes. The coherent collection of graph modes that remain

entangled below the threshold constitute the cluster state.

We create two continuous-wave squeezed beams and weave entanglement links between them in

a criss-cross fashion. This is achieved by mixing the two beams on two beamsplitters with one beam

undergoing a temporal delay in between the mixing. The squeezed beams are mixed first to create

entangled beams, which are then mixed in a staggered fashion to create the graph state. The time

delay induced by the optical delay line is precisely equal to the temporal separation between the

qumodes, (here around 160 ns). This ensures that qumodes in the top rail will become entangled

with the qumodes in the bottom rail that are one temporal position away, both in the future and

the past.

The delay line is implemented via an optical fiber. The length of the fiber is crucial as it determines

the temporal widths of the wavepacket qumodes. Fibers of several lengths were tried and tested

before we chose l = 30m in order to optimise the squeezing bandwidth available from our OPOs.

Animation of experimental setup

A short animation was made that shows the propagation of the qumodes at various stages of the

schematic. It can be found at http://www.youtube.com/watch?v=gor29QIP9Ls
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7.2 The dual-rail EPR-graph state

Here we provide a detailed treatment of the quantum state generated by our experimental schematic

shown in Fig. 7.6. The treatment follows the graphical calculus presented in [36], which was briefly

introduced in section 2.6.3.

Every N -mode zero-mean Gaussian pure state can be uniquely represented by an undirected,

complex-weighted graph whose adjacency matrix Z is an N × N complex symmetric matrix with

positive definite imaginary part. We therefore have Z = iU + V, where U = UT and V = VT

are real and U > 0. In this chapter, we make no distinction between a graph and its adjacency

matrix. Any Gaussian pure state |ψZ⟩ satisfies the following nullifier relation with respect to its

graph Z:

(p̂− Zx̂) |ψZ⟩ = 0, (7.11)

where p̂ = (p̂1, . . . , p̂N )T and x̂ = (x̂1, . . . , x̂N )T .

We define the Gaussian pure state |GEPR⟩ that we name the dual-rail EPR-graph state1 by its

graph ZE ,

(p̂− ZEx̂) |GEPR⟩ = 0, (7.12)

where ZE can be expressed in the following form,

ZE = i(cosh 2r)I− i(sinh 2r)G, (7.13)

where r is the initial squeezing parameter of the squeezed states that are output from the OPOs,

and we have introduced a CV cluster state graph G which represents an ideal and unphysical state,

in the limit of infinite squeezing.

The full graph for ZE is presented in Fig. 7.7, following the graphical calculus of [22].

i sinh(2r)/2

Z   =E

i sinh(2r)/2- i cosh(2r)
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B
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mode

index

t t-1t+1 temporal mode index

Figure 7.7: The full graph [22, 36, 37] for the dual-rail EPR-graph state. r is the initial squeezing

parameter of the squeezed states emitted by the OPO. The orange (purple) edges have positive- (negative-)

imaginary weight ± i
2
sinh 2r, and the green self-loops have positive-imaginary weight i cosh 2r. See ref. [22]

for its derivation using a simplified graphical representation.

With respect to the graph G, in the limit of infinite squeezing, we arrive at the following

approximate nullifiers for the dual-rail EPR-graph state:

(x̂−Gx̂)|GEPR⟩
r→∞−−−→ 0,

(p̂+Gp̂)|GEPR⟩
r→∞−−−→ 0.

(7.14)

1Note that in reference [37] we refer to the dual-rail EPR-graph state as the Extended EPR state.



§7.2 The dual-rail EPR-graph state 121

G is bipartite and self-inverse (G2 = I). Note that due to the dual-rail nature of our dual-rail

EPR-graph states, G will be restricted to increasing by two dimensions at a time, i.e. n will always

be even.

Equivalence to the cluster state

The dual-rail EPR-graph state is locally equivalent (up to π
2 phase shifts on half the modes)

to a cluster state2. As such, and as explored in section 8.7, the dual-rail EPR-graph state is a

universal resource for measurement-based quantum computing. In fact, due to the nature of the

measurement-based operations, by implementing simple rotations to the homodyne measurements

(for example x̂→ p̂ and p̂→ −x̂) the dual-rail EPR-graph state need not be converted to a cluster

state at the time of state preparation in order to carry out universal quantum computations.

Formally, the graph ZC corresponding to the cluster state is given by the following:3

ZC = i(sech 2r)I+ (tanh 2r)G. (7.15)

The full graph for ZC is presented below for comparison

tanh(2r)/2

Z   =c

+tanh(2r)/2- i sech(2r)
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Figure 7.8: The full graph [22, 36, 37] for the CV cluster state. This graph is obtained by phase

shifting both spatial modes in every other time index of the extended EPR state, where r is the initial

squeezing parameter of the squeezed states emitted by the OPO. The blue (yellow) edges have positive-

(negative-) real weight ± 1
2
tanh 2r, and the light blue self-loops have positive-imaginary weight i sech 2r.

Given that the dual-rail EPR-graph state is equivalent up to phase shifts to the cluster state, one

might imagine that state preparation and measurement of both states are of comparable difficulty.

They are not. The dual-rail EPR-graph state is experimentally a lot simpler to generate for two

reasons. First, the phase locks are not straightforward for the cluster state. This is treated in

section 7.4.2. Second, and more importantly, the measurement scheme for state verification is

greatly simplified for the dual-rail EPR-graph state. We can simply measure all of the qumodes

in both rails in the same quadrature, so that we only need 2 measurement runs (all in x̂, then all

in p̂) per measurement of the entire state, similar to a 2-mode EPR state. Of course, we must

then repeat these 2 measurement runs thousands of times in order to gain statistics. In contrast,

measuring a cluster state would require many more measurements as neighbouring modes will be

in a different quadrature, and so different combinations must be measured. Further, this requires

high speed (MHzvGHz) switching of the local oscillator phase, which imposes another non-trivial

technical demand to the setup.

2See section 8.7 for a detailed treatment on how to generate both the dual-rail EPR-graph state and a cluster
state with linear optics, differing only by Fourier transforms on half of the modes.

3Note that explicit expressions for both ZE and ZC were derived by Nicolas Menicucci and appear in the
supplementary material of [37].
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Structure of the dual-rail EPR-Graph state

We consider the dual-rail EPR-graph state to be one possible extension of EPR states to an

ultra-large basis. This follows from the nullifiers being composed of either position or momentum

eigenvectors, familiar from the EPR formalism. Indeed, we see that the familiar 2-mode EPR state

can be derived from this formalism. When we restrict the graph G to contain only 2 modes, we

get

G =
(
0 1
1 0

)
. (7.16)

We then get the following:

(
x̂1
x̂2

)
−G

(
x̂1
x̂2

)
|GEPR⟩ 7−→

(
x̂1
x̂2

)
−
(
0 1

1 0

)(
x̂1
x̂2

)
|EPR⟩, (7.17)(

p̂1
p̂2

)
+G

(
p̂1
p̂2

)
|GEPR⟩ 7−→

(
p̂1
p̂2

)
+

(
0 1

1 0

)(
p̂1
p̂2

)
|EPR⟩, (7.18)

which gives the following nullifiers:

{x̂1 − x̂2, p̂1 + p̂2}, {x̂2 − x̂1, p̂2 + p̂1} (7.19)

that correspond to the familiar 2-mode EPR state. See section 2.6.3 for a treatment on nullifiers.

The graph G that describes the dual-rail EPR-graph state of arbitrary length can be written

in matrix form explicitly as:

G =



0 gin −gin 0 0 0 0 · · · 0 0 0
gin 0 0 gc −gc 0 0 · · · 0 0 0
−gin 0 0 gc −gc 0 0 · · · 0 0 0
0 gc gc 0 0 gc −gc · · · 0 0 0
0 −gc −gc 0 0 gc −gc · · · 0 0 0
0 0 0 gc gc 0 0 · · · 0 0 0
0 0 0 −gc −gc 0 0 · · · 0 0 0
..
.

..

.
..
.

..

.
..
.

..

.
..
.

. . .
..
.

..

.
..
.

0 0 0 0 0 0 0 · · · 0 0 gout
0 0 0 0 0 0 0 · · · 0 0 gout
0 0 0 0 0 0 0 · · · gout gout 0


(7.20)

where we have introduced the edge weights gin and gout corresponding to the end nodes of

the graph for considerations of using finite-length dual-rail EPR-graph states experimentally.

gin = gout =
1√
2
and gc =

1
2 for an arbitrarily large state, derived by Heisenberg evolutions of the

linear optics circuit describing our experimental setup, see Fig. 7.6. The matrix G is of dimen-

sion n×n, where n is the number of modes in the graph state. The graph is given below in Fig. 7.9:

From equations 7.14 and 7.20 we arrive at the approximate nullifiers that describe the dual-rail

EPR-graph state. The smallest nullifiers contain 4 modes each. We will look at a more intuitive

set of nullifiers first, and see that they are comprised of the 4-mode nullifiers.

We see from the graph that any mode in the dual-rail EPR-graph state, in either rail, is connected

by edges to 4 neighbouring modes. We denote the top rail with an A, and the bottom rail with a

B. If we select an arbitrary mode in rail A at time t, and also an arbitrary mode in rail B at time

t, we can view the section of the graph that is relevant to these modes only, by observing the two

sub-graphs shown in Fig. 7.10.

From Fig. 7.10 we can obtain the relevant expressions for the nullifiers by the following method,
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beginningmiddleend

Figure 7.9: Graphical representation of entire graph state G. The graph can be separated into 3

sections. The yellow links indicate a negative weighting. The blue links indicate a positive weighting. The

value of the weight depends on how many links there are with other modes. Here, a single link denotes a

weighting of 1
2
, while a double link denotes a weighting of 1√

2
. There are no imaginary weighted self loops

as this is an unphysical and ideal graph in the limit of r → ∞.

a b
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Figure 7.10: Sub-graphs for the dual-rail EPR-graph state. Each mode is graphically connected

to 4 other modes in adjacent temporal locations; the pair in the future, and the pair in the past. Only

the complete edges from the perspective of modes at time t are drawn. The other edges are indicated by

dashed lines.

derived from equations 7.14 and 7.20. From the perspective of mode {A, T}, the links to neigh-

bouring modes give the edge weights corresponding to the terms in the linear combinations of

quadrature operators that will form the nullifier. From equation 7.14 we observe a difference be-

tween the x̂ quadrature nullifiers and the p̂ quadrature nullifiers is a negative sign. This leads to the

following rule for determining the nullifier from a sub-graph. For the x̂ quadrature, a yellow link

indicates a positive weighting with respect to the linear combination of the two modes it connects.

And for the p̂ quadrature, a yellow link indicates a negative weighting with respect to the linear

combination of the two modes it connects. Accordingly, for the x̂ quadrature, a blue link indicates

a negative weighting with respect to the linear combination of the two modes it connects, and for

the p̂ quadrature, a blue link indicates a positive weighting with respect to the linear combination

of the two modes it connects. Following these rules, we arrive at the following nullifiers:

{x̂At − 1

2
(x̂Bt+1 − x̂At+1 − x̂Bt−1 − x̂At−1), p̂At +

1

2
(p̂Bt+1 − p̂At+1 − p̂Bt−1 − p̂At−1)}, (7.21)

{x̂Bt − 1

2
(x̂At−1 + x̂Bt−1 − x̂At+1 + x̂Bt+1), p̂Bt +

1

2
(p̂At−1 + p̂Bt−1 − p̂At+1 + p̂Bt+1)}. (7.22)

We can view the 5-mode sub-graphs as the combination of opposite facing 4-mode sub-graphs.

Linear combinations of nullifiers are themselves nullifiers. From this we see that the links between

rails A and B at the same temporal index will cancel when the opposite-facing nullifiers are

combined, due to the difference in sign while having the same weight.

From Fig. 7.11 we see that there are 4 nullifiers for each quadrature that can be constructed

that each contain 4 modes. If we view the 4 nullifiers as comprising a square, then each nullifier will

be from the viewpoint of a different corner node in the square. When reading the nullifiers from
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Figure 7.11: Linear combinations of sub-graphs. Each 5-mode sub-graph is a linear combination of

two 4-mode sub-graphs. All edges omitted except for those connected to modes at time t. Blue (yellow)

edge weights have positive- (negative-) real weights ± 1
2
, while green (red) edge weights have positive-

(negative-) real weights ±1.

the 4-mode graphs, we must follow the following rules. For the x̂ quadrature, a red link indicates

a positive weighting with respect to the linear combination of the two modes it connects, and a

green link indicates a negative weighting with respect to the linear combination of the two modes

it connects. For the p̂ quadrature, a red link indicates a negative weighting with respect to the

linear combination of the two modes it connects in adjacent temporal positions, and a green link

indicates a positive weighting with respect to the linear combination of the two modes it connects

in adjacent temporal positions. For the p̂ quadrature, when the link is between two modes in the

same temporal position (between rails A and B), a red link indicates a positive weighting, and a

green link indicates a negative weighting. Following these rules, we arrive at the following nullifiers:

{x̂At + x̂Bt + x̂At+1 − x̂Bt+1, p̂At + p̂Bt − p̂At+1 + p̂Bt+1}, (7.23)

{x̂At − x̂Bt + x̂At−1 + x̂Bt−1, p̂At − p̂Bt − p̂At−1 − p̂Bt−1}, (7.24)

{x̂Bt + x̂At + x̂At+1 − x̂Bt+1, p̂Bt + p̂At − p̂At+1 + p̂Bt+1}, (7.25)

{x̂Bt − x̂At − x̂At−1 − x̂Bt−1, p̂Bt − p̂At + p̂At−1 + p̂Bt−1}. (7.26)

Derivation of graph

We can build up the graph G from a series of 2-mode EPR pairs in order to understand the final

graph structure.

BSBS
a b

Figure 7.12: Distribution of edge weights after a beam-splitter operation. The green links

denote unity strength edge weights. Upon interaction on a balanced beam-splitter (denoted by dashed box

with BS label) the edges are distributed to become weights of ± 1√
2
.
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Figure 7.12(a) considers 1 EPR pair mixing on a beam-splitter with 1 qumode. We see that

the edge weight is distributed between the independent qumode and the other mode in the EPR

pair. This might seem counter-intuitive at first, as one might expect the two modes that interact

on the beam-splitter to form an edge between them. A clear mind will realise however, that as

one half of an EPR pair is a thermal mode, upon a beam-splitter interaction with another thermal

mode no direct correlations can form between them. The re-distribution of the edge link (and

corresponding weakening of the edge weighting) is the consequence of the mixing.

The 8-mode graph state, which is the smallest size of graph G that allows us to see each section

of the graph structure properly, is arrived at by mixing together the 4-mode graphs derived in

Fig. 7.12. Shown in Fig. 7.13, the edge links are again re-distributed so that the middle section of

the dual-rail EPR-graph state has edge links of strength ±1
2 .

BS

Figure 7.13: The dual-rail EPR-graph state G from sub-graphs. Upon interaction on a balanced

beam-splitter (denoted by dashed box with BS label) the edge links in the sub-graphs are distributed to

become weights of ± 1
2
.

Heisenberg evolutions that lead to dual-rail EPR-graph

We now derive the dual-rail EPR-graph state via Heisenberg evolutions of the complex amplitudes.

This will lead to expressions for the variances of these nullifiers due to finite squeezing.
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(i) (ii) (iii)

A(iii), t+1 A(iii), t-1A(iii), t

B(iii), t+2 B(iii), tB(iii), t+1

Figure 7.14: Linear optics network for the generation of dual-rail EPR-graph state. (a) Small

section of the linear optics network. S: squeezing operation, F: Fourier transform, BS1: beam-splitter

operation. (b) The resulting sub-graph corresponding to the dual-rail EPR-graph state.

The qumodes in step (i) of the evolution have had the squeezing operator acted on them, as

can be seen in Fig. 7.14 (a). The squeezing operation is given by S(r) =
(
er 0
0 e−r

)
, and as all inputs
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to the circuit are initially vacuua, the figure represents offline squeezing. The Fourier transform is

given as F =
(
0 −1
1 0

)
. Both operations act on the column vector

(
x̂
p̂

)
containing the quadrature

operators in the Heisenberg picture. Qumodes in rail B have undergone Fourier transforms so that

the complex amplitudes â
A(i)
t and â

B(i)
t of the initial state in step (i) are represented as

(i) â
A(i)
t = erA x̂

A(0)
t + i e−rA p̂

A(0)
t , â

B(i)
t = e−rB x̂

B(0)
t + i erB p̂

B(0)
t , (7.27)

where e−rB x̂
B(0)
t and e−rA p̂

A(0)
t are the squeezed quadratures of the squeezed state at temporal

location t in the spatial location B and A, respectively. We have the following mean values and

variances: ⟨
x̂
A(0)
t

⟩
=
⟨
p̂
A(0)
t

⟩
=
⟨
x̂
B(0)
t

⟩
=
⟨
p̂
B(0)
t

⟩
= 0, (7.28)⟨(

x̂
A(0)
t

)2⟩
=
⟨(
p̂
A(0)
t

)2⟩
=
⟨(
x̂
B(0)
t

)2⟩
=
⟨(
p̂
B(0)
t

)2⟩
=

1

4
. (7.29)

After combining the qumodes through the action of a beam-splitter they become

(ii)

(
â
A(ii)
t

â
B(ii)
t+1

)
= B̂†

A(t),B(t+1)

(
â
A(i)
t

â
B(i)
t+1

)
B̂A(t),B(t+1) =

1√
2

(
−1 1

1 1

)(
â
A(i)
t

â
B(i)
t+1

)
. (7.30)

(ii)

(
â
A(ii)
t−1

â
B(ii)
t

)
= B̂†

A(t−1),B(t)

(
â
A(i)
t−1

â
B(i)
t

)
B̂A(t−1),B(t) =

1√
2

(
−1 1

1 1

)(
â
A(i)
(t−1)

â
B(i)
t

)
. (7.31)

At this stage in the experimental circuit there is an optical delay line on rail B, as shown in

Fig. 7.6. The result is to stagger the EPR pairs as shown graphically in Fig. 7.14(b). The qumodes

are unchanged, and we see that when we mix the pairs on the last beam-splitter the temporal

indices are now matching. The final complex amplitudes of the output state are given as:

(iii)

(
â
B(iii)
t

â
A(iii)
t

)
= B̂†

B(t),A(t)

(
â
B(ii)
t

â
A(ii)
t

)
B̂B(t),A(t) =

1√
2

(
−1 1

1 1

)(
â
B(ii)
t

â
A(ii)
t

)

=
1

2

(
â
B(i)
t − â

A(i)
t + â

B(i)
t+1 − â

A(i)
t−1

â
B(i)
t − â

A(i)
t + â

B(i)
t+1 + â

A(i)
t−1

)
. (7.32)

Re-labelling the complex amplitudes as âAt = â
A(iii)
t and âBt = â

B(iii)
t , this allows us to extract

the following ideal nullifiers of the extended EPR state:

x̂At + x̂Bt + x̂At+1 − x̂Bt+1 = 2 e−rB x̂
B(0)
t+1 , (7.33)

p̂At + p̂Bt − p̂At+1 + p̂Bt+1 = 2 e−rA p̂
A(0)
t . (7.34)

Therefore, we can calculate the nullifier variances which determine the theoretical bound of the

inseparability criterion [74],

⟨(
x̂At + x̂Bt − x̂Bt+1 + x̂At+1

)2⟩
= e−2rB <

1

2
, (7.35)

and
⟨(
p̂At + p̂Bt + p̂Bt+1 − p̂At+1

)2⟩
= e−2rA <

1

2
. (7.36)

This shows that the sufficient condition for inseparability is satisfied when the squeezing levels

of each OPO is greater than −3 dB, measured after propagation through the circuit.
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Effect of beam-splitter phase on graph

As described in the section 3.2, when modelling a beam-splitter there are four possibilities of where

to impart the π phase shift due to there being four ports. This results in four possibilities of linear

optics networks that concatenate these beam-splitters, leading to four possibilities of edge weight

polarities, as shown in Fig. 7.15.

Figure 7.15: Polarity of edge weights as function of beam-splitter phase. There are four possible

configurations of the polarities of the edge weights in graph G depending on which port of the beam-splitter

sees the π phase shift.

Networks employing B(1) correspond to (a), B(2) to (b), B(3) to (c), and B(4) to (d). The four

expressions for the beam-splitter are given below as:

B(1)(
√
r) =

(
−
√
r
√
t√

r
√
t

)
, B(2)(

√
r) =

(√
r −

√
t√

r
√
t

)
, (7.37)

B(3)(
√
r) =

( √
r

√
t

−
√
r
√
t

)
, B(4)(

√
r) =

(√
r

√
t√

r −
√
t

)
. (7.38)

Experimentally it won’t always be possible to correctly predict where the phase shift has been

imparted, and the best strategy is to apply the different nullifiers to the measured data. For this

reason it is extremely important to design a flexible data acquisition and measurement infrastruc-

ture.
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7.3 Experimental details
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Figure 7.16: Experimental schematic for the generation of ultra-large-scale cluster states.

OPO: optical parametric oscillator; EOM: electro-optic modulator; ISO: Faraday optical isolator; AOM:

acousto-optic modulator; MCC: mode cleaning cavity; PZT: piezo-electric transducer; SHG: second-

harmonic generation.

The light source used for this experiment is a continuous-wave Titanium:Sapphire laser (SolsTiS-

SRX, from M Squared Lasers) operating at 860 nm. This laser is in turn pumped by a laser-diode-

pumped and frequency doubled Nd:YVO4 laser (Verdi V-10 from Coherent) operating at 532 nm.

A 10 W beam from the pump laser results in a 1.9 W beam output from the Titanium:Sapphire

laser. As can be seen in Fig. 7.16 the fundamental beam at 860 nm output from the laser is passed

through an optical isolator (ISO; FI850-5SV, from Linos) and an electro-optic-modulator (EOM;

PM25, from Linos) that imparts phase modulation of 16.5 MHz which will be used for locking

the four cavities on resonance by employing the Pound-Drever-Hall (PDH) technique. The four

cavities are as follows:

• Second harmonic generation (SHG) cavity: Used to generate a strong beam at the

second harmonic frequency, corresponding to a wavelength of 430 nm. This will be used to

pump the two optical parametric oscillators.

• 2 × Optical parametric Oscillators (OPOs): Used to generate squeezed light.

• Mode cleaning cavity: Used to generate a reference beam termed the local oscillator for

homodyne detection.

7.3.1 Optical parametric oscillators

Squeezed light is generated by parametric down conversion, utilising optical parametric oscillators

(OPOs). The light generated is in a squeezed vacuum state, due to the omission of a seed beam,

in contrast with the optical parametric amplifiers (OPAs) detailed in sections 5.2.1 and 6.4.1. The

OPO and OPA are conceptually very similar devices. The OPO employed here is also type I (both

photons in down-converted pair in the same polarisation) operated under threshold, and employs

a quasi-phase matched periodically poled KTiOPO4 (PPKTP) non-linear crystal similar to the

OPAs detailed in other chapters.
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Figure 7.17: Optical parametric oscillators (OPOs) used or generating squeezed wave-packet

modes. The optical beam path is relatively short (230 mm), leading to a broad linewidth (≈ 33 MHz).

This leads to qumode temporal lengths of 160 ns. This is the time separation needed to ensure the

orthogonality of qumodes. (a) Experimental schematic of OPO. (b) Photograph of actual OPO.

Even though the qumodes here are wave-packet modes, as described in section 7.1.2, the gener-

ation of continuous-wave squeezed light follows the same physical process from the descriptions

in sections 5.2.1 and 6.4.1 where the qumode is a sideband-mode. The sideband modes are still

present, and could be used, but we define the qumodes to be wave-packet modes for the temporal

lengths to be shorter, as described in section 7.1.2. The difference here is not in the generation of

the qumodes, but rather the method of measurement and data analysis performed, as we will see.

Two OPOs were built from scratch for the present experiment. The reason we did not want to use

the OPOs used in previous experimental setups in the same lab (those used in the cluster state

experiments of chapters 9 and 10) is that the optical path lengths (OPLs) were not the shortest

they could be, which means the squeezing bandwidths were not as large as they could be. Intu-

itively, a larger bandwidth equates to a larger amount of information, which also equates to larger

levels of squeezing that can be recovered. Perhaps more importantly, it also translates to a smaller

temporal length over which the wave-packet is defined.

Typical OPOs employed at the Furusawa laboratory have an OPL of around 500 mm. The newly

designed OPOs were made to be relatively compact, with OPLs of 230 mm. With the transmission

coefficient of the output couplers 0.149 and 0.154, respectively, the full width at half maximum

(FWHM) values for the OPOs are 33.7 MHz and 33.8 MHz respectively.

Cavity OPL T FWHM FSR finesse intra-cavity loss

OPO A 230 mm 0.149 33.7 MHz 1.3 GHz 38 0.41%

OPO B 230 mm 0.154 33.8 MHz 1.3 GHz 38 0.30%

Table 7.1: Cavity parameters of optical parametric oscillators used to generate squeezed light.

The two OPOs used for the temporal-mode experiment are identical in design and manufacture.

Each OPO has three inputs, as shown in Fig. 7.17. They are described below.

1) The Pump beam (430 nm; Blue) is used to facilitate parametric down conversion. It

does this by pumping the 10mm long non-linear crystal (PPKTP) within the cavity. In a loss-less

scanario, there will be one blue photon (of frequency 2ω) entering the crystal, and two infra-red

photons (each of frequency ω) exiting the crystal. The optical power of this beam was around

100mW .

2) The Lock beam (860 nm; Infra-red) is used in order to precisely and actively control the
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optical path length of the cavity, and to hold it (lock) it on resonance. This is done by employing

the phase modulation of 16.5 MHz from the EOM directly after the isolator in Fig. 7.16 and em-

ploying PDH phase locking. As we do not want the lock beam to interfere with the probe beam,

the beam profile of the lock beam is modified in order to create a spatially orthogonal mode before

propagating it in the reverse direction to both the pump and probe beams. A glass plate is placed

in its beam path before it enters the cavity so that the mode is converted to a TEM01 mode. Now

as the TEM00 and TEM01 modes will resonate at different frequencies, an acousto-optic modulator

(AOM)4 is used to tune the frequency of the TEM01 mode to match the resonance of the TEM00

mode in the cavity. In this way, the TEM01 mode propagating in the reverse direction does not

interfere with the output squeezed vacuum TEM00 mode.

3) The Probe beam (860 nm; Infra-red) is used in order to lock the relative phase of the

pump beam. It is phase modulated before entering the cavity (140 kHz for OPO A, 210 kHz for

OPO B) and the sidebands are used to facilitate the locking of relative phases in other parts of

the optical setup. During the measurement phase, the power is set to around 10µW in order to

generate vacuum squeezing.

3.5) There is also an alignment beam that is used to align the cavity during the initial con-

struction. It is reverse seeded, and is also used to generate blue light (430 nm) in a second harmonic

generation configuration. This blue light will be travelling down the pump beam’s optical path,

but in the reverse direction, making it useful to align the optical path that couples the doubler

and the OPO.

Piezo-electric transducers (PZTs) are attached to the output couplers of the OPOs in order to

apply active feedback control and lock the OPOs on resonance. These are housed in custom-made

housings with the mirror up tight up against a rubber O-ring in order to increase the resonance

frequency of the PZT system. In this way a typical phase locking bandwidth of around 2 to 5 kHz

can be increased to 30 to 40 kHz.

Parametric gain of OPO

The parametric gains of OPO A for different pump power values are tabulated in table 7.2. OPO

B values are nearly identical.

Power (mW) 25 50 75 100 125 150 175 200

G+ 1.88 2.63 3.57 4.78 6.36 9.16 13.0 20.6

G− 0.64 0.55 0.48 0.45 0.42 0.39 0.36 0.34

Table 7.2: Parametric gain of OPO A. Measurements taken by Toshiyuki Kaji.

The parametric gain region is actively controlled via the PZT on the probe beam, which controls

the relative phase between the probe beam and the pump beam. This is in contrast to the OPA

described in section 5.2.1 where a PZT controls the pump beam in order to lock the parametric

gain.

Squeezing from the OPO

We operate both OPOs at parametric gains of 4.1, chosen after repeated runs of the experiment

under different conditions. As we can see in table 7.4, a parametric gain of 4.0 is achieved at around

100 mW. This doesn’t correspond to the highest level of squeezing, or even the highest purity of

4TEF-110-60-860, from Brimrose.
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Power (mW) 25 50 75 100 125 150 175 200

Squeezing (dB) -3.59 -4.95 -6.02 -6.20 -6.41 -7.32 -6.87 -6.29
Anti-squeezing (dB) 3.99 6.18 7.89 9.67 11.0 12.6 13.9 15.9

Table 7.3: Squeezing values of OPO A at 1 MHz sideband. Measurements taken by Toshiyuki Kaji.

Uncertainties are ±0.05 dB.

the generated squeezed light. It does however correspond to the regime where the most amount of

squeezing can be recovered in the measurements of the nullifiers that determine the cluster state.

This is due to the trade-off between purity and highest squeezing levels, found for our case to be

at parametric gains of 4.1.

Mode cleaning cavity

The mode cleaning cavity (MCC) is a bow-tie cavity, also of width an OPL of 230 mm. Unlike the

OPO there is no non-linear crystal inside, and this cavity is used to spatially and spectrally filter

the beam in order to create a reference beam for high efficiency mode-matching at the homodyne

detectors. The input and output couplers both have transmission coefficients of 5 %, and the

FWHM is 54 MHz and the finesse is 25. The interference visibilities using the local oscillator beam

generated from the MCC is above 98 % for every free-space mode5.

7.3.2 Second Harmonic Generation

A bow-tie cavity of similar design to the OPOs was constructed in order to generate a second

harmonic beam, used to pump the OPOs with 430 nm light. This cavity is termed the second

harmonic generation (SHG) cavity, and has an OPL of 500 mm, which is more than twice that of the

OPOs. The reason for this is mechanical stability, as SHG cavities are notoriously difficult to keep

on resonance when compared to regular bow-tie cavities such as mode cleaning cavities, or even

OPOs. The non-linear crystal employed is a KNbO3 (potassium niobate) crystal, of dimensions 10

mm × 3 mm × 3 mm. The input coupler has a transmission coefficient of 0.1. Almost 500 mW

of pump power at 430 nm is generated. We use around 100 mW for each OPO.

There is also a reference cavity that is used in between the SHG cavity and the OPOs, in order to

mode match the pump beam to the probe beam entering the OPOs.

7.3.3 Fiber delay line

To implement the temporal delay line on the bottom rail, necessary for staggering the EPR pairs so

that they interact with neighbouring modes, we employ an opitcal fiber. The optical fiber employed

is a polarisation maintaining SM85-PS-U40A fiber from Fujikura. To minimise the insertion loss

into the fiber, we employ fiber patch cords with anti-reflection coating at 860 nm on both ends of

the fiber6. We were able to fabricate arbitrary lengths of fiber cables by splicing the patch cords

and the bare fibers together. We used single aspheric lenses with AR coatings for focusing and

collimating the beam for optimal mode matching into the fiber. In order to optimise the coupling

between the free space TEM00 mode and the LP01 fiber mode, we worked in collaboration with

FMD Corporation to develop a fiber alignment device (FA 1000S) which is now commercially

available through FMD Corporation. The average interference visibility of spatial modes before

and after the delay line was 95 %. The throughput of the entire optical fiber delay line was 92

%, which is relatively very high for fiber-coupled light. As we are injecting squeezed light into the

delay line it was critical that we achieved this high efficiency as any optical power loss would quickly

5See [91] for more details.
6(PMJ-3A3A-850-5/125-1-2-1-AR2, from OZ Optics)
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degrade the squeezing and therefore the entanglement. The fiber was placed inside a thermally

insulated box with vibration-proof padding in order to increase the stability of the phase lock, as

early testing revealed that small temperature fluctuations led to devastating changes of the optical

path length and therefore a very unstable phase lock. After the insulation box was installed, the

performance of the phase lock improved dramatically.

7.4 Digital control of optics and electronics

A custom-made digital control suite was created for this experiment, primarily using software

written using National Instruments LabVIEW as well as field-programmable-gate-arrays (FPGAs)

from National Instruments. The digital control suite is treated in detail in section 4.3. Here I will

focus on the performance of the control suite and the consequences for the experiment. Figure 7.18

displays a portion of the graphical user interface that was developed in order to control the various

systems.

Figure 7.18: Portion of the control suite used to actively control ten optical systems.

There are ten systems that require active feed-back control:

1) OPO A: straightforward PDH cavity lock with DC monitor for real-time state determination.

2) OPO B: as above.

3) Mode cleaning cavity: as above.

4) Second harmonic generation cavity: Less straightforward cavity lock due to smaller oper-

ation window of stability. Precise determination of gain parameters is necessary.

5) Parametric gain A: straightforward interference lock for parametric de-amplification.

6) Parametric gain B: as above.

7) EPR beam-splitter: relative phase lock between p-squeezed and x-squeezed beams.

8) Graph beam-splitter: Difficult phase lock due to noisy error signal; light from the bottom rail

has undergone an optical fiber delay line of 30 m leading to phase fluctuations from temperature

changes.

9) Homodyne A: relative phase lock for local oscillator to determine measurement angle.

10) Homodyne B: as above.

Figure 7.16 displays the locations of each of these systems, and the piezo-electric-transducers

(PZTs) that control their respective optical path lengths. Each of the ten systems will have a

corresponding set of controls that will be accessible via the tab structure shown in Fig. 7.18, with

the system tabs displayed on the bottom of the structure.

Each of the ten systems are controlled by nearly identical logic in the custom-made LabVIEW
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modules (termed VIs). The VIs are programmed to operate in what is termed a state machine

architecture. This means that there are different states that a system can be in, and ultimately

which state the particular system is in will be determined by a combination of user inputs, auto-

mated logic based on real-time monitors, and the behaviour of the other systems.

Ultimately, the LabVIEW VIs will determine the precise voltage to output via high voltage am-

plifiers to the 10 different PZTs that precisely control the ten respective systems. In the state

machine architecture of the VIs, each system can be acted on by one of 4 states:

Figure 7.19: The 4 possible states of each system. Each system exists in one of these states at any

instant.

1) Safe: Output 0 voltages and falsify all booleans. Basically, do nothing.

2) Hold: Pause the output voltage and hold the system constant until further notice.

3) Scan: Apply a variable saw-tooth wave voltage in order to scan the system’s optical path length.

4) Lock: Apply a PII controller on the error signal and implement a phase lock on the system.

Each system can have its state changed at a rate of up to 500 kHZ. The “Safe” state is

included primarily for debugging uses. When new logic is being tested, it is very useful to have a

safety option that is accessed via a kill switch in case the control system takes on any unexpected

behaviours. The “Scan” and “Lock” states are used in tandem; optimal regions of the error signal

are found first by scanning the relative beam path and when a user-defined threshold is passed,

the system will enter the “lock” state. The “Hold” state is extremely powerful and provides a very

stable constant voltage for the duration of its state. This is very difficult to achieve with analogue

electronics, as capacitors will necessarily have a finite discharge time, for example. Further, in

analogue electronics it is difficult to design a system that will immediately return to the previous

mode of operation after a hold period, as integrator values from the PI controller will no longer be

optimal.

7.4.1 Sample and hold

A keen reader may have spotted a potential impediment to the performance of our experiment

from the details provided so far. We have defined our qumodes to be wave-packet modes that have

a broadband profile in frequency space. And yet we are employing phase modulation for PDH

locking, that will degrade the measured squeezing in the wave-packet mode due to the large phase

noise. This is indeed a non-trivial problem. In order to apply some sort of feedback control, as

well as being able to measure the wave-packet modes without phase modulation noise peaks, we

designed a control system that has an inherent compromise. In a technique known as “sample and

hold”, we sample the feedback signal and apply active feedback control for a certain time, then

switch off all control and hold the present value constant while measurements are taken.

There are numerous electronic devices that require being switched between two states in order

to facilitate phase-modulation-free measurement. For this reason we generate four TTL signals

from the same digital control suite that provides phase locking for the ten optical systems. The

controls for these TTL signals can be seen on the right panel of Fig. 7.18 and the synchronised

timing is displayed in Fig. 7.20. The programming logic that generates and synchronises the TTL

signals can be found in the VI detailed in section 4.3.4.
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Figure 7.20: Synchronised timing of FPGA generated trigger signals. Four TTL signals are

generated and exit the FPGA card in order to switch on and off various electronic systems.

We see from Fig. 7.20 that the loop period is 4000 µ seconds, with a duty cycle of 62.5% biased

towards the measurement phase. The first thing to happen at the start of the cycle is that all of

the ten optical systems are put on hold. This is denoted via the “Beam-splitters Hold” TTL signal,

which is placed in the ON state for 2625 µ seconds. This TTL is generated on board of one of the

two FPGA cards used for the ten systems, and is sent as a digital trigger through a PXI trigger

line which can operate at rates of up to 40 MHz. This is an efficient method of synchronising VIs

across different FPGA cards in a network, or even between different while loops in the same VI7.

For the duration of the “Beam-splitters Hold” signal in the ON state, all of the ten systems are in

the “Hold” state, with all integrator values being held constant.

After a safety buffer of 10 µ seconds, the “Probe Off” TTL signal is switched to an ON state. This

TTL is sent to various analogue switches8 that are placed in circuits that drive EOMs and AOMs.

In all cases, the switches are placed before amplifiers as shown in Fig. 7.21.

EOM AOM

TTL

Switch Ampli er
Function

generator

TTL

Switch Ampli erVCO

a b

Figure 7.21: Switching signals that drive various electronics via TTL signals. (a) an electro-

optic-modulator (EOM) is switched on and off. (b) an acousto-optic-modulator (AOM) is switched on and

off. VCO; voltage controlled oscillator.

7Another option would be to employ a local or global variable, but I recommend avoiding this due to possible
race conditions

8High Isolation Switch, ZASWA-2-50DR+, from Mini-Circuits)
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We employ AOMs9 as optical switches. As can be seen in Fig. 7.16, two AOMs are used in

sequence to switch the probe beam on and off (system 5 and system 6, for OPO A and OPO B,

respectively). AOMs are built around a crystal where a standing sound wave is generated with

two electrodes from an oscillating electrical signal. The sound wave induces spatial modulations of

the refractive index of the crystal, which in turn induces Brillouin scattering of the incoming light

and interference effects occur that are similar to Bragg diffraction. Scattered photons are shifted

in frequency, and this can be used to engineer fast light switches, up to tens of MHz.

As the ten optical systems remain in the “Hold” state, the lack of an error signal (in turn due

to the lack of phase modulation from the probe beam) is not a problem, and the PII controller

will simply pick up where it left off when the control phase is activated again. 25 µ seconds after

the start of the cycle, and 15 µ seconds after the both the probe beam and the EOM have been

switched off, the “Homodyne On” phase is turned to the ON state. The relevant TTL signal that

is sent to the homodyne detection circuit causes a switch to be placed to the ON state when the

TTL is in the ON state, and this allows the homodyne current to be sent to the data acquisition

system, via the relevant electronics (a series of low pass filters and amplifiers). This is done in

order to protect the circuit from unwanted phase modulation that might saturate the circuit when

the feedback control is in the ON state.

After waiting a further 55 µ seconds from when the homodyne circuit has been switched on (80

µ seconds from the beginning of the cycle) the TTL that is sent to the data acquisition system

is turned to the ON state, which initiates the acquisition of data. This is done via a high-speed

oscilloscope with custom-written acquisition software10. We use a Tektronix DPO7054 digitizer

operating at 200 M samples per second to record the two signals from Homodyne A and Homodyne

B. The quantum efficiencies of our homodyne detectors are above 99 %, and the bandwidths are

above 20 MHz. The local oscillator powers are set to 10 mW for every homodyne measurement.

7.4.2 Phase control of interferometer

The optical circuit between the outputs of the OPOs and the homodyne detection stage may be

viewed as a Mach-Zehnder interferometer (MZI) with asymmetric arm lengths. The asymmetry in

path lengths is intentional of course, and is due to the optical fiber delay line in the bottom rail.

87

Figure 7.22: Phase modulation through a Mach-Zehnder interferometer. The blue and green

arrows represent orthogonal phase modulations on carrier beams.

9AOM 3080-125
10The acquisition software was written in Visual Basic by Ryuji Ukai and appears in reference [87].
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Phase modulation on respective carrier beams are represented by coloured arrows in the de-

piction of the MZI in Fig. 7.22. We see that in this configuration the relative phase between the

respective carriers is π
2 at the output of the MZI, facilitating a straightforward generation of an

error signal used for phase locking. Note that if one arm experienced a Fourier transform, as in the

original proposal by Menicucci [36], the carriers would be in phase and it would be a non-trivial

issue to engineer the correct phase lock. This technical issue was one of two impediments that led

us to generate dual-rail EPR-graph states, rather than strictly phase correct cluster states.

7.5 Results

As is common procedure with these experiments, after the generation of the experimental setup,

we conducted measurement runs and fine tuning of the system for roughly two months. When

the experimental setup began producing reliable and repeatable results, we performed the final

run of the experiment and conducted data acquisition in a controlled and unchanging setting for

roughly six hours. In order to completely characterise the dual-rail EPR-graph state, we repeatedly

take measurements in three regimes. First, we set both local oscillators to the x̂ quadrature and

measure all of the x̂ nullifiers that comprise the dual-rail EPR-graph state. Second, we set both

local oscillators to the p̂ quadrature and measure all of the p̂ nullifiers that comprise the dual-rail

EPR-graph state. Third, we take shot noise measurements by blocking the signal beam in order

to have a reference.

• We recorded 8400 oscilloscope frames of data for the x̂ quadrature measurements, and 10800

frames of data for the p̂ quadrature measurements.

• Each frame contains 500,000 data points, which was sampled at 200 MHz to measure 2500

µs worth of data, corresponding to data at 5 ns increments.

• Our temporal modes have a temporal width T of 160 ns, corresponding to 32 data points

per mode.

• We have therefore measured 2500µs ÷ 160 ns = 15625 wave-packet modes in each of the two

rails.

7.5.1 Temporal mode function

The repeated measurement runs allowed us to fine tune the temporal mode filter each time in order

to produce the optimal temporal mode function for our experiment. The procedure was as follows:

read in 300 frames of shot noise measurements, read in 300 frames of x̂ measurements, apply the

temporal mode filter to both data sets, normalise the x̂ traces to shot noise, apply the relevant

nullifier on each mode, and output the mean variance over the entire dual-rail EPR-graph state

from the 300 frames.

This led to the optimum filter described in section 7.1.2, which has a Gaussian profile f(t) ∝
e−(Γt)2 , of bandwidth Γ = 2π × 2.75 MHz (1/Γ ∼ 58 ns). T is 160 ns, and due to unequal cable

lengths in the homodyne to data acquisition circuits, optimal nullifier variances are found when

the two channels are shifted one sample point (5 ns) with respect to each other. This is equivalent

to phase shifting one mode roughly 3% with respect to the other mode (5 ns with respect to the

160 ns temporal width). Figure 7.23 shows the 32-element discretised temporal mode function

integrating over homodyne photo-current.

Temporal modes exiting OPO A were measured before entering the MZI in order to characterise

their squeezing levels. After applying the temporal mode function displayed in Fig. 7.23, squeezing

and anti-squeezing values were measured for a varying pump power, and are tabulated in table 7.4.
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Figure 7.23: Temporal mode function. The homodyne photo-current was integrated over this mode

function to produce the measurement of one temporal mode.

Power (mW) 25 50 75 100 125 150 175 200

Squeezing (dB) -3.60 -4.67 -5.39 -6.14 -6.43 -6.53 -6.60 -6.16
Anti-squeezing (dB) 3.90 6.16 7.82 9.26 10.7 12.2 13.3 14.9

Table 7.4: Squeezing values of OPO A for wave-packet modes. Measurements taken by Toshiyuki Kaji.

Uncertainties are ±0.05 dB.

As we can see from table 7.4, the recovered squeezing level is comparable to that of the 1 MHz

sideband mode, as displayed in table 7.3.

7.5.2 Measuring the dual-rail EPR-graph state

As detailed in section 7.4.1, the data acquisition is triggered by the “Measurement ON” TTL pulse

when it is in the ON state. Within the digital control suite there are monitors that are compared

against user-defined thresholds. This logic is automated such that if any of the crucial phase locks

are misbehaving or operating outside of the specified window of operation, the “Measurement

ON” TTL will remain in the OFF state until everything has been resolved. Importantly, once the

stability has been deemed suitable, and the “Measurement ON” TTL has been switched to the

ON state, no matter how the system behaves during the measurement, the frame worth of data

that is measured is deemed a faithful representation of the dual-rail EPR-graph state. This is to

ensure that there is no cherry picking of the data, and no post-selection.

Expanding on this idea, it is then equivalent to perform measurements on each cycle of the “Sample

and Hold” routine, and then post-process the data in order to set a similar threshold. Of course,

stringent care must be taken to ensure the validity of this process. We therefore set some important

rules:

1. A measurement run is deemed unsuitable and will be discarded if and only if the experimental

setup was not in its usual conditions at the beginning of the measurement run.

2. If the experimental setup is in a representative state and a measurement run has begun, the

frame’s worth of data will be kept and included in the statistical analysis.

Ultimately, our technique was to set a relaxed threshold during measurement, and then to set

a slightly more precise threshold during data analysis. Figure 7.24 displays the measurements

of 100 frames worth of data, plotted in terms of the variances of each temporal mode’s nullifier.
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This data has been temporally filtered, normalised to shot noise, and had nullifiers applied to

each temporal mode, before the variances were plotted. The horizontal axis corresponds to 2500

µ seconds of data, plotted here in terms of the temporal-mode position of each wave-packet mode

in the dual-rail EPR-graph state.

Figure 7.24: Evolutions in phase space of individual dual-rail EPR-graph states. The nullifier

variances of 100 dual-rail EPR-graph states are shown to evolve based on their starting value. Each

coloured trace represents the measurement of an individual dual-rail EPR-graph state.

The nullifier expression applied to each temporal mode is given as:

{x̂Bt + x̂At + x̂At+1 − x̂Bt+1}, (7.39)

see section 7.2 for the derivation of the nullifier. There is qualitatively a lot that can be learnt

from the evolutions in phase space of the individual measurements of the dual-rail EPR-graph

state, shown in Fig. 7.24. Note that in order to measure the variance of an individual frame, we

could not average over the other frames, and so a horizontal moving window of 1200 data points

was used. The underlying assumption is that during 1200 data points (6 µ seconds) the change in

phase space is minimal.

We notice that no trace begins above a nullifier variance of -3dB. This is due to the relaxed

thresholds imposed during the TTL logic. We also notice that this threshold is not precise enough,

and is indicative of the experimental setup not being returned to its usual mode of operation.

Remember that before each measurement run begins, the phase locks have been placed on hold for

2625 µ seconds (see Fig. 7.20) and have had 1375 µ seconds to return the experiment to its usual

state. Every so often this process does not work, and the experiment is not returned to its usual

state. This is the case when the nullifier variances of the first 100 temporal modes or so have low

values, close to -3 dB. In this case, we see that indeed these traces evolve rapidly in phase space

and wave-packet modes towards the end of the dual-rail EPR-graph state (around temporal mode

positions of 24,000) will have nullifier variances as large as positive 3 dB.

We also see that when the dual-rail EPR-graph state begins with a very low nullifier variance, the

entire state will remain at a similar level for the duration of the measurement. However, we are

not allowed to select just the traces that remain in optimal states, as this would be cherry picking

the data, and would not be a fair representation of the experiment that we performed. Taking into

account the two conditions imposed on whether or not to discard data, we set another threshold
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of -4.7 dB which was calculated to be below the mean variance of the dual-rail EPR-graph state

nullifiers in their usual state of operation. While Fig. 7.24 shows only 100 traces, the calculation

of this threshold was conducted by analysing 8400 traces. Our final data set comprises of 4270

frames for x̂ quadrature measurements and 4191 frames for p̂ quadrature measurements.

7.5.3 Correlations in quadrature measurements

We first take a qualitative look at how the nullifiers manifest as correlations between quadra-

ture amplitudes. Shown in Fig. 7.25 are x̂ quadrature measurements of various temporal modes.

Subfigure(a) displays 30 quadrature amplitudes of the wave-packet mode x̂At as it propagates 30

temporal positions. The quadrature amplitudes are randomly distributed around the mean, as we

expect. Subfigures (b),(c),(d), and (e) display the quadrature measurements of wave-packet modes

x̂At+1, x̂
A
t−1, x̂

B
t+1, and x̂Bt−1, respectively, all in red, with the measurements of x̂At shown in blue

for comparison. We see that there are no correlations between these modes individually, which

reveals the entanglement structure of the dual-rail EPR-graph state. This is in fact why the entire

dual-rail EPR-graph state is robust to local measurements, as is a fundamental property of cluster

states11.

The patterns in subfigures (b) and (c) of Fig. 7.25 arise because we are observing 30 successive

wave-packet modes and comparing them to 30 successive wave-packet modes in adjacent temporal

positions. Consequently, we arise at the red trace being time shifted in the forwards and back-

wards directions with respect to the blue trace, in subfigures (b) and (c), respectively. What is

relevant here, and what we must compare are the quadrature measurements between two wave-

packet modes at any one instant in time. Stated another way, we must compare the amplitudes of

the blue and red data points at each temporal position. When this is done it is evident that there

are no correlations in amplitude between any two wave-packet modes.

Figure 7.25(f) displays the linear combination of the wave-packet modes shown in subfigures

(b),(c),(d),(e) in red, and we see a remarkable fit between this linear combination and the wave-

packet mode x̂At . The linear combination is precisely the nullifier, shown next to subfigure (f). This

shows that although each wave-packet mode is entangled to its neighbours, in order to properly

make use of the correlations, the entire nullifier must be measured. This is a key feature of the

dual-rail EPR-graph states, and cluster states in general. Measurements in the p̂ quadrature reveal

identical features with the appropriate nullifier.

7.5.4 Parametric plots of EPR-like correlations in nullifiers

Here, we take a qualitative look at how the correlations manifest for the nullifiers at different

temporal positions. Whereas Fig. 7.25 displayed evidence of correlations within one nullifier for 30

temporal positions, in order to quantify the correlations we must fix the temporal mode position

and compare the 4000 frames worth of measurement data. As a first step, we parametrically plot

different linear combinations that comprise different nullifiers in order to visualise the correlations.

Figure 7.26 shows the wave-packet mode x̂At parametrically plotted against the linear combina-

tion of x̂Bt+1− x̂At+1− x̂Bt−1− x̂At−1 for two different temporal positions, t = 1 and t = 15600. Perfect

correlations would be represented by a straight line on the diagonal. Any broadening is a result

of finite squeezing, and therefore imperfect correlations. Both temporal positions display strong

correlations, and it is clear that the correlations are stronger at t = 1 due to the measurements

being made closer to when the active feedback control of the circuit was in the ON state.

11Recall that the dual-rail EPR-graph state is equivalent to the cluster state up to local phase.
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Figure 7.25: Quadrature correlations in x̂. All figures show amplitudes of wave-packet mode x̂At
in blue. The following wave-packet modes are shown in red: (b) x̂At+1, (c) x̂

A
t−1, (d) x̂

B
t+1, (e) x̂

B
t−1. (f)

Nullifier expression x̂At−1 + x̂Bt−1 − x̂At+1 + x̂Bt+1 shown in red.

7.5.5 Phase space evolutions of dual-rail EPR-graph states

In order to quantify the correlations, and therefore the entanglement present in the dual-rail EPR-

graph state, we must measure the variances of the relevant nullifiers at each temporal mode position

and compare this to the threshold presented in equations 7.35. The wave-packet modes that have

nullifier variances below the quantum threshold will collectively form the dual-rail EPR-graph

state. Figure 7.27 shows the complete evolution in phase space of the dual-rail EPR-graph state,

as told through the nullifier variances of each wave-packet mode in the state.

During the measurement time the ten optical systems described in section 7.4 drift from their

optimal settings due to the lack of active feedback control. The cavities drift slightly off resonance,

and the relative phases at the beam-splitters drift from their optimal values. The net result is that

the dual-rail EPR-graph state will evolve in phase space so that each successive nullifier will have

a degraded variance, as is evident in Fig. 7.27. The rate at which the nullifier variances degrade is

indicative of the stability of our entire setup.
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Figure 7.26: Parametric Plots of 5-mode nullifiers. (a) temporal position t = 1, (b) temporal

position t = 15622.

We see that the wave-packet modes up to a temporal position of around 12,000 have associated

nullifier variances below the inseparability threshold of -3 dB. As there are two modes per temporal

mode position due to the dual-rail structure, this demonstrates that up to 24,000 wave-packet

modes are entangled and form the dual-rail EPR-graph state12.

7.6 Conclusions and outlook

We have presented the experimental demonstration of the largest entangled state created to date13.

This was done by multiplexing wave-packet modes of light in the time domain, following a theo-

retical proposal [36].

The entangled state is so large that quantifying exactly how many modes there are is almost to

miss the point. The breakthrough here is the demonstration that this technique of multiplexing in

the time domain is successful, and the only reason why the entanglement degrades is a technical

one, related to our control scheme.

7.6.1 The Group

The five researchers who performed this experiment are shown in the photograph of Fig. 7.28. This

was taken in the lab on the day of the final measurement run on a snowy winter’s day in February,

2013, at the Furusawa Laboratory at University of Tokyo.

Team members who contributed to this research project, but who are not in the photo of

Fig. 7.28 are: Shigenari Suzuki, Jun-ichi Yoshikawa, Hidehiro Yonezawa, Nicolas Menicucci, and

Akira Furusawa.

12In reference [92] we present results of “more than 10,000 entangled modes”. In order to avoid confusion we
presented conservative results, where the nullifier variances were averaged over a random sample of measurements,
even including measurement runs that were not phase locked correctly. This was done in order to pre-emptively
avoid any discussions of post-selection that might be misconstrued.

13As of January 2014, this was the largest entangled state by three orders of magnitude. The previous record was
the 14 qubits prepared in Rainer Blatt’s laboratory in Innsbruck using trapped ions [21].
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Figure 7.27: Phase evolution of entire dual-rail EPR-graph state. Shown in the red are the

measured x̂ quadrature nullifier variances, and shown in the blue are the measured p̂ quadrature nullifier

variances. The bound of separability is -3 dB denoted by the dashed line.

7.6.2 Outlook

There is a lot more than can be said about the generation of the entangled state presented in this

chapter. For the sake of brevity, I list here some thoughts in the form of an outlook.

• Rate of entanglement generation: Entangled states created in this way will become so

large that a better figure of merit than the sheer size of the entangled state would be the rate

at which the entanglement can be created. Here, every 160 ns we have two more wave-packets

that are entangled to the dual-rail EPR-graph state. This gives us a rate of entanglement

generation of 12.5 MHz. Remarkably this is deterministic, and therefore a constant rate.

This constant rate cannot be achieved by current techniques in the discrete-variables optics

community, as their rate of single photon generation is probabilistic and the success rate of

entanglement generation diminishes quickly as the entangled state grows larger.

• Quantum computing with this resource state: The dual-rail EPR-graph state is a re-

source for universal quantum computing. This is not a new discovery, and in fact the original

proposal that this experiment is based upon [36] provides proof of this. What constitutes

a small discovery is the formulation of an efficient scheme for quantum computing with the

dual-rail EPR-graph state, which improves on the technique suggested in reference [36]. This

is presented in section 8.7.

• Only limited propagation through cluster currently possible: It should be stated

clearly that it is still an open problem to overcome the effects of finite squeezing introduc-

ing noise into the state during teleportations. With current technology (and present-day

squeezing resources), we would only be able to use a small fraction of the 20,000 dual-rail

cluster state for the use of teleportaion-based quantum computing. After only around twenty

measurement and feed-forward steps the fidelity of further teleportations would not be above
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Figure 7.28: Cluster Group, University of Tokyo, February 2013. From left to right: Shota

Yokoyama, Chanond Wise, Seiji Armstrong, Toshiyuki Kaji, Ryuji Ukai.

the classical limit of 0.5, and we would have lost the quantum information. This is a severe

limitation of the cluster state made with present-day finite squeezing levels with no efficient

error correction schemes. See for example [93] for a thorough technical treatment of the noise

analysis for using the dual-rail cluster state for quantum computing.

• Error correction: I have said nothing about error correction, which is sorely needed for

any feasible implementation of quantum computing with the dual-rail EPR-graph state as a

resource. Menicucci has recently formulated a fault-tolerant scheme for quantum computing

with cluster states that is not yet feasible with current technology but opens the door to

improving the error threshold [94].

• Extending to another dimension for more inputs and outputs: In order for the

dual-rail EPR-graph state to be useful for large-scale fault-tolerant quantum computing, the

dimensionality must be increased. This can be done by creating a copy of the state and

mixing the two together on two more beam-spltiters, as shown explicitly in [36].
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Quantum computation with

continuous-variable cluster states
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Overview

Information is physical. In fact, information is quantum physical. The manipulation of information

via the effects of quantum mechanics is the premise of quantum information science. The quantum

effects that facilitate the computation are mainly entanglement, and interference.

David Deutsch offered the first formulation of quantum information in 1985 [15] when he proposed

the first quantum algorithm; an algorithm that offered a modest speed-up over its classical coun-

terpart when testing the fairness of a coin in one flip. The two prominent examples of quantum

algorithms that offer substantial speed up over classical algorithms are Shor’s algorithm for fac-

toring large numbers [95] and Grover’s algorithm for searching elements in a database [96]. While

there have been elegant proof of principle demonstrations in various atomic, ionic, and photonic

architectures, no experiment has yet outperformed their classical counterpart in terms of efficiency.

The next decade will see this record broken. We are now at a stage technologically where demon-

strations of quantum simulators in the next 10 years will outperform what is possible with classical

computation.

Our own demonstrations of quantum information protocols are modest, and can be efficiently

simulated on classical computers. They are, however, absolutely necessary within their own for-

mulation of measurement-based quantum computing, and form the building blocks for what is

to come in terms of a multimode universal quantum computer. In chapter 8 we review cluster

state computation with continuous variables (CV). This differs from the original circuit-model by

being a measurement based protocol. Whereas the standard model (in discrete variables) relies

on sequences of quantum logic gates that process qubits, the one-way model implements compu-

tations as a sequence of measurements on an array of highly entangled qubits; the array is the

so-called cluster state. A cluster state is first created as a generic resource, and the algorithms to

be computed are determined by the choice and sequence of measurements, allowing us to imprint

a circuit in real time as the flow of information is directed through the cluster. While chapter 8 is

largely a review chapter, section 8.7 presents original research which is a modest extension of the

excellent research being conducted at the Furusawa Laboratories at the University of Tokyo.

In order to simulate any desired Hamiltonian, no matter the complexity, one follows a recipe made

by decomposing the Hamiltonian into a concatenation of less complex gates [97]. Importantly, in

the context of CV cluster state computing, any such recipe will include no more than single-mode

Gaussian gates, two-mode gates, and non-Gaussian gates. In chapter 9 we briefly describe an

experiment that demonstrates universality within the one-mode Gaussian operations [98]. The

resource state used was a four-mode linear cluster state, the smallest cluster that offers sufficient

degrees of freedom for one-mode Gaussian universality [99]. Chapter 10 then details a tuneable en-

tangling gate, which is a robust example of a mutlimode gate. This gate provides entanglement of

tuneable strength between any two modes it acts on, in the given cluster. We demonstrate this by

coupling two independent vacuum states to a three-mode cluster, and verify that after computation

the output was an entangled two-mode state. The entanglement from the resource cluster, in the

form of a tuneable Cz gate, is teleported onto the two input modes. The entanglement strength

was entirely tuneable and can even be set to zero so that the output state is not entangled, but

has no additional noise. This is important for considerations of error correction and offers control

over the flow of information avoiding noisy channels in the cluster.

The toolbox we have created allows for universal multimode operations within a Gaussian setting.

We are now missing just one final operation, that of a non-Gaussian nature, and we will have a uni-

versal set of gates for performing universal quantum computing. There is still much that is needed

to be done before a fully fault-tolerant and large-scale quantum computer can be constructed in

this regime, yet there is reason for optimism. The theoretical framework exists [32, 77, 99, 97, 94],

and experimental demonstrations such as those presented in chapters 9, and 10 are paving the way

for progress in this direction.
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Chapter 8

Theoretical overview of quantum

computing with cluster states

At the turn of the century measurement-based quantum computing was proposed. Conceptually

very different from the circuit model that was originally proposed for quantum information proto-

cols, the measurement-based approach uses as its resource a highly entangled state called a cluster

state. Information and logic gates are then teleported and manipulated through the cluster, dic-

tated by the choice of measurements.

This chapter provides a brief review of Gaussian quantum computations using cluster states in

the continuous-variables (CV) regime. For a comprehensive treatment, the reader is encouraged to

pursue references [75, 24, 77, 100]. Section 8.7 details original research investigated in collaboration

with Ryuji Ukai at the University of Tokyo, and is a modest extension of Ukai’s previous research

this time applied to the context of the dual-rail EPR-graph states explored in chapter 7. We show

that the dual-rail EPR-graph state is a resource for universal quantum computing, and provide an

efficient scheme for one-way quantum computing with the dual-rail EPR-graph state.

The research presented in section 8.7 appears in the following journal publications:

• S. Yokoyama, R. Ukai, S. Armstrong, C. Sornphitphatphong, T. Kaji, S. Suzuki, J-I. Yoshikawa,

H. Yonezawa, N. Menicucci, A. Furusawa. Ultra-large-scale continuous-variable cluster states

multiplexed in the time domain. Nature Photonics (Supplementary Material) 7, 982-986

(2013).

• R. N. Alexander, S. Armstrong, R. Ukai, N. C. Menicucci. Noise analysis of single-qumode

Gaussian operations using continuous-variable cluster states. arXiv:1311.3538, (2013).

8.1 Brief introduction to quantum computing

Quantum information processing is the arbitrary manipulation of quantum states. Formulations of

quantum computing began appearing in 1985 pioneered by Richard Feynman and more rigorously

by David Deutsch. Deutsch’s formulation seems to have been motivated by the possibility of

refuting explanations of reality not consistent with the many worlds theorem. Peter Shor [95] and

Lov Grover [96] introduced important quantum algorithms in the mid 1990s that would spark a

worldwide interest in quantum information processing. The quantum speed-up offered by their

respective algorithms are tabulated below.
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Classical Quantum

Shor’s algorithm eL
1
3 L3

Grover’s algorithm O(N) O(N
1
2 )

Table 8.1: Quantum speedup offered by two prominent algorithms. Shor’s algorithm runs in polynomial

time to factor a large number L, while the best known classical algorithm works in sub-exponential time

[101]. Grover’s algorithm takes on the order of N
1
2 steps to search a database of N records, compared to

an order of N steps with a classical algorithm.

Since then we have seen applications in quantum key distribution (QKD) leading to commer-

cially available technologies [102, 103], demonstrations of modest quantum simulations of physical

systems [104, 105, 106], and fruitful investigations into error correction and fault-tolerance for var-

ious quantum computing architectures1 [108].

8.2 Continuous-variable cluster state computing

Measurement-based-quantum-computation (MBQC) is one such possible way to process quantum

information, attractive due its relative ease of use once a suitable resource state has been prepared.

The resource is defined to be a cluster state, comprised of an array of nodes in a graph that are

entangled with each other. The measurement of a node will affect the remaining nodes in the graph,

which is the fundamental feature of entanglement. By selecting suitable measurement bases and

providing appropriate classical corrections, it is possible to implement an arbitrary operation on the

quantum state. To date, multimode Gaussian operations have been demonstrated on CV cluster

states. While this is not sufficient for universal quantum computing, the theoretical framework for

universality exists and this includes fault-tolerance [94], scalable optical architectures [36, 37, 68]

and non-Gaussian implementations [77, 97, 75].

We begin our discussion with a treatment on the important set of Gaussian operations.

8.3 Gaussian operations

Gaussian transformations are represented by Gaussian unitary operations that act on a Gaussian

state and return a Gaussian state. They are the most experimentally feasible transformations

in CV quantum optics, as they can be implemented reliably and deterministically. They form a

necessary but not sufficient set of gates for universal quantum computing.

8.3.1 Gaussian states

In section 2.5 we introduced Gaussian states as those having a Gaussian-shaped Wigner function.

We extend the discussion here by introducing the covariance matrices of the most common Gaussian

states, before exploring Gaussian transformations.

One-mode vacuum states and coherent states have the following covariance matrix:

Γ|0⟩,|α⟩ =

(
1 0

0 1

)
= I, (8.1)

1Although error correction is beyond the scope of this thesis, its importance is duly noted, and as Deutsch himself
remarked: “error correction is the beginning of infinity” [107]. Further, it is interesting epistemologically that Shor’s
algorithm was formulated before the existence of a known error correction scheme.
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and in general the covariance matrix of a an N -mode coherent state is the 2N × 2N identity

matrix.

A one-mode squeezed state with squeezing parameter r has the following covariance matrix:

Γ|r→0⟩(r) =

(
e−2r 0

0 e2r

)
. (8.2)

The two-mode squeezed state, which asymptotes to the ideal Einstein-Podolsky-Rosen (EPR)

state in the limit of infinite squeezing is described by the following covariance matrix:

Γ|EPR⟩(r) =


cosh(2r) 0 sinh(2r) 0

0 cosh(2s) 0 − sinh(2r)

sinh(2r) 0 cosh(2r) 0

0 − sinh(2r) 0 cosh(2r)

 . (8.3)

In general, any bi-partite Gaussian state has the following covariance matrix:

Γ|ψ⟩ =


⟨∆2x̂1⟩ 1

2 ⟨x̂1p̂1 + p̂1x̂1⟩ 1
2 ⟨x̂1x̂2 + x̂2x̂1⟩ 1

2 ⟨x̂1p̂2 + p̂2x̂1⟩
1
2 ⟨p̂1x̂1 + x̂1p̂1⟩ ⟨∆2p̂1⟩ 1

2 ⟨p̂1x̂2 + x̂2p̂1⟩ 1
2 ⟨p̂1p̂2 + p̂2p̂1⟩

1
2 ⟨x̂2x̂1 + x̂1x̂2⟩ 1

2 ⟨x̂2p̂1 + p̂1x̂2⟩ ⟨∆2x̂2⟩ 1
2 ⟨x̂2p̂2 + p̂2x̂2⟩

1
2 ⟨p̂2x̂1 + x̂1p̂2⟩ 1

2 ⟨p̂2p̂1 + p̂1p̂2⟩ 1
2 ⟨p̂2x̂2 + x̂2p̂2⟩ ⟨∆2p̂2⟩

 . (8.4)

8.3.2 Unitary operations

Unitary transformations are defined by unitary operators Û , with Û†Û = Û Û† = I. Unitaries are

reversible, and preserve the norms and overlaps of states. By acting on vectors in a given Hilbert

space, unitary operations are used to access any other vector in the same Hilbert space. These

properties make unitary transformations very important for manipulating quantum information.

The action of an arbitrary unitary operator Û on an operator Â is described in the Heisenberg

picture as Â→ Û†ÂÛ .

8.3.3 Gaussian unitary operations

Gaussian unitary operations represent interaction Hamiltonians Ĥ that are at most quadratic in x̂

and p̂. All unitary Gaussian transformations ÛG are generated via ÛG = e−iĤ(â,â†). Any such uni-

tary ÛG at the Hilbert space level corresponds to a symplectic transformation in phase space. This

implies a linear transformation S which preserves the symplectic form Ω such that STΩS = Ω,

where S has real entries, and Ω =

(
0 In

−In 0

)
.

Symplectic transformations on a 2N -dimensional phase space form a symplectic group of degree

2N over the field of real numbers R, expressed as S ∈ Sp (2N,R).

Gaussian transformations are represented in the Heisenberg picture by the following2:(
x̂′

p̂′

)
= Û†

G

(
x̂in

p̂in

)
ÛG =

(
A B

C D

)(
x̂in

p̂in

)
+

(
e

f

)
, (8.5)

with the symplectic 2N × 2N matrix MG(N) =
(
A B
C D

)
defining the N mode Gaussian transfor-

mation. A,B,C, and D are themselves N×N matrices with ADT −BCT = I, and the quadrature

operators are collected in the operator-valued vectors as in the following, x̂ = (x̂1, . . . , x̂N )T and

p̂ = (p̂1, . . . , p̂N )T .

2A reminder that in this thesis we set ~ = 1
2
. Some research groups choose to set ~ = 2 so that the variance of a

vacuum is unity.
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8.4 One-mode Gaussian operations

The resulting operators after a one-mode Gaussian transformation are always linear combinations

of the input operators. We introduce again the Weyl-Heisenberg (WH) operators X̂(s) = e−2isp̂

and Ẑ(s) = e2isx̂ (section 2.6.2), and note that one-mode Gaussian unitary operations transform

WH operators into products of WH operators, which are therefore linear combinations of the group

generators. Stabiliser states (section 2.6.2) are transformed via Gaussian operations so that a state

|S⟩ is mapped onto |S′⟩, and the stabilisers g(s) and g′(s) are products of the WH operators. Then

the inverse Heisenberg evolution of the qumode stabiliser completely determines the resulting state

as g(s) → g′(s) = Ûg(s)Û†.

8.4.1 Displacement

The displacement operators are the WH operators as discussed in section 2.6.2. The action of

Ẑ(s) = e2isx̂ is to impart a phase space displacement in momentum by s:(
x̂

p̂

)
→

(
x̂

p̂

)
+

(
0

s

)
, (8.6)

and X̂(s) = e−2isp̂ imparts a phase space displacement in position by s:(
x̂

p̂

)
→

(
x̂

p̂

)
+

(
s

0

)
, (8.7)

where in an experimental implementation s could for example be given by the measurement

results of homodyne detection as sθ = x̂ cos θ + p̂ sin θ.

The Heisenberg evolutions of Ẑ and X̂ are given as:

Ẑ†(s)x̂Ẑ(s) = x̂, and Ẑ†(s)p̂Ẑ(s) = p̂+ s, (8.8)

X̂†(s)x̂X̂(s) = x̂+ s, and X̂†(s)p̂X̂(s) = p̂, (8.9)

respectively. The inverse Heisenberg evolutions of Ẑ and X̂ are given as:

Ẑ(s)x̂Ẑ†(s) = x̂, and Ẑ(s)p̂Ẑ†(s) = p̂− s, (8.10)

X̂(s)x̂X̂†(s) = x̂− s, and X̂(s)p̂X̂†(s) = p̂, (8.11)

respectively.

8.4.2 Rotation

A phase rotation of a single qumode â is governed by the rotation operator R̂(θ) = eiθâ
†â as:

â→ R̂†(θ)âR̂(θ) = âeiθ. (8.12)

Acting on the quadrature operators the rotation operator R̂ is defined as:

R̂(θ) = eiθ(x̂
2+p̂2), (8.13)

so that we obtain:

R̂†(θ)x̂R̂(θ) = x̂ cos(θ)− p̂ sin(θ), and R̂†(θ)p̂R̂(θ) = x̂ sin(θ) + p̂ cos(θ). (8.14)

The inverse Heisenberg evolution is given as:



§8.4 One-mode Gaussian operations 153

R̂(θ)x̂R̂†(θ) = x̂ cos(θ) + p̂ sin(θ), and R̂(θ)p̂R̂†(θ) = −x̂ sin(θ) + p̂ cos(θ), (8.15)

and its action can be seen by the rotation matrix R(θ), which is to perform a counter-clockwise

rotation in phase space by the angle θ:(
x̂

p̂

)
→
(
cos(θ) − sin(θ)

sin(θ) cos(θ)

)(
x̂

p̂

)
= R(θ)

(
x̂

p̂

)
. (8.16)

Note that R̂(θ1)R̂ (θ2) = R̂ (θ1 + θ2).

8.4.3 Fourier

The Fourier transform is an important instance of the rotation operator, defined as F̂ = R̂(π2 ) =

ei
π
2 â

†â. Acting on the quadrature operators, we have:

F̂ = ei
π
2 (x̂

2+p̂2), so that F̂ †x̂F̂ = −p̂ and F̂ †p̂F̂ = x̂. (8.17)

The Fourier transform matrix F performs the following transformation(
x̂

p̂

)
→
(
0 −1

1 0

)(
x̂

p̂

)
= F

(
x̂

p̂

)
, (8.18)

and the inverse Heisenberg evolutions of the Fourier transformation is given as:

F̂ x̂F̂ † = p̂, and F̂ p̂F̂ † = −x̂. (8.19)

The Fourier transform operator F̂ acting on the quadrature eigenstates will transform the basis

as:

F̂ |x = a⟩ = |p = a⟩, and F̂ |p = b⟩ = −|x = b⟩, (8.20)

and the inverse Fourier transform operator F̂ † acts as:

F̂ †|x = a⟩ = −|p = a⟩, and F̂ †|p = b⟩ = |x = b⟩. (8.21)

8.4.4 Squeezing

The squeezing operation Ŝ = eir(x̂p̂+p̂x̂) is given by:(
x̂

p̂

)
→
(
e−r 0

0 er

)(
x̂

p̂

)
= S

(
x̂

p̂

)
, (8.22)

and the squeezing operator acting on the quadrature operators gives

Ŝ†(r)x̂Ŝ(r) = e−rx̂, and Ŝ†(r)p̂Ŝ(r) = e+rp̂. (8.23)

8.4.5 Quadratic phase gate

The quadratic phase gate D̂2(g), sometimes referred to as the shearing gate [77], can be seen as a

combination of the rotation and squeeze operators, and is given by:

D̂2(g) = eigx̂
2

. (8.24)
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Its action can be described by the quadratic phase matrix as:(
x̂

p̂

)
→
(
1 0

g 1

)(
x̂

p̂

)
= D2(g)

(
x̂

p̂

)
, (8.25)

leading to the following linear Heisenberg evolutions:

x̂→ D̂†
2(g)x̂D̂(g) = x̂, and p̂→ D̂†

2(g)p̂D̂(g) = p̂+ gx̂. (8.26)

8.5 Controlled phase gate

The controlled phase gate CZ is an important multimode Gaussian gate, given by:

ĈZ = e2ix̂1x̂2 . (8.27)

The CZ gate is the CV analogue of the discrete variable CPHASE gate, in the sense that it

is the gate used to create cluster states by entangling the 2 qumodes that it acts on. It is a CV

quantum nondemolition (QND) interaction. Its action is described by the input-output relation:
x̂′1
p̂′1
x̂′2
p̂′2

 =


1 0 0 0

0 1 1 0

0 0 1 0

1 0 0 1



x̂1
p̂1
x̂2
p̂2

 . (8.28)

The Cz gate does nothing to the x̂ quadrature operators, and transforms the p̂ quadrature

operators,

x̂1 → x̂1, x̂2 → x̂2, (8.29)

p̂1 → p̂1 + x̂2, p̂2 → p̂2 + x̂1. (8.30)

8.5.1 Universality

Decomposing a general Hamiltonian Ĥ(â, â†) with mode operators of arbitrary polynomial order

into a set of elementary evolutions is a difficult task. Universality is defined here to be the construc-

tion of a universal set of gates that simulate Hamiltonians of arbitrary order with a finite set of

gates. Such a set of gates [24, 97] for asymptotic simulations of arbitrary multimode Hamiltonians

is given by:

{F,Z(s), D2(g), D3(g), CZ}, (8.31)

where we have included the cubic phase gate D̂3(g) = eigx̂
3

belonging to the family of k-th

order phase gates D̂k(g) = eigx̂
k

.
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8.6 Gaussian operations on a linear cluster

At the heart of one-way quantum computing lies quantum teleportation [17, 18, 19], and we

now discuss this elementary quantum information protocol within the framework of Gaussian

unitaries developed in the previous sections. This section largely follows the research presented in

references [32, 31, 77, 99].

8.6.1 Elementary teleportation circuit

The elementary quantum circuit for one-mode cluster computation [32] is shown in figure 8.1.

|ψ〉

|p = 0〉 X̂ F̂ Ô|ψ〉

p̂
′

Figure 8.1: Elementary gate teleportation. The input state |ψ⟩ is coupled to a momentum eigenstate

with zero eigenvalue |p = 0⟩ via a CZ gate (section 8.5) denoted by the vertical line. p̂′ is the measurement,

and X̂ is the position displacement operator (equation (8.7)).

An input state |ψ⟩ and a momentum squeezed vacuum state are coupled via the controlled

phase gate CZ , presented in section 8.5. The measurement denoted by p̂′ is performed on the top

rail in the measurement basis {Ô†|p⟩} so that the measured variable is p̂′ = Ô†p̂Ô, where Ô is a

function of x̂ and independent of p̂; Ô = eif(x) [99]. After the feed-forward of the measurement,

implemented by the WH position displacement operator X̂ (equation (8.7)), the output state is

|ψ⟩′ = F̂ Ô|ψ⟩.
The elementary gate for one-mode Gaussian transformations in cluster computation is the quadratic

phase gate D2(g) introduced in section 8.4.5. Therefore the one-mode elementary teleportation

gate M(g) = FD2(g) is defined by the following transformation:

M(g) = FD2(g) =

(
−g −1

1 0

)
(8.32)

where g is accessible by homodyne detection and is given by g = tan(θ).

This elementary circuit can be considered as a “half teleportation”. Arbitrary one-mode trans-

formations are then performed by concatenating sufficiently many elementary half teleportation

steps. It is shown explicitly in reference [99] that a minimum of four elementary half teleportations

are required to perform universal one-mode Gaussian transformations.

8.6.2 Quantum teleportation matrix

The well-known CV quantum teleportation [17, 18, 19] circuit is presented in figure 8.2.

in

a

b

S

S

F BS1

1/2

BS2

1/2

X Z

p

x

√

2
√

2

Figure 8.2: Teleportation through an EPR state with Bell measurements. All inputs are vacua.

S: squeezing, F : Fourier, BS1,BS2: beam-splitter with reflectivity 1
2
. See section 3.2 for beam-splitter

matrices.
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An EPR state is created by first mixing two squeezed modes in quadrature (relative phase

of π
2 ) on a balanced beam-splitter. An input state is then coupled via a balanced beam-splitter

and a Bell measurement (two homodyne measurements; one in x̂, one in p̂) is performed and the

measurement results are used to displace the output beam in each quadrature in phase space. The

output state is equal to the input state. Here, the resource is the EPR state, and the input is

teleported through the resource state unchanged.

If we modify the resource state to create instead a 2-mode cluster state, and perform homodyne

measurements at arbitrary phase angles θ1 and θ2 instead of a Bell measurement, we arrive at the

teleportation-based cluster computation circuit figure 8.3.

in

a

b

S

S F F

BS2

1/2

BS2

1/2

X Z

θ1

θ2

Figure 8.3: Teleportation-based computation through a cluster state with arbitrary homo-

dyne measurements. All inputs are vacua. S: squeezing, F : Fourier, BS2: beam-splitter with reflec-

tivity 1
2
.

The teleportation-based operation is described by the following unitary transformation,(
x̂out
p̂out

)
=Mtel(θ+, θ−)

(
x̂in
p̂in

)
(8.33)

where θ± = θ1 ± θ2, and θ1 and θ2 represent the two homodyne quadrature angles we measure

in the circuit. The teleportation matrix Mtel is given in the cluster state basis as:

M
(C)
tel (θ+, θ−) ≡

(
cos(θ−)+cos(θ+)

sin(θ−)
sin(θ+)
sin(θ−)

− sin(θ+)
sin(θ−)

cos(θ−)−cos(θ+)
sin(θ−)

)
=

(
a(C) b(C)

c(C) d(C)

)
. (8.34)

Mtel is a Gaussian operation satisfying ad− bc = 1, as in equation (8.5). We will return to the

cluster state basis after defining the teleportation matrix in another basis, relevant to the dual-rail

EPR-graph state created and detailed in chapter 7.

8.7 Cluster computation on the dual-rail EPR-graph state

The dual-rail EPR-graph state, fully detailed in section 7.2, is a universal resource for MBQC.

This has been shown in reference [36], along with a proposal for one possible way to implement

universal MBQC. Recall that the dual-rail EPR-graph state, and its cousin the dual-rail cluster

state both have a dual-rail graph. The proposal was to measure all of the nodes in the top rail in

the x quadrature, essentially performing cluster state shaping [109], in order to use the structure

as a CV quantum wire, that is, a linear cluster state. This is wasteful of half of the modes in

the cluster, and was suggested only to prove that one possible implementation of universal MBQC

existed for the state. Here, we detail how to perform a more efficient set of measurements, based

on the idea of sequential teleportation.

8.7.1 Teleportation-based computation in the EPR basis

First, we define the teleportation matrix for the EPR basis. The circuit is shown in figure 8.4.
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in
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BS2
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BS2
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X Z

θ1

θ2

Figure 8.4: Teleportation-based computation through an EPR state with arbitrary homodyne

measurements. All inputs are vacua. S: squeezing, F : Fourier, BS2: beam-splitter with reflectivity 1
2
.

We notice that the only difference from the cluster state basis is one Fourier transform after

the first beam-splitter.

The teleportation matrix in the EPR basis, ME
tel, is given by:

M
(E)
tel (θ+, θ−) ≡

( − sin(θ+)
sin(θ−)

cos(θ−)−cos(θ+)
sin(θ−)

− cos(θ−)−cos(θ+)
sin(θ−)

− sin(θ+)
sin(θ−)

)
=

(
a(E) b(E)

c(E) d(E)

)
, (8.35)

where again, ad− bc = 1 and this represents a Gaussian operation.

We note that M
(C)
tel (θ+, θ−) = FM

(E)
tel (θ+, θ−).

Familiar operations from teleportation matrices

Here we look at different forms of Mtel in both bases for different measurement angles in order to

gain some intuition. Note that this is similar to the derivation in reference [99], yet the derivation

here differs due to the different linear optics network used to define Mtel.

In the EPR basis when we perform a Bell measurement (θ0 = 0, θ1 = π
2 ) the result is a standard

teleportation; the output is equal to the input, and the identity operation has been performed. In

the Cluster state basis a Bell measurement will output a Fourier transformed version of the input

state. Performing a Bell measurement with respect to the (θ+, θ−) basis, such that θ+ = 0, θ− = π
2 ,

achieved for example with θ0 = −π
4 , θ1 = π

4 performs the identity operation.

In a similar fashion to [99] we impose the condition sin(θ−) > 0 in order to keep the elements of

Mtel(θ+, θ−) from going to infinity. We outline specific cases in order to gain intuition regarding

the teleportation matrices.

M
(C)
tel (0, θ−) =

(
1+cos(θ−)

sin(θ−)
0

0
1−cos(θ−)

sin(θ−)

)
=

(
1

tan( 1
2
θ−)

0

0 tan( 1
2
θ−)

)
(8.36)

from which we can define r = ln tan( 12θ−) in order to show that this is a squeezing operation,

M
(C)
tel (0, θ−) =

(
e−r 0

0 er

)
= S(r). (8.37)

Accordingly,

M
(E)
tel (0, θ−) = F †M

(C)
tel (0, θ−) = F †S(r) (8.38)

Consider θ− = π
2 ,

M
(C)
tel (θ+,

π

2
) =

(
cos(θ+) sin(θ+)

− sin(θ+) cos(θ+)

)
= R(−θ+) (8.39)

with once again
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M
(E)
tel (θ+,

π

2
) = F †M

(C)
tel (θ+,

π

2
) (8.40)

A single teleportation in the cluster state basis can therefore be represented as

M
(C)
tel (θ+, θ−) = M

(C)
tel (

θ+

2
,
π

2
)M

(C)
tel (0, θ−)M

(C)
tel (

θ+

2
,
π

2
) (8.41)

= R(−
θ+

2
)S(r)R(−

θ+

2
) (8.42)

It was shown in reference [99] that the teleportation matrix in the cluster state basis MC
tel

followed by two elementary half teleportation gates M(g1) and M(g2) is sufficient to demonstrate

an arbitrary one-mode Gaussian operation.

In the next section we show that two sequential teleportations in the EPR basis is also sufficient

for an arbitrary one-mode Gaussian operation. This is perhaps unsurprising, as the two bases

differ only by a Fourier transform. What is nice about this result however, is that it allows us to

formulate a method of MBQC on the dual-rail EPR-graph state as a sequence of teleportations,

leading to an efficient method of universal MBQC.

8.7.2 Universal one-mode Gaussian operations with teleportation

It was shown in reference [110] that an arbitrary matrix in Sp (2,R) can be decomposed into a

rotation, followed by a squeezing operation, followed by a rotation.

We now show that two sequential teleportations [111], in both the cluster basis and the EPR

basis, are sufficient to implement an arbitrary one-mode Gaussian, following the aforementioned

decomposition. We begin with a treatment in the cluster state basis, as this is the standard resource

for cluster state computation.

in
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1/2
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θ4

Figure 8.5: Two sequential teleportations in the cluster state basis. All inputs are vacua. S:

squeezing, F : Fourier, BS2: beam-splitter with reflectivity 1
2
.

In the two-sequential teleportation circuit in the cluster state basis of figure 8.5 we have ac-

cess to four homodyne measurement angles and label them as θ1, θ2, θ3, and θ4. We then define

θ1± = θ1 ± θ2 and θ2± = θ3 ± θ4.

Now let the one-mode Gaussian transformation that is achieved through the two-sequential telepor-

tation circuit be defined by the matrix MC
2tel(θ1+, θ1−, θ2+, θ2−) = MC

tel(θ2+, θ2−)M
C
tel(θ1+, θ1−).

From equation (8.42) we have:

MC
tel(θ2+, θ2−)M

C
tel(θ1+, θ1−) = R(−θ2+

2
)S(r(θ2−))R(−

θ2+
2

)R(−θ1+
2

)S(r(θ1−))R(−
θ1+
2

) (8.43)

We know from [110, 99] that if we can decompose the operation into the sequence of rotation,

squeeze, rotation, as in MC
2tel = Rϕ1SξRϕ2, with the freedom to set each operation independently

from the others, then this is sufficient proof that we have enough degrees of freedom to perform
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arbitrary one-mode Gaussian transformations.

We therefore choose θ2− = π
2 such that we can set S(r(θ2−)) equal to the Identity, in order to

obtain the correct sequence of operations.

Specifically, end up withMC
2tel(θ1+, θ1−, θ2+, θ2−) = R(−θ2+− θ1+

2 )S(r(θ1−))R(− θ1+
2 ). We can see

that these three terms can be arbitrarily set by θ2+, θ1−, and θ1+, respectively. Remember θ2− is

chosen such that S(r(θ2−)) is equal to the Identity.

EPR basis

As the EPR basis is related by a Fourier transform, we can write ME
tel as

M
(E)
tel (θ+, θ−) = F M

(C)
tel (

θ+

2
,
π

2
)M

(C)
tel (0, θ−)M

(C)
tel (

θ+

2
,
π

2
) (8.44)

= R(
π

2
)R(−

θ+

2
)S(r)R(−

θ+

2
) (8.45)

= R(
π

2
−

θ+

2
)S(r)R(−

θ+

2
), (8.46)

and we will obtain for the four measurement angles corresponding to the EPR basis,

ME
2tel(θ1+, θ1−, θ2+, θ2−) =ME

tel(θ2+, θ2−)M
C
tel(θ1+, θ1−)

the following expression for the sequential teleportation in the EPR basis:

ME
tel(θ2+, θ2−)M

E
tel(θ1+, θ1−) = R(

π − θ2+
2

)S(r(θ2−))R(−
θ2+
2

)R(
π − θ1+

2
)S(r(θ1−))R(−

θ1+
2

),

which can be similarly set to ME
2tel(θ1+, θ1−, θ2+, θ2−) = R(π − θ2+ − θ1+

2 )S(r(θ1−))R(− θ1+
2 ),

by setting S(r(θ2−)) is equal to the Identity by our choice of θ2−.

We have therefore shown that two successive applications of the teleportation matrix ME
tel for the

EPR basis is sufficient to perform arbitrary one-mode Gaussian operations. It follows that the rich

theory of multimode gates and non-Gaussian elements [32, 77, 75] available for the cluster state is

also applicable to the dual-rail EPR-graph state.

Gaussian parallelism

Due to the parallelism of Gaussian unitaries, the two circuits shown in figure 8.6(a) and (b) are

equivalent. That is, instead of performing sequential teleportations we may achieve the equivalent

operations by first creating the entire state, and then performing the homodyne measurements and

feed-forward at the end.

I have re-labelled the modes to the circuit to be easily compared with the Heisenberg evolutions

discussed in section 7.2. Figure 8.6(c) shows the graph of the generated dual-rail EPR-graph state.

The dashed line represents a beam-splitter coupling of the input to the dual-rail EPR-graph state.

See section 7.2 for details on the dual-rail EPR-graph state.
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Figure 8.6: Gaussian parallelism of operators. The two circuits (a) and (b) perform equivalent

operations. (c) Graph of the generated dual-rail EPR-graph state (see section 7.2).

8.8 Summary and conclusion

In this chapter we have briefly reviewed cluster state computing in the continuous-variables regime.

The treatment here focused on Gaussian operations, which perform transformations on Gaussian

states and leave the state as a Gaussian. We then spent some time detailing quantum teleportation,

and then framed teleportation-based operations in the context of the Gaussian operations developed

earlier in the chapter. The dual-rail EPR-graph state, which was experimentally generated [37],

and detailed in chapter 7, was shown to fit nicely within the context of the teleportation-based

Gaussian quantum computations. In the next two chapters we will look at experiments that

perform some of the operations that we introduced in this chapter. Specifically, in chapter 9 the

experimental demonstration of arbitrary one-mode Gaussian operations are presented. Finally, in

chapter 10 we detail the experimental demonstration of a multimode gate.



Chapter 9

One-way Gaussian operations for

cluster computation

The one-way quantum computer is a universal quantum computer. This means that when a large-

scale and fault-tolerant one-way quantum computer is eventually built, it will have the ability to

describe an arbitrary multimode Hamiltonian evolution. In order to progress towards this ultimate

goal, we can demonstrate a set of operations that comprise a subset of this universal quantum com-

puter. This is possible by recognising that there is a set of universal unitary transformations such

that concatenations of the elements in the set will allow you to simulate any operator on a certain

Hilbert space [97]. In this chapter we describe an experimental demonstration of a necessary, yet

not sufficient set of transformations for universality. These are the one-mode Gaussian transfor-

mations [99].

The research presented in this chapter appears in the following journal publication1:

• R. Ukai, N. Iwata, Y. Shimokawa, S. Armstrong, A. Politi, J-I. Yoshikawa, P. van Loock, A.

Furusawa. Demonstration of Unconditional One-Way Quantum Computations for Continu-

ous Variables. Physical Review Letters 106, 240504 (2011).

9.1 The resource: linear 4-mode cluster state

The resource state used for this computation is a 4-mode linear cluster state. This cluster state can

be viewed as a blank quantum circuit board, and is shown graphically in Fig. 9.1. The homodyne

measurement angles at which each node of the cluster is measured, along with the feed-forward

gains to the final output mode will determine the quantum operation that is performed.

1 2 3 4

Figure 9.1: Four-mode linear cluster state. Resource state for demonstrations of one-way quantum

computing; can be viewed as a blank quantum circuit board. Each numbered circle denotes a quantised

optical mode (qumode), and the green links between them have edge weights of unity, as defined in the

graphical calculus of reference [22], and treated in section 7.2.

The 4-mode linear cluster is the smallest cluster state that can be prepared that offers enough

degrees of freedom to implement an arbitrary one-mode Gaussian transformation, as was shown

in reference [99]. These Gaussian transformations correspond to arbitrary Hamiltonians that are

1Statement of contribution: I was not involved in the experimental demonstration of the squeezing operation,
which was an extension of the Fourier transform experiment, performed on the same optical setup with minor
modifications.
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quadratic in x̂ and p̂. The experimental apparatus that forms the optics network used to generate

the resource state was constructed prior to this experiment and was reported in [59].

9.2 Linear unitary Bogoliubov transformations

The quantum teleportation of an arbitrary quantum state corresponds to the identity operation.

When the state is manipulated during the teleportation such that the output is not same as the

input, a one-way quantum computation has been performed. When the input and output states

are both Gaussian states, the transformation performed was a Gaussian operation. These Gaussian

operations are referred sometimes referred to as linear unitary Bogoliubov (LUBO) transformations

[34, 99]. We will use the terms Gaussian and LUBO interchangeably when discussing transforma-

tion.

For a single optical mode, in order to demonstrate an arbitrary LUBO operation, we must demon-

strate the ability to perform arbitrary displacements, rotations, and squeezing operations in phase

space [98].

9.2.1 Fourier transformation

The Fourier transformation F̂ = R̂(π2 ) performs a 90o rotation in phase space. Figure 9.2 shows

an abstract illustration of our experimental implementation of the Fourier transformation.

1 2 3 4

4-mode cluster state

Displacement in P

Displacement in X

Figure 9.2: Abstract illustration of arbitrary one-mode transformations. (a) An input is tele-

ported and manipulated through a 4-mode linear cluster. The cluster state acts as a blank quantum circuit

board. The four measurement angles determine the circuit that is printed onto the state and read out via

the output. This is a modified version of the figure which appears in [98], originally created by Ukai.

An arbitrary input state is coupled to the blank quantum circuit board, which is here a 4-mode

linear cluster state. In the experiment we use both a coherent state and a vacuum state as inputs.

The measurements required to achieve these operations are efficient homodyne detections with

quadrature angles θi, which are easily controllable by adjusting the local oscillator phases in the

homodyne detectors.

The total procedure then consists of the teleportation-based [17, 112, 19] coupling M̂tel(θin, θ1),

followed by two elementary, measurement-based, one-mode operations M̂(θi) [34, 33, 77]:

|ψout⟩ = M̂(θ3)M̂(θ2)M̂tel(θin, θ1)|ψin⟩. (9.1)

The generalised teleportation operator M̂tel was introduced in section 8.6.2 and M̂(θi) is related

to the elementary half teleportation gate M̂(g) of equation (8.32) by g = tan(θ). The teleportation-

based coupling operation can be decomposed as a rotation in phase space, squeezing, and another

rotation in phase space: M̂tel(θin,θ1) = R̂(−θ+/2)Ŝ(r)R̂(−θ+/2) with r = log tan(θ−/2) and
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θ± = θin ± θ1.

The one-mode operations are also decomposed into the rotation, squeezing, rotation operators,

given by: M̂(θi) = R̂(ϕi)Ŝ(ri)R̂(ϕi) with ri = log

√
k2i+4+ki

2 , ϕi = π
2 − tan−1

√
k2i+4−ki

2 , and

ki = 1/ tan θi.

Now as the Fourier transformation performs the following:(
x̂out
p̂out

)
=

(
0 −1

1 0

)(
x̂in
p̂in

)
, (9.2)

the following equation must be satisfied in order to compute the necessary homodyne angles:

M(θ3)M(θ2)Mtel(θin, θ1) =

(
0 −1

1 0

)
. (9.3)

The Fourier transformation is implemented by choosing the homodyne measurement quadra-

ture angles (θin, θ1, θ2, θ3) as (90
◦, 0◦, 90◦, 90◦), see [98] for details.

The effect of each measurement on the cluster can be seen in Fig. 9.3.

2 3 4

Teleportion-based

operation

Figure 9.3: Fourier transformation through the four-mode cluster. The effect of each measure-

ment can be seen in phase space. This is a modified version of the figure which appears in [98], originally

created by Ukai.

9.2.2 Squeezing

The squeezing operation was implemented by the same method2, following the teleportation-based

measurement and feed-forward scheme of Fig. 9.2. The squeezing transformation performs the

following:

(
x̂out
p̂out

)
=

(
10−

d
20 0

0 10
d
20

)(
x̂in
p̂in

)
, (9.4)

where d is the squeezing parameter given in units of (dB) familiar to the experimentalist, related

to the squeezing parameter r by the relation 10
d
10 = e2r. The input states are transformed through

each teleportation step as can be visualised in phase space in Fig. 9.4.

The homodyne measurement angles (θin, θ1, θ2, θ3) needed to perform 3, 6, and 10 dB x-

squeezing operations are given by the following:

2Although performed using the same equipment, I was not present during the testing phase and did not participate
in the experiment.
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2 3 4

Teleportion-based

operation

Figure 9.4: Squeezing transformation through the 4-mode cluster. The effect of each measure-

ment can be seen in phase space. This is a modified version of the figure which appears in [98], originally

created by Ukai.

(−42.5◦, 62.4◦, 63.5◦, 76.0◦),

(−41.4◦, 72.2◦, 41.9◦, 74.4◦),

and (−47.7◦, 79.2◦, 25.9◦, 78.4◦).

(9.5)

9.3 Experimental details

The experimental schematic is shown in Fig. 9.5. Each measurement depicted by an angle is

a homodyne measurement. The scaled measurements are then fed-forward to 2 electro-optic-

modulators in order to perform 2 displacements in phase space. The reflectivities of each beam-

splitter are shown on the schematic below each beam-splitter.

4-mode cluster state

50% 50%

20%

Input

50%

Output

Displace X

D
isp

la
ce

 P

4

32

1

1

2 3

4

F†

F†

FF†

Figure 9.5: Experimental setup of arbitrary one-mode transformations. We use a 4-mode

linear cluster state as a resource and teleport an input state through. Beam-splitter reflectivities given as

percentages. F denotes a local Fourier transform (equation (8.25)), and F † denotes an inverse Fourier.

This is a modified version of the figure which appears in [98], originally created by Ukai.
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For this experiment our light source is a continuous wave titanium sapphire laser producing

light at the fundamental wavelength of 860 nm and an optical power of about 1.7 W . We define

our quantum modes in this experiment to be frequency sideband modes at 1 MHz, with a linewidth

(resolution bandwidth) of 30 kHz. The measured phase interference visibilities were between 95.5%

and 98.5% for the entire optical setup.

9.3.1 Generation of the resource state

The four-mode linear cluster state is generated by mixing squeezed light on a beam-splitter net-

work. More specifically 4 vacuum squeezed outputs were mixed on 3 beam-splitters with the

necessary passive phase rotations between the 4 beams. The schematic for the generation of the

resource state is shown in Fig. 9.6.

1
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2

4 S F

S F

S

S

BS3

4/5
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1/2
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BS4

1/2 F
†

†

†

Figure 9.6: Schematic for the generation of the 4-mode linear cluster state. Four squeezed

beams are combined on three beam-splitters with various phase shifts in order to generate a linear 4-mode

cluster state.

The unitary describing this network is given as:

U = F4F
†
2B

(4)
34

(
1√
2

)
B

(3)
12

(
1√
2

)
B

(3)
23

(
2√
5

)
F †
3F

†
4S1(s1)S2(s2)S3(s3)S4(s4). (9.6)

We choose to omit the squeezing operators from hereon in to ensure the network only comprises

beam-splitter operations and relative phase shifts. This is experimentally more appropriate as our

squeezed light is generated offline. The unitary matrix describing the network that transforms 4

independent p-squeezed modes into the linear 4-mode cluster state is then given as:

U =


1√
2

1√
10

− 2√
10
i 0

1√
2
i − 1√

10
i − 2√

10
0

0 − 2√
10

− 1√
10
i − 1√

2
i

0 − 2√
10
i − 1√

10
− 1√

2
,

 (9.7)

which lead to the following Heisenberg evolutions of the qumodes:
x̂
(cluster)
1 + ip

(cluster)
1

x̂
(cluster)
2 + ip

(cluster)
2

x̂
(cluster)
3 + ip

(cluster)
3

x̂
(cluster)
4 + ip

(cluster)
4

 = U


x̂1 + ip1
x̂2 + ip2
x̂3 + ip3
x̂4 + ip4

 , (9.8)
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(9.9)

We can therefore calculate the precise expressions for the nullifiers, which are given as:

p̂1 − x̂2 =
√
2e−s1 p̂

(0)
1 , (9.10)

p̂2 − x̂1 − x̂3 = − 5√
10

e−s3 p̂
(0)
3 − 1√

2
e−s4 p̂

(0)
4 , (9.11)

p̂3 − x̂2 − x̂4 =
1√
2
e−s1 p̂

(0)
1 − 5√

10
e−s2 p̂

(0)
2 , (9.12)

p̂1 − x̂2 = −
√
2e−s4 p̂

(0)
4 , (9.13)

consistent with the formalism detailed in section 2.6 as all of these four nullifiers will tend to

0 as the squeezing parameters s1, s2, s3, s4 approach infinity. As infinite squeezing is unphysical,

we are left with finite noise of the magnitude precisely quantified by these nullifier expressions.

9.3.2 Optical parametric oscillators

Pump

Probe

Lock

Figure 9.7: Optical parametric oscillators used in cluster state experiments. A non-linear

crystal (PPKTP) is placed inside a bow-tie cavity in order to enhance the type I non-linear interaction,

and produce squeezed light. The sideband at 1MHz is used to measure and observe squeezing.

The squeezed vacuum states were generated using four identical sub-threshold optical paramet-

ric oscillators (OPO) each employing a 10 mm long periodically poled KTiOPO4 crystal. Each

OPO is a bow-tie cavity with optical path lengths of 500 mm. A second harmonic generation

(SHG) cavity is employed in order to pump each OPO with the second harmonic of the funda-

mental beam, at 430 nm. The SHG cavity has the same dimensions as each of the OPOs, but we

use a KNbO3 crystal instead of PPKTP for the stronger non-linearity. The OPOs used for the

generation of the 4-mode cluster state have three inputs:

1) The Pump beam (430 nm; Blue) is used to facilitate parametric down conversion. It does

this by pumping the non-linear crystal within the cavity. In a loss-less scanario, there will be one

blue photon entering the crystal, and two infra-red photons exiting the crystal. In this setup, the

power of this beam was around 100 mW.

2) The Lock beam (860 nm; Infra-red) is used in order to control the optical path length

of the cavity, and to lock it on resonance. As we don’t want the lock beam to interfere with the

probe beam, the beam profile is modified in order to create a spatially orthogonal mode. A glass
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plate is placed in the beam path such that the mode is converted to a TEM01 mode. Now as

the TEM00 and TEM01 modes will resonate at different frequencies, an AOM is used to tune

the frequency of the TEM01 mode to match the resonance of the TEM00 mode in the cavity. In

this way, the TEM01 mode propagating in the reverse direction doesn’t interfere with the output

squeezed vacuum TEM00 mode.

3) The Probe beam (860 nm; Infra-red) is used in order to lock the relative phase of the

pump beam. It is modulated before entering the cavity (hundreds of kHz) and the sidebands are

used to facilitate the locking of relative phases in other parts of the optical setup. During the

measurement phase, the power is set to around 10 µW in order to generate vacuum squeezing.

3.5) There is also an alignment beam that is used to align the cavity during the initial con-

struction. It is reverse seeded, and is also used to generate blue light (430 nm) in a second harmonic

generation configuration. This blue light will be travelling down the pump beam’s optical path,

but in the reverse direction, making it useful to align the optical path that couples the doubler

and the OPO.

The optical path lengths and output coupler transmission coefficients are summarised in ta-

ble 9.1.

Cavity OPL T

OPO Cluster 1 500mm 0.120

OPO Cluster 2 500mm 0.123

OPO Cluster 3 500mm 0.146

OPO Cluster 4 500mm 0.122

Table 9.1: Cavity parameters for four OPOs.

On average, for each cavity the full-width at half-maximum (FWHM) was 17.4 MHz, the free-

spectral range (FSR) was 650 MHz, and the finesse was 38.

9.3.3 Verification of the cluster state

In order to verify that the generated quantum state is a 4-mode linear cluster state, each individual

entanglement link between the cluster nodes must be measured and the variance of the relevant

nullifier must be below a quantum threshold of inseparability. The nullifiers and their measured

variances of the cluster state are tabulated below. Each nullifier can be seen as measuring the

correlations of neighbouring modes, from the point of view of each of the cluster modes. This is

shown graphically in the table for each nullifier.

The entire state is therefore shown to be fully inseparable, as the measured values are below

the threshold of 1 [74].

9.3.4 Phase locks

The relative phases between the optical beams depicted in Fig. 9.5 are actively controlled via

feedback electronics. Where applicable the Pound-Drever-Hall (PDH) technique is employed [46].

This is the only experiment presented in this thesis where digital control of the phase locks was

not employed. All of the feedback electronics used was analogue. Custom-made servo amplifiers

and demodulation circuits were designed and created by Ukai and Yukawa [98].
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Nullifier variance Experimental measurement

⟨
∆
(
p̂1 − x̂2

)2⟩
0.29± 0.01(−5.4± 0.2dB)

1 2

⟨
∆
(
p̂2 − x̂1 − x̂3

)2⟩
0.26± 0.01(−5.8± 0.2dB)

1 2 3

⟨
∆
(
p̂3 − x̂2 − x̂4

)2⟩
0.30± 0.01(−5.3± 0.2dB)

2 3 4

⟨
∆
(
p̂4 − x̂3

)2⟩
0.27± 0.01(−5.8± 0.2dB)

3 4

Table 9.2: Measured variances of 4-mode cluster state nullifiers.

The frequencies at which the beams are modulated in order to generate error signals are tabu-

lated below:

System Type of control Modulation frequency

Cluster state generation

OPO 1 parametric gain AC lock 210 kHz

OPO 2 parametric gain AC lock 140 kHz

OPO 3 parametric gain AC lock 98 kHz

OPO 4 parametric gain AC lock 98 kHz

Beam-splitter (B3
23(20%) DC lock

Beam-splitter (B3
12(50%) AC lock 140 kHz

Beam-splitter (B4
34(50%) AC lock 210 kHz

Table 9.3: Modulation frequencies of cluster state generation phase locks

9.3.5 Feed-forward of measurements

The electrical circuit required to implement the feed-forward of measurements consists of amplifiers,

step attenuators, and filters. The complete circuit is shown in Fig. 9.8.

As we can see the 4th mode of the cluster state is displaced both in x and p in order to complete

the teleportation-based measurement results necessary to implement the Fourier transformation.

A phase space displacement is optically implemented by interfering a bright displacement beam

on a r = 99.5% beam-splitter with the signal beam. Most of the signal is reflected, and a small

but sufficient contribution of the displacement beam is transmitted and the effect is to perform

the required phase space displacement on the signal beam. The precise displacement is specified

by the gain-adjusted measurement results sent to the electro-optic modulators (EOM) that the

displacement beam is propagated through.

In a regular teleportation circuit the measurement results from one homodyne detection will be

fed-forward to one EOM. Here, as there are 4 optical modes in the circuit board (the cluster state)

we must take combinations of each measurement result. Solving the Heisenberg evolutions for the

linear optics network shown in Fig. 9.5 produces the following:

(
x̂out
p̂out

)
=

(
0 1

−1 0

)(
x̂in
p̂in

)
+

(
−
√
2t1 + t3√
2tint2

)
, (9.14)
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Figure 9.8: Classical channel for Fourier Transformation. Measurement results are combined and

fed-forward to electro-optic-modulators (EOM) for phase space displacements.

where we have omitted the extra noise from finite squeezing here for brevity. Therefore the

precise expressions to feed-forward are given by:

−
(
−
√
2t1 + t3√
2tint2

)
. (9.15)

This tells us that the scaled results of homodyne detections 1 and 3 are to displace mode 4 in

the x quadrature, and the scaled results of homodyne detections in and 2 are to displace mode 4 in

the p quadrature, which we see corresponds to the feed-forward circuit shown in Fig. 9.8. Details

of the phase locks are tabulated below.

System Type of control Modulation frequency

Cluster computation

Input mode homodyne measurement AC lock 140 kHz x, 210 kHz p

mode 1 homodyne measurement AC lock 140 kHz x, 210 kHz p

mode 2 homodyne measurement AC lock 210 kHz p, 140 kHz x

mode 3 homodyne measurement AC lock 140 kHz x, 210 kHz p

mode 4 homodyne measurement AC lock 210 kHz p, 140 kHz x

Feed-forward output in x AC lock 140 kHz

Feed-forward output in p AC lock 210 kHz

Table 9.4: Modulation frequencies of cluster computation phase locks.

9.4 Results

The measurement results for the inputs and outputs of the Fourier transformation are shown in

Fig. 9.9. The coherent state input has amplitude 17.7 ± 0.2dB, and the measurement is shown

by trace (ii) in Fig. 9.9(A) where the local oscillator is scanned in phase to show both x and p

quadratures.

The measurements of the output state after the Fourier transformation is shown in Fig. 9.9(B).
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a b

Figure 9.9: Measurements of the Fourier transformation operation. (a) Measurement results of

the input state. The shot noise (reference) is shown by trace (i), and the signal is shown in trace (ii) where

the local oscillator phase has been scanned in order to show both quadratures. (b) Measurement results of

the output state. Trace (i) is again the shot noise, and trace (ii) is the phase-scanned output state. Trace

(iii) shows the measurement results of the x quadrature with a vacuum input. Figure created by Ukai, and

appears in [98].

The measurements were conducted via a spectrum analyser at measurement frequency 1 MHz with

resolution bandwidth 30 kHz and video bandwidth 300 Hz. The peak level of trace (ii) in Fig. 9.9(B)

is 17.5±0.2 dB higher than the shot noise level (SNL) of trace (i), which is the same amplitude as

the input within errors. The peak amplitude of the input is measured in the x quadrature, while

the peak amplitude of the output is obtained by measuring in the p quadrature, corresponding to

a 90◦ rotation in phase space. These measurement results confirm that the Fourier transformation

is applied to the input coherent state.

We also use a vacuum state as an input. This provides a way to quantify the quality of the Fourier

transformation operation by calculating the fidelity, defined as F = ⟨Ψideal|ρ̂out|Ψideal⟩.
For our experimental setup, the fidelity as given above is:

F =
2√

(1 + 4∆2x̂out)(1 + 4∆2p̂out)
, (9.16)

where ∆2x̂out and ∆2p̂out are the variances of the position and momentum operators of the output

state, respectively [113]. We measure ∆2x̂out = 2.9±0.2 dB (Fig. 9.9B(iii)), and ∆2p̂out = 2.8±0.2

dB (not shown) above the SNL with our vacuum input state, which corresponds to a fidelity of

F=0.68 ± 0.02. This is in good agreement with the theoretical result of F = 0.71, calculated by

assuming an average squeezing level of −5.5dB (see section 9.3.1). Note that with infinite squeezing

(although unphysical) the variances tend to zero, the blue trace of Fig. 9.9B(iii)) will equal the

shot noise of trace (i) and the fidelity would equal unity.

9.5 Conclusion and outlook

The important set of universal one-mode LUBO transformations has been demonstrated in this

chapter, in an optical setting by using a four-mode cluster state as a resource. We have shown the

successful implementation of the Fourier transformation. The squeezing operation was performed

by the same experimental setup simply with different homodyne measurement angles. The details

were not presented here for the squeezing operation, as I was not involved in that stage of the

experiment. They are detailed in the resulting publication of this research project [98].
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In the next chapter we detail a multimode gate that allows for the coupling of an arbitrary number

of inputs to a cluster state, and the ability to tune the entanglement strength between output

modes. Combined with the results presented in the current chapter these operations form the set

of universal multimode one-way quantum computations in a Gaussian setting.
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Chapter 10

Tuneable entanglement for

multimode cluster computation

Quantum networks, used for communication and computation, are formed by entangling the quan-

tum nodes that comprise the network. Any large-scale quantum network will require the tuneability

of entanglement between the quantum nodes in the network. A prominent example is the quantum

internet, as envisioned by Kimble [114], which requires as much.

In the context of measurement-based quantum computation this can be achieved during the prop-

agation of information through a cluster state, by tuning measurement bases and subsequent cor-

rections. In this chapter we present a tuneable entangling gate, TZ , which allows for an arbitrary

number of unentangled inputs to become entangled, with precise control over the entanglement

strength1. This control leads to teleporting entanglement onto arbitrary nodes with strengths pre-

viously unachievable. This gate is an example of a multimode gate that forms the set of universal

mutlimode Gaussian operations when concatenated with the one-mode transformations presented

in the previous chapter.

The research in this chapter has yet to appear in a journal publication. Detailed treatments

appear in two thesis chapters at the Furusawa laboratory2 [87, 92].

10.1 Motivation

To date there have been several impressive demonstrations of manipulating single mode inputs

through cluster states, in both a deterministic setting as we saw in the previous chapter, and in

reference [98], and in a post-selected regime [115]. The higher fidelities achievable in the post-

selected setting come at the expense of deterministic control.

The inherent strength of measurement-based quantum computing (MBQC) lies in its ability to effi-

ciently propagate information through a cluster state with a weighted graph [22]; a graph which has

edge weights not equal to one. However, the current optical toolbox contains only fixed-strength

gates, unable to make sufficient use of the underlying power in the cluster states. For example

a fixed-strength multimode gate was demonstrated in [116] that utilised a four-mode cluster in

order to entangle 2 input modes with a fixed, untuneable strength. The gate that was teleported

onto the inputs in that demonstration was a controlled-phase gate, CZ , detailed in section 8.5,

which always produces the same amount of entanglement between nodes, and cannot be turned

off. This is rather inflexible and inefficient. For efficient computation it is necessary to have full

1Here, we define “entanglement strength” as the amount by which the symplectic eigenvalue of the partially
transposed covariance matrix of the bipartite state is below the separable threshold. See section 10.6 for details.

2Statement of contribution: The theory presented in this chapter was derived solely by Shota Yokoyama and
Ryuji Ukai, without my contribution. The experiment was performed by Yokoyama, Ukai, and myself.
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tuneability of the entanglement strength, due to the consideration of unwanted noise and errors

that are inevitably propagated along with the information during computations. While tuneable

entanglement has been reported between an ion and the polarization state of a single photon [117],

there has not yet been a suitable way to implement this coherent control in a MBQC setting.

After introducing the TZ gate and providing a theoretical treatment, we present a full implementa-

tion of our tuneable entanglement gate within the context of optical measurement-based quantum

computation, consistent with the previous chapters in this partition of the thesis. We demonstrate

a full implementation of TZ by propagating two arbitrary, independent inputs through an opti-

cal cluster state comprised of three quantum nodes in a linear configuration. The entanglement

strength is fully characterised at the output and full tuneability is verified. Full tuneability here

is shown to be from zero to maximally entangled. In all instances of low entanglement strength

the information of the state is preserved, an important distinction from the trivial case of de-

stroying correlations by adding unwanted noise. Our gate is deterministic and does not rely on

post-selection. Further, we show that our gate can be retrofitted to a cluster state of arbitrary size,

thus paving the way for efficient and precise control of information propagation through cluster

states.

10.2 The tuneable entanglement Gate

We define the Tuneable Entanglement Gate (TZ) as the unitary operator

T̂Z(g) = eig(
∑

j x̂j)
2

(10.1)

with tuneable gain g = tan(θ) and acting on j modes.

Our quantum states are again defined to be quadrature operators (x̂, p̂) of the electric field

operator, as introduced in section 2.4.2.

T̂Z is derived from a concatenation of quadratic phase gates D̂2(g) = eigx̂
2
j , and non-unity gain

controlled phase gates (ĈZj,k
= e2igx̂j x̂k)[32, 24].

The evolution of the TZ gate acting on an optical mode âj = x̂j + ip̂j is represented as

T̂ †
Z(x̂j + ip̂j)T̂Z = x̂j + i

(
p̂j + g

∑
k

x̂k

)
. (10.2)

The real component is not affected, while the imaginary component is given additional weighted

x-quadrature terms.

In order to apply the tuneable entangling gate to a cluster state that has already been created, we

define the squeezed TZ gate, which is straightforwardly defined as a concatenation of N squeezing

operators and one TZ gate:

Ŝ1 . . . ŜNT̂Z(g) = Ŝ1 . . . ŜNe
i

2~ g(x̂1+...+x̂N)2 . (10.3)

We may swap the order of the squeezing operators and T̂Z if we scale the gain by half:

T̂Z(
g

2
)Ŝ1 . . . ŜN = e

i
4~g(x̂1+...+x̂N)2 Ŝ1 . . . ŜN. (10.4)

Equations 10.3 and 10.4 are equivalent; they both describe the squeezing T̂Z operator.

The squeezed TZ gate describes the experimentally more realistic approach, where arbitrary inputs

are coupled to the cluster via beam-splitters. This of course is teleportation-based coupling; half

teleportations are performed rather than a Bell measurement because only half of the beamsplitter

output is measured. This squeezes the input states [118], and hence the decomposition of the
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squeezed TZ gate includes the squeezing operators.

10.2.1 Demonstration on 3-mode cluster

Our proof of principle experimental implementation of the squeezed TZ gate considers the exem-

plary case of 2 arbitrary inputs that are propagated through a quantum resource with a tuneable

strength of entanglement teleported onto them. The quantum resource used here is a 3-mode

continuous-variable cluster state.

1

2

3

a

b

1

3

1

2

3

a

b

1

2

3

a

b

gains
+ -

Figure 10.1: Tuneable entanglement gate on a 3-mode cluster. Two arbitrary and independent

inputs a and b are teleported through the cluster and have the option of being entangled or not. The dashed

green lines indicate beam-splitter coupling. The solid green lines indicate unity-gain edge weights leading

to un-weighted nullifiers (see sections 2.6 and 7.2), and the multicoloured line indicates a variable-gain

edge weight, leading to variable-strength entanglement.

Figure 10.1 illustrates the progression of the squeezed TZ gate in our experimental demonstra-

tion. A 3-mode linear cluster state is prepared, and two arbitrary inputs a and b are coupled

via beam-splitter interactions. The beam-splitters are balanced, and facilitate teleportation-based

coupling into the cluster. Homodyne measurements in x are then performed on modes a and b, and

a homodyne measurement in θ is performed on mode 2 of the cluster. The measurement results

are then used to perform feed-forward corrections to modes 1 and 3, which have become output

modes of the cluster state resource. The homodyne measurement angle θ on mode 2 will determine

the strength of the entanglement between modes 1 and 3, which are the teleported modes a and

b, respectively. See Fig. 10.3 for the full optical schematic, and Fig. 10.4 for the full electronic

schematic detailing the feed-forwards.

The squeezed TZ gate for a two-mode input is given as follows:

Ŝ1Ŝ2T̂Z,2(g) = Ŝ1Ŝ2e
i

2~ g(x̂1+x̂2)
2

= T̂Z,2(
g

2
)Ŝ1Ŝ2 = e

i
4~ g(x̂1+x̂2)

2

Ŝ1Ŝ2, (10.5)

where the subscript 2 denotes that the squeezed TZ gate is operating on 2 modes. For the rest

of this chapter we will deal with the experimental demonstration and so we will omit the subscript.

The squeezed TZ gate can be decomposed into three operators:

T̂Z(
g

2
)Ŝ1Ŝ2 = ei

g
2 x̂

2
1ei

g
2 x̂

2
2e2i

g
2 x̂1x̂2 Ŝ1Ŝ2, (10.6)

comprising of two single-mode squeezing operations, two single-mode quadratic phase gates,

and a two-mode controlled phase gate.

This operator describes the process of two arbitrary inputs that are coupled to a 3-mode linear

cluster state and propagated through the cluster with a tuneable entangling gate being teleported

onto them at the output. The gain of the graphical edge weight between the output modes is

dictated by the homodyne detection angle of the central mode (mode 2) in the 3-mode linear
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cluster. The input output relations are represented as
x̂′a
p̂′a
x̂′b
p̂′b

→


x̂′1
p̂′1
x̂′3
p̂′3

 =


√
2 0 0 0
g√
2

1√
2

g√
2

0

0 0
√
2 0

g√
2

0 g√
2

1√
2



x̂a
p̂a
x̂b
p̂b

+ δ̂, (10.7)

where δ̂ = (0, δ̂1 + gδ̂2, 0, δ3 + gδ̂2)
T are the excess noise terms arising from finite squeezing. See

equation 10.14 for expressions of these noise terms. Equation 10.7 can be decomposed into three

matrices as in equation 10.6 to give:
x̂′a
p̂′a
x̂′b
p̂′b

→


x̂′1
p̂′1
x̂′3
p̂′3

 = TZ(
g

2
)S1S2


x̂a
p̂a
x̂b
p̂b

 , (10.8)

where we have the following matrices:

TZ(g) =


1 0 0 0

g 1 g 0

0 0 1 0

g 0 g 1

 , S1 =


√
2 0 0 0

0 1√
2
0 0

0 0 1 0

0 0 0 1

 , S2 =


1 0 0 0

0 1 0 0

0 0
√
2 0

0 0 0 1√
2

 . (10.9)

We see that the single mode squeezers perform fixed-strength squeezing at 3 dB, as a result of

the half-teleportation beam-splitter coupling [118].

10.3 Experimental demonstration

The same continuous-wave Ti:sapphire laser detailed in the previous chapter for the one-mode

Gaussian transformation experiment is employed here. In fact, the bulk of the optics and electronic

equipment used in this experiment was the same equipment used in the experiment detailed in

the previous chapter. Modifications to the optical layout were designed and carried out largely

by Ryuji Ukai and Shota Yokoyama. A major overhaul of the control system was requried for

this experiment that would facilitate the active control and automated phase locking required to

perform the measurement-based quantum computation. An extensive digital control suite was

designed and implemented solely by myself. The experiment was performed by the three of us.

10.3.1 Generation of the resource state

The 3-mode linear cluster state was used in this demonstration as a blank quantum circuit board.

1

2

3

S

S F BS1

2/3

F

S

F FBS1

1/2

Figure 10.2: Generation of the 3-mode cluster state resource. Three squeezed modes are combined

on two beam-splitters in order to generate a 3-mode linear cluster state. S: Squeezing operation, F : Fourier

transform, BS1: beam-splitter with reflectivity given by ratio indicated.
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The unitary describing this network is given as:

U = F1B
(1)
12

(
1√
2

)
F1F2B

(1)
23

(√
2

3

)
S1(s1)S2(s2)S3(s3). (10.10)

As was the case in the generation of the 4-mode cluster state, we omit the squeezing operators

from hereon in to ensure the network only comprises beam-splitter operations and relative phase

shifts. The unitary matrix describing the network that transforms 3 independent p-squeezed modes

into the linear 3-mode cluster state is then given as:

U =


1√
2

1√
3
i − 1√

6
1√
2
i 1√

3
1√
6
i

0 1√
3
i 2√

6
,

 (10.11)

which lead to the following Heisenberg evolutions of the qumodes:x̂
(cluster)
1 + ip

(cluster)
1

x̂
(cluster)
2 + ip

(cluster)
2

x̂
(cluster)
3 + ip

(cluster)
3

 = U

x̂1 + ip1
x̂2 + ip2
x̂3 + ip3

 (10.12)

=


1√
2
es1 x̂

(0)
1 − 1√

3
e−s2 p̂

(0)
2 − 1√

6
es3 x̂

(0)
3

− 1√
2
e−s1 p̂

(0)
1 + 1√

3
es2 x̂

(0)
2 − 1√

6
e−s3 p̂

(0)
3

− 1√
3
e−s2 p̂

(0)
2 + 2√

6
es3 x̂

(0)
3

+ i


1√
2
e−s1 p̂

(0)
1 + 1√

3
es2 x̂

(0)
2 − 1√

6
e−s3 p̂

(0)
3

1√
2
es1 x̂

(0)
1 + 1√

3
e−s2 p̂

(0)
2

1√
6
es3 x̂

(0)
3

1√
3
es2 x̂

(0)
2 + 2√

6
e−s3 p̂

(0)
3

 .

(10.13)

We can therefore calculate the precise expressions for the nullifiers, which are given as:

δ̂1 ≡ p̂1 − x̂2 =
√
2e−s1 p̂

(0)
1 , (10.14a)

δ̂2 ≡ p̂2 − x̂1 − x̂3 =
√
3e−s2 p̂

(0)
2 , (10.14b)

δ̂3 ≡ p̂3 − x̂2 =
1√
2
e−s1 p̂

(0)
1 − 3√

6
e−s3 p̂

(0)
3 . (10.14c)

As was the case for the 4-mode linear cluster state described in section 9.3.1, all of these

three nullifiers will tend to 0 as the squeezing parameters s1, s2, s3, approach infinity. The finite

noise generated from imperfect squeezing resources will be teleported through the cluster, and the

magnitude of the noise is quantified by these nullifier expressions.

Verification of entanglement in 3-mode cluster state

In order to verify that the generated quantum state is a 3-mode linear cluster state, each individual

entanglement link between the cluster nodes must be measured and the variance of the relevant

nullifier must be below a quantum threshold of inseparability. The nullifiers and their measured

variances of the cluster state are tabulated below. Each nullifier can be seen as measuring the

correlations of neighbouring modes, from the point of view of each of the cluster modes. This is

shown graphically in table 10.1 for each nullifier.

The entire state is therefore shown to be fully inseparable, as the measured values are below the

threshold of 1 [74]. Note that these measurements are taken before the coupling of the input modes,

and subsequent optical network. The measured squeezing levels of the 3 squeezed vacuum states

after the entire optical network has been implemented is calculated to be approximately 4.5 dB each

(see section 10.4). As mentioned previously the bulk of the optics in the current experiment was
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Nullifier variance Experimental measurement

⟨
∆
(
p̂1 − x̂2

)2⟩
0.29± 0.01(−5.3± 0.2dB)

1 2

⟨
∆
(
p̂2 − x̂1 − x̂3

)2⟩
0.30± 0.01(−5.2± 0.2dB)

1 2 3

⟨
∆
(
p̂3 − x̂2

)2⟩
0.28± 0.01(−5.6± 0.2dB)

2 3

Table 10.1: Measured variances of 3-mode cluster state nullifiers.

also used in the experiment described in the previous chapter of this thesis. Specifically, the three

OPOs used in this experiment are the same OPOs described in section 9.3.2. The transmissivities

of the output couplers are 12.3 %, 11.8 %, and 12.1 %, respectively. The pump powers used were

62mW , 72mW , and 73mW , corresponding to parametric gains for the three OPOs of 4.9, 5.2, and

5.5, respectively. These regimes were found to be optimal for the current experiment considering

a trade-off between high levels of squeezing and the purity of the squeezed light.

The interference visibilities of the modes mixing at the two beam-splitters used for the generation

of the cluster state resource are given in the table below.

Optical beam 1 Optical beam 2 Beam-splitter Visibility

Sqz. 3 Sqz. 2 B
(1)
23

(√
2
3

)
, entangling modes 2 and 3 98.1 %

Sqz. 2 Sqz. 1 B
(1)
12

(
1√
2

)
, entangling modes 1 and 2 97.9 %

Table 10.2: Interference visibilities of cluster state generation. Uncertainties are ±0.1%.

“Sqz. 1”(2,3) is short for squeezed mode 1(2,3), exiting OPO 1(2,3).

10.3.2 Implementing the measurement-based quantum computation

The entire optical circuit is depicted in Fig. 10.3. Input modes are either vacuum states or coherent

states, defined to be encoded within the 1 MHz sideband of the optical carrier. Two Coherent states

are generated by modulating two independent optical beams with piezo-electric transducers (PZTs)

at 1 MHz. These are indicated by the two blue spheres in Fig. 10.3 marked as modes a and b.

The Cluster preparation area of Fig. 10.3 is equivalent to the circuit diagram of the beam-

splitter network shown in Fig. 10.2. The two input modes a and b are then mixed on balanced

beam-splitters with the outer modes of the linear cluster, as can be seen in the Tuneable Z Gate

area of the same figure. Once the input modes a and b have been coupled into the cluster, they

are referred to as cluster modes a and b. Three homodyne detections are performed on cluster

modes a, 2, and b. The two measurement angles of cluster modes a and b are fixed as x-quadrature

measurements. The homodyne measurement angle of mode 2 is tuned between 0o and 63.4o,

corresponding to different operations. For the rest of the chapter, we will assume that whenever a

homodyne measurement angle θ is mentioned, we will be referring to the measurement of cluster

mode 2. The seven different measurement angles used, and the corresponding g = tan(θ) values

are shown in table 10.3.
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Figure 10.3: Experimental schematic of tuneable entanglement gate on a 3-mode cluster. All

beam-splitters are balanced (r = 1
2
) with the exception of the first beam-splitter in Cluster Preparation,

which is marked to have reflectivity r = 2
3
. The resource 3-mode linear cluster state is first prepared

in Cluster Praparation. The tuneable entangling gate TZ is implemented in Tuneable Z Gate, and the

entanglement in the teleported output state is verified in Verification.

θ 0.0o 11.3o 26.6o 35.3o 45.0o 54.7o 63.4o

g = tan(θ) 0 1
5

1
2

1√
2

1
√
2 2

Table 10.3: Measurement angles of homodyne 2.

Finally, the output modes of the measurement-based quantum computation are measured in the

Verification area of the schematic, where the level of entanglement between the output modes is

quantified (see section 10.6). We now calculate the precise expressions of the feed-forward process.

After the beam-splitter interactions of input modes a and b with cluster modes 1 and 3 respectively,

we have the following expressions for all of the modes in the Heisenberg picture:
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)
(10.15)
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The 3-mode cluster state can be viewed as a blank circuit board before the homodyne mea-

surements and subsequent feed-forward operations, with the measurement angle θ the tuneable

parameter that will determine the logic circuit that is imprinted onto the cluster. The measure-

ment results of the three homodyne detections are given as:

ŝa = x̂(out)a , ŝ2 = x̂
(out)
2 cos(θ) + p̂2 sin(θ), ŝb = x̂

(out)
b . (10.16)

After the homodyne detections on cluster modes a, 2, and b have been performed, but before

the cluster modes 1 and 3 have been displaced in phase space by the scaled measurement results,

modes 1 and 3 have the following expressions:


x̂
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1
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(10.17)

where the superscripts “proj” indicate that the modes have been projected into their current

state by the measurements of the other cluster modes. The column vector containing the scaled

nullifiers is due to finite squeezing. In the limit of infinite squeezing this nullifier column vector

tends to zero. We have therefore calculated the precise phase space displacements required in order

to perform our desired quantum computation. After we implement the following feed-forward:

X̂1 (sa) Ẑ1

(
− tan(θ)sa − tan(θ)sb −

1√
2 cos(θ)

s2

)
×

× X̂3 (sb) Ẑ3

(
− tan(θ)sa − tan(θ)sb −

1√
2 cos(θ)

s2

)
,

(10.18)

the output modes are given by:
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where the superscripts “tele” indicate that the teleportation process has been performed.

10.3.3 Feed-forward of measurement results

In order to implement the classical corrections necessary to complete the measurement-based quan-

tum computations, we employ displacement beams that interfere with cluster modes 1 and 3 im-

parting desired phase space displacements. The complete circuit is displayed in Fig. 10.4.

The gains are calculated and implemented in the following way. First we apply phase modu-

lation at 1 MHz to the probe beam of OPO 3, so that it appears on x̂3. Then while measuring

x at homodyne a, we feed-forward the result scaled by gaina→1x to cluster mode 1 via EOM 1x.
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Ampli�erStep annuator Power splitterHigh pass �lter

Homodyne b

Displacement X

Homodyne a

Homodyne 2

3

Detector

EOM 3x

Displacement P

1

EOM 1p

Displacement P
Output

EOM 3p

Displacement X
Output

EOM 1x

Figure 10.4: Classical channel for implementing squeezed TZ gate. All amplifiers before step

attenuators have phase shifters included in their circuit. EOM: electro-optic modulator.

While viewing the modulation peak on a spectrum analyser we adjust the gain until the peak

disappears, indicative of a precise gain value. We can calculate the precise value that the gain

gaina→1x has been set to by referring to the Heisenberg evolutions expressed in equations (10.15).

The coefficients of x̂3 are 1√
12

for cluster mode a, and − 1√
12

for cluster mode 1. Therefore by

solving the following expression,

gaina→1x

(
1√
12
x̂3

)
− 1√

12
x̂3 = 0, (10.20)

we arrive at gaina→1x = 1.

• We repeat this procedure with the same modulation on x̂3 but this time feed-forward the

homodyne measurement of cluster mode b in x to EOM 3x and set the gain to gainb→3x = 1.

• We then apply phase modulation to OPO 2, so that it appears on x̂2 and feed-forward the x

measurement of homodyne 2 to EOM 1p and set the gain to gain2→1p = − 1√
2
.

• With the same phase modulation on x̂3 and the same homodyne measurement result, we

feed-forward to EOM 3p and set the gain to gain2→3p = − 1√
2
.

Next we apply phase modulation on x̂3 and feed-forward the measurement results of two ho-

modyne detections to EOM 1p in order to set the correct gain.

• The two homodyne measurements are x at homodyne a and p at homodyne 2. This allows

us to set the gain to gaina→1p = −
√
2gain2→1p. As we set the gain to gain2→1p = − 1√

2
previously, we are left with gaina→1p = 1.

• We repeat the above procedure with the same modulation on x̂3 and the same homodyne

measurements x at homodyne a, and p at homodyne 2, and feed-forward to EOM 3p. We

arrive at gaina→3p = 1.

• Again with the same modulation on x̂3 we now feed-forward the homodyne measurements of

x at homodyne b, and p at homodyne 2 to EOM 1p in order to set gainb→1p = −1
2 .
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• Finally with the same modulation and homodyne measurements we feed-forward to EOM 3p

and set the gain to gainb→3p = − 1
2 .

We have therefore set the gains of each of the 8 electronic signals that are fed to the 4 EOMs,

depicted in Fig. 10.4. While the precise values of these gains are now known due to the procedure

specified above, they are not precisely equal to the desired gains required to implement the feed-

forward operation derived in equation 10.18. Finally, we make the following adjustments:

• Scale gaina→1p and gaina→3p by − tan(θ), by adjusting the relevant step annuators in

Fig. 10.4 by −20 log10 (tan(θ)) dB,

• Scale gainb→1p and gainb→3p by 2 tan(θ), by adjusting the relevant step annuators in Fig. 10.4

by −20 log10 (2 tan(θ)) dB,

• Scale gain2→1p and gain2→3p by 1
cos(θ) , by adjusting the relevant step annuators in Fig. 10.4

by −20 log10

(
1

cos(θ)

)
dB.

Mode overlaps by visibility

The interference visibilities of the various modes being mixed at beam-splitters quantify the mode

overlaps, and affect the efficiency of the cluster computation. In order to measure the visibilities at

the beam-splitters in the Tuneable Z Gate area of the optical network, some of the OPO outputs

need to be blocked to ensure that the beams we are interfering only have one mode each. For

example, cluster mode 1 is a mixture of the three squeezed modes generated by the three OPOs.

When we are measuring the visibility between the input mode a and cluster mode 1, we need to

block two of the squeezed outputs in the Cluster Preparation area so that we can measure the

precise mode overlap of the two beams. The visibilities of every pair of beams mixed in during the

Tuneable Z Gate phase of the schematic are given in the table 10.4.

Mode; beam 1 Beam 2 Beam-splitter Visibility

Sqz. 2; Cluster 1 Input a Teleportation-based coupling of input mode a 97.4 %

Sqz. 2; Cluster 3 Input b Teleportation-based coupling of input mode b 96.9 %

Sqz. 2; Cluster a Local oscillator 1 Homodyne measurement of cluster mode a 96.1 %

Sqz. 2; Cluster 2 Local oscillator 2 Homodyne measurement of cluster mode 2 98.1 %

Sqz. 3; Cluster b Local oscillator 3 Homodyne measurement of cluster mode b 97.7 %

Sqz. 2; Cluster 1 Displacement 1x Feed-forward to cluster mode 1 output in x 97.2 %

Sqz. 2; Cluster 1 Displacement 1p Feed-forward to cluster mode 1 output in p 98.0 %

Sqz. 3; Cluster 3 Displacement 3x Feed-forward to cluster mode 3 output in x 97.9 %

Sqz. 3; Cluster 3 Displacement 3p Feed-forward to cluster mode 3 output in p 98.1 %

Table 10.4: Interference visibilities for the Tuneable Z Gate. Uncertainties are ±0.1%.

For the beams containing multiple modes, the mode being interfered is indicated in the first

column of the table by the specification of which mode in which beam is propagating. “Sqz. 2”

is short for squeezed mode 2, exiting OPO 2. The assumption is that the other modes have been

blocked at the output of their respective OPOs.

10.3.4 Digital control of the experiment

Previous experiments performed on the same optical bench [98, 116] were pushing the limits in

terms of complexity, and ultimately stability. Keeping all of the phase locks in the desired regimes

while performing sufficient measurements to gather statistics about the output states was becoming
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increasingly infeasible. For this reason we completely re-designed the control system for the current

experiment. Whereas previous experiments had relied solely on analogue electronics, the new

control system was built around field-programmable gate arrays (FPGAs), leading to fully digital

control of all of the phase locks. The control system is briefly outlined in section 4.2. The

entire system can be viewed as an extension of a system developed by Ben Sparkes, described in

reference [49].

Hardware and software

A total of 5 FPGA cards are used, each from National Instruments (NI). We use 4 × NI PXI-7853R

cards and 1 × NI PXI-7854R card, housed in a 5-slot PXI chassis (NI PXI-1033).

5 x FPGA cards from National Instruments

Chassis (PXI-1033)

VI on each FPGA card

Figure 10.5: Overview of digital control suite. Digital logic that implements the control of various

phase locks is compiled on field-programmable gate array cards that are housed in a PXI chassis external

to the PC. Each of the 5 FPGA cards has a similar version of the control software that has been compiled

independently. All control is then performed via a graphical user interface running on the PC.

A modest quantum optics experiment in a typical lab might employ one or two FPGA cards.

The complexity of the current experiment is captured well by the fact that we must employ 5 cards,

as shown in Fig. 10.5. Each of the FPGA cards has 8 analogue inputs with analogue to digital

converters (ADCs) capable of up to 750 kHz sampling, at a resolution of 16 bits. There are 8

corresponding outputs of the same resolution, with digital to analogue converters (DACs) running

at up to 1 MHz. The suite is limited by the loop speed of the software (termed the VI) running

on the FPGA which was clocked to be typically between 400 and 550 kHz for our implementation.

Breakout boxes for BNC inputs and outputs were custom made based on the SCB-68A input/out-

put boxes from NI. The software used to program the digital control suite was National Instruments

LabVIEW 2010, operating on Windows 7, 64-bit, on a desktop PC. The entire suite contains more

than 300 individual subVIs that are accessed and controlled by one top level VI that is running on

the PC.
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Phase locks

There are 33 phase locks across the 5 FPGA cards. Each of the FPGAs runs a compiled variation

of the VI outlined in Fig. 10.5. Each phase lock is controlled via a PII controller (proportional

gain, integrator gain, and integrator2 gain) that is a modified version of a custom-made controller

designed by Sparkes [49], and can be seen in Fig. 10.6.

Figure 10.6: PII controller used for phase locks. Each of the 33 phase locks are controlled via this

PII controller. The logic shown was written in National Instruments LAbVIEW 2010. The controller is a

modified version of the PII controller designed by Ben Sparkes [49].

There are broadly three types of systems that require active control in this experiment. First,

there are 4 cavities that need to be held on resonance. These are the 3 OPOs and a mode

cleaning cavity employed to provide a reference local oscillator beam for the homodyne detections.

These phase locks have error signals generated from mixed down AC signals from detectors in a

Pound-Drever-Hall (PDH) configuration. DC signals from the same detectors serve as monitors

for automated locking and re-locking control based on threshold logic. If the scanned cavity is

above or below a certain user-specified threshold value, boolean logic is employed to determine

whether or not the cavity is on resonance, and appropriate action will be taken. Second, we have

the parametric gains of the OPOs, with error signals again generated externally before being fed

into the control suite via the ADCs on the FPGA cards. A monitor is also used here, generated

on-board by taking the square of the error signal, ensuring that the monitor is always a positive

value.
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Finally, we have the phase locks of two beams mixing on beam-splitters. Apart from the unique

r = 1
3 beam-splitter used to generate the first entanglement link in the 3-mode cluster state, which

is a DC lock, the remaining phase locks all employ PDH configurations, with two error signals

per beam-splitter. The two error signals are from sideband modes that are π
2 out of phase in

quadrature, and can be used to lock the relative phase at 0o, or at 90o, or at any angle in between.

For the arbitrary angle phase lock, employed for homodyne measurements, the two orthogonal

error signals are added together so that the measured quadrature is given by x̂ cos(θ) + p̂ sin(θ).

Details of the phase locks are tabulated in table 10.5.

System Input 1 Modulation Input 2 Modulation

Cavities:
OPO 1 error signal 11.2 MHz Monitor DC
OPO 2 error signal 11.2 MHz Monitor DC
OPO 3 error signal 11.2 MHz Monitor DC

Mode cleaner error signal 11.2 MHz Monitor DC

Parametric gain:
OPO 1 error signal 233 kHz
OPO 2 error signal 138 kHz
OPO 3 error signal 98 kHz

Beam-splitters:
Cluster 33 % error signal DC

Cluster 33 % offset Logic
Cluster 50 % error signal x 233kHz error signal p 138kHz

Input a coupling error signal x 233kHz error signal p 138kHz
Input b coupling error signal x 233kHz error signal p 138kHz
Homodyne a error signal x 138kHz error signal p 233kHz
Homodyne b error signal x 138kHz error signal p 233kHz
Homodyne 1 error signal x 138kHz error signal p 233kHz
Homodyne 2 error signal x 233kHz error signal p 138kHz
Homodyne 3 error signal x 138kHz error signal p 233kHz

Displacement 1 x error signal x 233kHz error signal p 138kHz
Displacement 1 p error signal x 233kHz error signal p 138kHz
Displacement 3 x error signal x 233kHz error signal p 138kHz
Displacement 3 p error signal x 233kHz error signal p 138kHz

Table 10.5: Phase locks synchronised in digital control suite.

Automated Locking and dependencies

Apart from the obvious advantage of ease of reconfigurability offered by digital electronics when

compared to analogue electronics, there is another huge selling point, without which the control and

measurement processes of this current experiment might simply have been infeasible. This is the

automation aspect afforded by digital electronics. An elaborate automation scheme was designed,

based on logic created by Sparkes [49], to synchronise the 33 phase locks across the 5 FPGA cards.

Each phase lock was aware of its place in a network of dependencies, so that if a phase lock failed

anywhere in the system, the phase locks that are dependent on this phase lock would be put on

hold until the failure was resolved by the automated re-locking logic. This automated re-locking

logic would prove to be vital in such a complex network of phase locks, and led to efficient control

and measurement of the experimental setup.
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The control suite used 36 analogue inputs of the total 40 available across the 5 FPGA cards. On

average, over 90 % of the total resources on each FPGA card was used by the VIs. The PXI-7853R

cards host a Virtex-5 LX85 system, while the PXI-7854R cards host a Virtex-5 LX110, which at

present boasts the largest number of resources (including logic gates and memory) in this product

family.
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10.4 Results

In order to characterise the performance of our experimental squeezed TZ gate, we carry out two

verification schemes.

• First, we input coherent states and measure the amplitudes of the phase quadratures of

the output modes. From this we can determine whether or not the input-output relationship

(the coefficients of a linear transformation) has been faithfully re-created.

• Second, we input vacuum states and fully characterise the output state by measuring the

covariance matrix. We do this for seven different regimes of TZ , illustrating the tuneability

of entanglement inherent to the TZ gate.

Purities of electro-optic modulators

It is important to make sure that the EOMs are only applying modulations in the desired quadra-

ture, as any modulation in the unwanted quadrature will manifest as phase noise that degrades

the squeezing. To ensure this we first lock the displacement beams together with the signal beam

(to be displaced in phase space), and then send a 1 MHz sine wave to the EOM, and measure this

sideband on a spectrum analyser in both x and p. We see from Figs 10.7 and 10.8 that there is

roughly 30 dB of difference in noise power at the 1 MHz sideband between the two signals in all

four cases, indicating excellent purity for each EOM.
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Figure 10.7: Purities of the two electro-optic modulators (EOM) for mode 1. (a) Phase

modulation in x. Red trace is x quadrature, blue trace is p quadrature. (b) Phase modulation in p. Red

trace is p quadrature, blue trace is x quadrature.
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Figure 10.8: Purities of the two electro-optic modulators (EOM) for mode 3. (a) Phase

modulation in x. Red trace is x quadrature, blue trace is p quadrature. (b) Phase modulation in p. Red

trace is p quadrature, blue trace is x quadrature.
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10.5 Characterising the input-output relations

The interference visibilities of the Verification stage of the experiment (see Fig. 10.3) are given in

the table 10.6.

Mode; beam 1 Beam 2 Beam-splitter Visibility

Sqz. 2; Cluster a Local oscillator a Homodyne measurement of cluster mode a 98.1 %
Sqz. 3; Cluster b Local oscillator b Homodyne measurement of cluster mode b 97.7 %

Table 10.6: Interference visibilities of the Verification stage. Uncertainties are ±0.1%.

The total propagation losses of the optical beams from the various OPOs to the homodyne

detectors are up to 9 %, and the quantum efficiencies of the detectors are greater than 99 %.

10.5.1 Vacuum state inputs

The first characterisation of the experimental squeezed TZ gate was performed using vacuum state

inputs as modes a and b.

p̂p̂

x̂

x̂ -2

-1
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1
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Tz gate
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(a) Vacuum state input (b) Tz vacuum state output
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(c) Vacuum state input (d) Squeezed Tz vacuum state output
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θ=26.60
θ=13.30

θ=00
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2
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Squeezed Tz gate

Figure 10.9: Phase space representations of theoretical TZ and squeezed TZ gates acting

on vacuum inputs. (a) and (c) The input state is a quantum noise limited vacuum state, with equal

quadrature amplitudes. (b) The theoretical output state of the TZ gate with a vacuum input, for various

measurement angles θ. (d) The theoretical output state of the squeezed TZ gate for various θ. This figure

is a modified version of a figure originally created by Yokoyama.

In order to understand the phase space distribution of the squeezed TZ gate, we first look at
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the phase space distribution of the TZ gate, shown for theoretical values in Fig. 10.9. For all

of phase-space plots, we assume a Gaussian distribution and a zero-mean value, consistent with

vacuum states.

For a measurement angle of θ = 0o, the corresponding gains in the TZ off-diagonals are g =

tan(0) = 0 and so the TZ simply performs an identity operation (see equation (10.9)). This is

shown in Fig. 10.9(b) by the vacuum state output for θ = 0o. For increasing values of θ, we see

that the x quadrature is unchanged, and the p quadrature amplitude is increased. This is consistent

with the evolution described in equation 10.2.

The phase space distributions for the squeezed TZ gate are shown in Fig. 10.9(d), again for vacuum

state inputs. We see a constant broadening in x, as one expects from the 3 dB anti-squeezing in

x inherent in the squeezed TZ gate. We also see that the rate of broadening in p is slower than

for the TZ gate, due to the scaling of the TZ matrix with squeezing ( 1√
2
) and anti-squeezing (

√
2)

values.
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Figure 10.10: Phase space representations of squeezed TZ gates acting on vacuum inputs.

(a) The theoretical output state of the squeezed TZ gate with a vacuum input. (b) The experimentally

measured output at homodyne detector (HD) 1. (c) The experimentally measured output at HD 3. This

figure is a modified version of a figure originally created by Yokoyama.

Figure 10.10 displays the phase space distribution plotted for experimentally measured values,

both at homodyne detector 1 and homodyne detector 3. The theoretical phase space distribution

is plotted alongside for comparison. We see an excellent qualitative agreement, with a noticeable

broadening in the p quadrature, due to finite squeezing in the resource cluster. We also see a

near perfect match between the two experimentally measured phase space distributions at the two

different homodyne measurement stations. This symmetry is indicative of well-aligned optics and

well-calibrated electronics.

10.5.2 Coherent state inputs

Next, we use coherent states as inputs and perform the squeezed TZ gate for various angles θ.

We apply phase modulation to input mode a at 1 MHz so that it is a coherent state with power

⟨x̂2a⟩ =13.8 dB above the shot noise level (SNL). Note that we have ⟨p̂2a⟩ = ⟨x̂2b⟩ = ⟨p̂2b⟩ = 0 dB.

The measurement results are shown in Fig. 10.11. The power measurements in Fig. 10.11(b) and

(c) are taken on a spectrum analyser at a frequency of 1 MHz with a resolution bandwidth of 30

kHz and a video bandwidth of 300 Hz.

We see that the powers in both x̂1 and x̂3 remain constant for all seven measurement angles as

shown in Fig. 10.11(a). In stark contrast, the coherent amplitudes of both p̂1 and p̂3 increase with

θ. The solid blue lines represent the theoretical values for a squeezing level of 4.5 dB, and we see a

fairly good fit between the experimentally measured values. If we compare the two cases of θ = 0o

and θ = 45o, as in Fig. 10.11 (b) and (c), respectively, we see that the only change is the increases in

the p quadrature, as expected. This is due to the non-zero gains in the squeezed TZ gate inducing
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Figure 10.11: Transfer of quadrature powers after squeezed TZ gate. Coherent amplitude has

been imparted onto input mode a so that ⟨x̂2a⟩ = 13.8 dB above shot noise. (a) The quadrature noise

powers for the four quadratures x̂1, p̂1, x̂3, and p̂3 as a result of the squeezed TZ gate in seven different

regimes. Solid coloured lines indicate theory for 4.5 dB squeezing in resource cluster. Coloured squares and

circles are experimental data points. (b) and (c) Blue lines are theoretical values for resource squeezing

of 4.5 dB. Black trace represents measurements of shot noise. Red traces are experimental measurements

at various quadratures. (b) Quadrature noise powers at θ = 0o. (c) Quadrature noise powers at θ = 45o.

This figure is a modified version of a figure originally created by Yokoyama.

correlations between each mode, leading to the crosstalk of the input coherent amplitude. We

repeat the same procedure for the other quadratures and observe the same qualitative agreement

(not shown for brevity).

This qualitative agreement confirms the input-output relations derived in equation 10.7, and we

verify that the squeezed TZ performs as the theory predicts.

10.6 Characterising entanglement from the covariance ma-

trix

In order to characterise the entanglement present in the bipartite output state of our squeezed

TZ gate, we employ vacuum state inputs for modes a and b and perform extensive homodyne

measurements that allow us to recreate the covariance matrix of the state. This is done for seven

different measurement angles at homodyne 2, each of which imprints a different quantum circuit

onto the cluster state, corresponding to different measurement-based quantum computations.

The covariance matrix for a general bipartite Gaussian state is described in section 8.3.1 and

given explicitly in equation 8.4. First we describe how we experimentally measure some of the less

straightforward elements of the covariance matrix.

Measurements of non-commuting operators

In order to measure 1
2 ⟨x̂1p̂1 + p̂1x̂1⟩ we can combine two measurements at angles that do not

correspond to either x̂ or p̂ alone. First we set the homodyne measurement angle to θ = 45o

and measure ⟨
(

1√
2
(x̂1 + p̂1)

)2
⟩. Then we set the homodyne measurement angle to θ = −45o and

measure ⟨
(

1√
2
(x̂1 − p̂1)

)2
⟩. Then we use the fact that these two expressions can be decomposed

into:
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⟨
(

1√
2
(x̂1 + p̂1)

)2

⟩ = 1

2

(
⟨x̂21⟩+ ⟨x̂1p̂1 + p̂1x̂1⟩+ ⟨p̂21⟩

)
, (10.21)

⟨
(

1√
2
(x̂1 − p̂1)

)2

⟩ = 1

2

(
⟨x̂21⟩ − ⟨x̂1p̂1 + p̂1x̂1⟩+ ⟨p̂21⟩

)
, (10.22)

and by combining the measurement results in the following way, we arrive at the desired mea-

surement:

1

2

(
⟨
(

1√
2
(x̂1 + p̂1)

)2

⟩ − ⟨
(

1√
2
(x̂1 − p̂1)

)2

⟩

)
=

1

2
⟨x̂1p̂1 + p̂1x̂1⟩. (10.23)

Measurements of the other off-diagonal terms

If we set both of our homodyne measurement angles to 0o, and employ an adder, we will perform

the following measurement:

⟨(x̂1 + x̂2)
2⟩ = ⟨x̂21⟩+ 2⟨x̂1x̂2⟩+ ⟨x̂22⟩. (10.24)

Additionally, if set one homodyne measurement angle to 0o and one to 180o, we will perform

the following:

⟨(x̂1 − x̂2)
2⟩ = ⟨x̂21⟩ − 2⟨x̂1x̂2⟩+ ⟨x̂22⟩. (10.25)

Therefore, if we combine the measurements in the following way, the outcome will be given as:

1

4

(
⟨(x̂1 + x̂2)

2⟩ − ⟨(x̂1 − x̂2)
2⟩
)
= ⟨x̂1x̂2⟩. (10.26)

By employing a similar approach, with measurement angles of {(0, 90) , (0,−90)} we can mea-

sure for example ⟨x̂1p̂2⟩. The other cross-correlation terms follow a similar decomposition.

Covariance matrices of squeezed TZ gate output states

The first cluster state computation we perform with vacuum state inputs is the squeezed TZ gate

in the homodyne 2 measurement angle θ = 0o regime. The three covariance matrices (CMs)

corresponding to this regime are given as:

0o :


0.50 0.00 0.00 0.00

0.00 0.13 0.00 0.00

0.00 0.00 0.50 0.00

0.00 0.00 0.00 0.13

 ;


0.49 0.00 0.00 0.00

0.00 0.21 0.00 0.04

0.00 0.00 0.50 0.00

0.00 0.04 0.00 0.21

 ;


0.50 0.00 0.00 0.00

0.00 0.21 0.00 0.04

0.00 0.00 0.50 0.00

0.00 0.04 0.00 0.21

 (10.27)

where the three CMs are arranged in the following way:

(Measurement angle: Ideal CM; Experimentally measured CM; theoretical CM for -4.5 dB cluster).

The ideal CM, assuming infinite squeezing, is shown in the left column of equation 10.27, and

the theoretical CM assuming a cluster state resource with squeezing level -4.5 dB is shown in the

right column. The theoretical CMs are readily calculated from equation 10.19 and are given as:

Γ =
~
2


2 0 0 −g
−g 1

2 + g2 −g g2

0 −g 2 −g
−g g2 −g 1

2 + g2

+
~
2
e−2s


0 0 0 0

0 1 + 3
2g

2 0 1
2 + 3

2g
2

0 0 0 0

0 1
2 + 3

2g
2 0 1 + 3

2g
2

 , (10.28)
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where the second matrix is due to contributions from finite squeezing.

For the 0o measurement angle, we have g = tan(θ) = 0 and therefore the input-output relations

dictated by equation 10.7 specifies actions on the diagonal elements only. Recall that the diag-

onal elements of a covariance matrix represent the variances of the quadrature operators. From

equation 10.27 we have 3 dB squeezing in p and 3 dB anti-squeezing in x. Since the variance of a

vacuum state is ⟨∆2x̂(0)⟩ = ~
2 , we will have diagonal elements of 2 × ~

2 = 1
2 for the x quadrature

terms, and 1
2 ×

~
2 = 1

8 for the p quadrature terms. The off-diagonal elements are all zero, indicating

no cross correlations between the quadratures.

The CM constructed from experimental measurements is shown in the middle column of equa-

tion 10.27. This is to be compared to the theoretical CM assuming a cluster state resource with

squeezing level -4.5 dB, shown in the right column. We see that there is a remarkable fit between

the experimentally measured CM and the theory.

We repeat this cluster state computation process for six more regimes, with an increasing homo-

dyne 2 measurement angle θ each time. These are given below in full, in the same arrangement as

above.

11.3o :


0.50 −0.05 0.00 −0.05

−0.05 0.14 −0.05 0.01

0.00 −0.05 0.50 −0.05

−0.05 0.01 −0.05 0.14

 ;


0.49 −0.03 0.00 −0.05

−0.03 0.22 −0.04 0.05

0.00 −0.04 0.50 −0.05

−0.05 0.05 −0.05 0.22

 ;


0.50 −0.05 0.00 −0.05

−0.05 0.23 −0.05 0.06

0.00 −0.05 0.50 −0.05

−0.05 0.06 −0.05 0.23


(10.29)

26.6o :


0.50 −0.13 0.00 −0.13

−0.13 0.19 −0.13 0.06

0.00 −0.13 0.50 −0.13

−0.13 0.06 −0.13 0.19

 ;


0.50 −0.10 0.01 −0.12

−0.10 0.27 −0.11 0.11

0.01 −0.11 0.50 −0.12

−0.12 0.11 −0.12 0.28

 ;


0.50 −0.13 0.00 −0.13

−0.13 0.31 −0.13 0.14

0.01 −0.13 0.50 −0.13

−0.13 0.14 −0.13 0.31


(10.30)

35.3o :


0.50 −0.18 0.00 −0.18

−0.18 0.25 −0.18 0.13

0.00 −0.18 0.50 −0.18

−0.18 0.13 −0.18 0.25

 ;


0.50 −0.16 0.00 −0.17

−0.16 0.35 −0.15 0.17

0.00 −0.15 0.49 −0.17

−0.17 0.17 −0.17 0.37

 ;


0.50 −0.18 0.00 −0.18

−0.18 0.41 −0.18 0.24

0.00 −0.18 0.50 −0.18

−0.18 0.24 −0.18 0.41


(10.31)

45o :


0.50 −0.25 0.00 −0.25

−0.25 0.38 −0.25 0.25

0.00 −0.25 0.50 −0.25

−0.25 0.25 −0.25 0.38

 ;


0.50 −0.24 −0.01 −0.23

−0.24 0.50 −0.21 0.32

0.01 −0.21 0.49 −0.23

−0.23 0.32 −0.23 0.50

 ;


0.50 −0.25 0.00 −0.25

−0.25 0.60 −0.25 0.43

0.00 −0.25 0.50 −0.25

−0.25 0.43 −0.25 0.60


(10.32)

54.7o :


0.50 −0.35 0.00 −0.35

−0.35 0.62 −0.35 0.50

0.00 −0.35 0.50 −0.35

−0.35 0.50 −0.35 0.62

 ;


0.48 −0.32 −0.01 −0.29

−0.32 0.80 −0.30 0.58

−0.01 −0.30 0.47 −0.31

−0.29 0.58 −0.31 0.75

 ;


0.50 −0.35 0.00 −0.35

−0.35 0.98 −0.35 0.81

0.00 −0.35 0.50 −0.35

−0.35 0.81 −0.35 0.98


(10.33)
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63.4o :


0.50 −0.50 0.00 −0.50

−0.50 1.13 −0.50 1.50

0.00 −0.50 0.50 −0.50

−0.50 1.00 −0.50 1.13

 ;


0.50 −0.53 0.01 −0.48

−0.53 1.43 −0.44 1.18

0.01 −0.44 0.49 −0.49

−0.48 1.18 −0.49 1.37

 ;


0.50 −0.50 0.00 −0.50

−0.50 1.75 −0.50 1.58

0.00 −0.50 0.50 −0.50

−0.50 1.58 −0.50 1.75


(10.34)

PT-symplectic eigenvalue

In order to quantify the entanglement between the output modes in the bi-partite states produced

in the seven different regimes, we compute the corresponding partial-transpose-symplectic eigen-

values from each covariance matrix. This is based on the positivity under partial transposition

(PTT) criteria developed by Peres and Horodecki [119, 120, 121]. We employ this entanglement

measure here since it is both necessary and sufficient for bipartite Gaussian states.

Each covariance matrix presented for the various bipartite Gaussian states have the form:

Γ =

(
A C

CT B

)
, (10.35)

where A, B, and C are 2 × 2 matrices. The symplectic eigenvalues of an arbitrary two-mode

Gaussian state are denoted ν− and ν+, defined as:

2ν2± = ∆(Γ)±
√

∆2 (Γ)− 4Det Γ, (10.36)

where ∆ represents here the seralian, given by:

∆ = DetA+DetB + 2DetC. (10.37)

Now under partial transposition, we arrive at:

Γ =

(
A C

CT B

)
ρ→ρT−−−−→ Γ̃ =

(
A C̃

C̃T B

)
, (10.38)

where Det C̃ = −DetC. The seralian ∆ is mapped under the partial transposition to:

∆̃ = DetA+DetB− 2DetC. (10.39)

Therefore the symplectic eigenvalues under partial transposition are given as:

2ν̃2± = ∆̃
(
Γ̃
)
±
√

∆̃2
(
Γ̃
)
− 4Det Γ̃. (10.40)

The PPT criterion then states that a state described by Γ is separable if and only if the smallest

symplectic eigenvalue ν− is ≥ ~
2 = 1

4 .

The symplectic eigenvalues of the experimentally measured covariance matrices are tabulated

in table 10.7, and plotted alongside theoretical curves in Fig. 10.12.
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θ = 0o θ = 11.3o θ = 26.6o θ = 35.3o θ = 45o θ = 54.7o θ = 63.4o

ν̃− 0.288 0.270 0.234 0.217 0.199 0.186 0.169

Error margin ±0.002 ±0.003 ±0.003 ±0.003 ±0.004 ±0.005 ±0.007

Table 10.7: Symplectic eigenvalues of seven measured covariance matrices.

Figure 10.12 displays the experimentally measured ν̃− for the seven different measurement

angles of homodyne 2.
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Figure 10.12: Quantifying entanglement strength for different regimes of the squeezed TZ

operations. The horizontal axis shows the tuneable parameter in the experiment, which is the homodyne

measurement angle of cluster mode 2. This determines the gain g = tan(θ) of the TZ operation, see

equation 10.19, which in turn determines the strength of entanglement quantified by the PT-symplectic

eigenvalues of the covariance matrix, the vertical axis. The various coloured regions correspond to theoret-

ical calculations based on equations 10.28 and 10.40, for different squeezing levels of the resource cluster

state, which is the the blank quantum circuit board facilitating the measurement-based quantum compu-

tations. The red data points are experimentally measured ν̃− with the resource cluster, with respective

error bars. The blue data points are experimentally measured ν̃− when the resource is simply a classical

mixture of vacuum modes, with respective error bars. The quantum regime, indicated by the threshold

of the entanglement measure, is below the blue line at 0.25. Figure created by Yokoyama (measurements

taken by Yokoyama, Ukai, and myself).

We see that for a measurement angle of θ = 0o, there exists no entanglement, as ν̃− is above

0.25, the criteria for entanglement under the PPT criterion. As the measurement angle θ and

therefore the gain g = tan(θ) is increased, so too is the entanglement strength. The dashed red

line in Fig. 10.12 corresponds to the theoretical curve assuming squeezing levels of 4.5 dB in the

resource cluster state, which is shown to fit remarkably with the experimental data.

Shown by the blue data points are the results of the same experiment described, however without

the resource cluster state. For this demonstration, we blocked the pump beams of the OPOs, so

that there was no squeezing and the resource was effectively a classical mixture of vacuum modes.
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We see that predictably there is no entanglement present at the output of the TZ operation when

the resource is not a quantum circuit board, but rather a classical circuit board that does not

facilitate quantum computations.

Note that if our resource state was an infinitely squeezed cluster state, then as θ → π
2 , ν̃− → 0,

which is defined to be maximum entanglement by this criteria. This is shown by the orange line

labelled “Ideal case”. We see that there is only zero entanglement (indicating a separable state)

for g = tan(θ) = 0, and any non-zero θ will result in entanglement being teleported to the output.

10.7 Summary

We have introduced a new quantum gate, the TZ gate, to the toolbox of continuous-variables cluster

state quantum computing. A rigorous theoretical treatment of TZ was provided, displaying its

actions as a multimode gate that can be retro-fitted onto arbitrary cluster states. An efficient proof-

of-principle experimental demonstration was then detailed, on a three-mode cluster state resource.

Remarkably, two independent and uncorrelated input modes are teleported into the cluster, and

are output with entanglement between them. Further, by operating the TZ gate in seven different

regimes, we have shown the precise and deterministic tuneability of the entanglement, even being

able to turn it off. The two-mode output states were fully characterised by their covariance

matrices, and the entanglement strength quantified by the symplectic eigenvalues of the partially

transposed covariance matrices.

In conjunction with the one-mode Gaussian operations demonstrated in the previous chapter, we

have now implemented all of the multimode Gaussian gates required to form a unviersal set of

multimode Gaussian operations. We now have a two clear goals ahead of us before we can achieve

universal quantum computation. These are error correction (finding a feasible fault-tolerant scheme

for continuous-variable cluster state computation), and the efficient implementation of a gate that

is cubic in its Hamiltonian (a non-Gaussian gate). While both of these research areas are beyond

the scope of this thesis, it should be noted that there is already promising research being conducted

in both areas. Specifically, Menicucci has recently provided a formulation of fault-tolerant one-

way quantum computations using continuous-variable cluster states [94], and there exist at least

preliminary investigations into non-Gaussian gates [122].
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Chapter 11

Conclusions

11.1 Summary

This thesis has documented the main results of four and a half years of experimental and theoretical

research on quantum optics and in particular large-scale entanglement and quantum teleportation

as a means of facilitating quantum computation.

Large-scale entanglement

First we investigated methods of increasing the size of entangled states. Just a decade ago entangled

states were still limited in size to two or three quantum entities. Prior to our demonstrations the

largest entangled state in any research field comprised fourteen quantum entities (qubits encoded

in trapped ions [21]). Inspired by well-established techniques and concepts from the telecommu-

nications industry, we investigated multiplexing quantum light in order to increase the number

of quantum entities that comprise an entangled state. The spatial multiplexing experiment of

chapter 6, inspired by the investigations of spatial mode conversions detailed in chapter 5, led

to a programmable network capable of producing entangled states containing up to eight quan-

tum entities. While the size of the entangled state was equal to the state of the art in optical

demonstrations, the real novelty of the experiment was to introduce the idea of emulating linear

optics networks instead of physically building them as in the conventional manner. The next in-

vestigation into multiplexing was conducted in the time domain. This proved to be extremely

successful, as we could treat the continuous-wave output of our optical parametric oscillators as

a continuous sequence of well defined and orthogonal wave-packet modes, separated by as short a

time as 160 ns. Each wave-packet of light is a quantised optical mode (qumode) and is individually

accessible. By creating two continuous optical beams containing these sequentially propagating

wave-packet modes and mixing them together by two beam-splitter interactions we generated the

largest entangled state created to date by three orders of magnitude. We entangled together more

than 20,000 independent qumodes. We have named the ultra-large entangled state generated in

chapter 7 the dual-rail EPR-graph state, as our theoretical investigations led us to conclude that

it is one possible extension of the EPR state to an ultra-large basis.

Quantum computing with cluster states

The dual-rail EPR-graph state is equivalent (up to local phase shifts) to a cluster state, and we

show in chapter 8 that it may theoretically be used as a resource for universal measurement-based

quantum computing. Two experimental demonstrations were then detailed in part III, each one

exploring the teleportation-based Gaussian computations that the cluster states allow for. We

explored how to implement arbitrary one-mode Gaussian transformations with a four-mode clus-

ter state acting as a blank quantum circuit board. An input mode was coupled into the cluster

and precisely calculated homodyne measurements on the cluster allowed for the logic of a Fourier

197



198 Conclusions

transform operation to be imprinted onto the cluster. This was done with a fidelity of 0.68, which

importantly is above the no-cloning limit. By simply changing the measurement basis, a different

set of logic gates are imprinted onto the cluster, and a different operation is performed on the input

state as it is teleported through. The final demonstration was an implementation of a tuneable

entanglement gate, which we introduce as a robust multimode gate that offers the full tuneabil-

ity of entanglement between the modes that it acts on. After a rigorous theoretical treatment

of the gate, we presented a proof-of-principle experiment. In the experimental demonstration,

two independent inputs are coupled into a three-mode linear cluster state and proceed to have

entanglement teleported onto them through the measurement-based cluster computation. By per-

forming the tuneable entanglement gate in seven different regimes we verified the full tuneability

of entanglement by complete measurements of each output state’s covariance matrix. Symplectic

eigenvalues were calculated from each partially transposed covariance matrix, and a discussion of

the scope of this gate was presented. For example, the gate can be retrofitted onto pre-existing

clusters of arbitrary size and shape. With this gate we have introduced tuneability to the toolbox

of measurement-based quantum computation.

11.2 Outlook

Towards universal quantum information processing and quantum technologies

While the dual-rail EPR-graph state that we have generated is ultra-large, consisting of more

than 20,000 individually accessible qumodes, with present-day schemes we will only be able to

use about 20 of these qumodes in an actual implementation of measurement-based quantum com-

puting. This is because the finite squeezing of the qumodes couple in noise in every step of

computation, and without error correction the quantum information will be lost after only tens

of computation steps. Further, the demonstrations of quantum computing detailed in this the-

sis are modest. They are Gaussian operations, which represent Hamiltonians that are at most

quadratic in the quantum mode’s position and momentum variables. As such, the class of cluster

state computations demonstrated in part III can be efficiently simulated on classical computers.

However, universal multimode Gaussian operations are necessary in the set of continuous-variable

(CV) universal quantum gates, and will form the backbone of more sophisticated and complex

implementations. The theoretical framework for a universal set of gates, including decompositions

of arbitrary Hamiltonians into a finite set of gates, already exists [97, 77, 24]. Demonstrations are

surfacing that are bringing us within reach of non-Gaussian gates, such as the cubic phase gate

[122]. Recently, progress towards a feasible fault tolerant scheme for continuous-variable cluster

state computing has also been demonstrated [94]. The tuneable entanglement gate will likely play

a part in facilitating implementations of fault tolerance. While the noise introduced from finite

squeezing is still a serious technical problem, it is not a fundamental issue. It is entirely likely

that a universal quantum computing scheme that emerges will be a hybridised architecture, be-

tween continuous-variable systems and discrete-variable systems. The latter offers higher fidelity

operations than the former, at the expense of deterministic success. One example of this type

of hybridisation is the recent deterministic teleportation of a photonic qubit [44]. While beyond

the scope of this thesis, the reader is encouraged to read references [76, 75, 62] for discussions on

the main challenges in dealing with hybridised optical architectures, and the potential they offer.

There is sufficient progress in these and other research directions that leads us to conclude that

universal quantum computing in an optical platform is entirely feasible.



Appendix A

Optimising Asymmetric Networks

for Multipartite EPR Steering

The programmable networks developed in chapter 6 offer us a powerful and relatively simple

method for exploring various optics networks that would otherwise require much time and patience.

In this appendix chapter we explore a range of beam-splitter networks, finding particular situations

where it is beneficial to introduce asymmetric networks. Biasing beam-splitters towards certain

outputs can help to minimise the damage done by an asymmetric input basis. As every experiment

has at least some asymmetry due to realistic conditions in the lab, it is useful to provide a detailed

treatment here.

Alternatively, this chapter can be viewed as a treatment on the paradoxical EPR steering. While

there is a rich collection of both theoretical investigations and experimental demonstrations for

EPR steering between two quantum systems, situations involving more than two quantum systems

were not yet well understood. The experiments and theory detailing multipartite EPR steering in

this chapter were investigated in collaboration with Margaret Reid of Swinburne University, and

Qiongyi He, of Peking University.

A.1 Introduction

Schrödinger introduced the term “steering” [123] to describe the nonlocality apparent in the EPR

paradox, and pointed out that these states necessarily involve entanglement. Howard Wiseman

and co-workers [124, 125] have formalized the meaning of steering in terms of violations of local

hidden state models, and revealed that the EPR paradox is a realization of quantum steering. In

simple terms, quantum steering dictates that measurements made by one observer at a location

A can apparently “steer” the state of another observer, at location B. The EPR steering type of

nonlocality requires the entanglement of the systems, but is not implied by it.

The observation of genuine multipartite EPR steering has not been possible until recently as

the framework necessary to understand the concept has not been available. A recent theoretical

analysis has developed this framework [126].

To investigate tripartite EPR steering, three observers (Alice, Bob and Charlie) make measure-

ments on each of three distinct systems. Following the general approach introduced by Svetlichny

[127], no assumptions are made about the nature of Bob’s and Charlie’s systems or measurements.

The systems may be entangled and there can be “spooky action-at-a-distance” between them. Al-

ice’s measurements on the other hand are the canonical observables x̂ and p̂ of a quantum system,

and as such are constrained by the Heisenberg uncertainty relation, which we write as ∆x̂∆p̂ ≥ 1.

Bob and Charlie make measurements, and can collaborate, to give an optimized prediction for the

outcome of Alice’s x̂ (or p̂) measurement. If the product of the uncertainties in their inferences for

x̂ and p̂ appears to defy the uncertainty relation, then we have realized an EPR steering paradox

199



200 Optimising Asymmetric Networks for Multipartite EPR Steering

[12, 124]. In that case, it is as though Alice’s x̂ and p̂ values were predetermined to an accuracy

that contradicts quantum mechanics [6], or else that there is an actual steering of Alice’s system

by Bob and Charlie’s actions [123]. We symbolize this directional entanglement by the notation

BC → A.

We can extend to N observers, and for a given correlated state, become specific about the

observables that are to be measured by the “steering” parties e.g. Bob and Charlie. In our

experiment, these will be an optimized linear combination of the quadratures xk and pk of an

optical mode k. Thus, any N−party state demonstrates N -partite EPR steering of the j site by

the remaining set of sites {k} if the following criterion is satisfied

Sj|{k} ≡ ∆inf(x̂j)∆inf(p̂j) < 1 (A.1)

The inference variances are given by

∆2
inf(x̂j) = ∆2(x̂j +

∑
k ̸=j

gk,xxk) (A.2)

∆2
inf(p̂j) = ∆2(p̂j +

∑
k ̸=j

gk,ppk) (A.3)

where the real numbers gx,k and gp,k are optimization parameters used to minimize the inference

variances. As the calibration of the quantum noise only matters for the first site j, the measure-

ments at the “steering” sites denoted by k are written as classical numbers, without the operator

“hats”.

The steering detected by equation (A.1) is “genuinely N -partite” if it cannot be explained as

arising from any steering limited to N − 1 or fewer parties. In the tripartite case, let A,B,C be

the sites of Alice, Bob and Charlie. Following ref. [126], all strictly two-party steering is negated,

if we can demonstrate each of

SA|{BC} < 1, SB|{AC} < 1, SC|{AB} < 1 (A.4)

which implies steering across all bipartitions: BC → A, AC → B and AB → C. This negation is

sufficient to rule out any fixed two-party steering, as one would expect for pure states where only

one of the bipartitions would be possible. It thus demonstrates the full inseparability, not only

of the quantum density matrix, but of any three-party hidden state model that could be used to

describe the system [124].

The negation does not however rule out that the steering has been created by mixing states

with two-party steering across different bipartitions. To claim genuine tripartite steering, we need

to eliminate this possibility. This can be done if for a single j,

∆2
inf(x̂j) + ∆2

inf(p̂j) < 1 (A.5)

where gk,x = − 1√
2
and gk.p = 1√

2
(k ̸= j), or, alternatively, if SA|{BC} + SB|{AC} + SC|{AB} < 1.

To demonstrate genuine N -partite steering, more inequalities are necessary.

A.1.1 Experimental overview

We employ the programmable linear optics circuit detailed in chapter 6 in order to create various

multi-partite quantum states from different networks. Independent quantum modes are shaped in

order to be multiplexed on the same beam. By programmatically changing the measurement basis,

the scheme allows us to emulate linear optics networks in real time. Varying the contributions

of different qumodes in each state is equivalent to varying the reflectivities of the different beam-
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splitters in the networks. The 7 different networks that we create for this demonstration can be

visualised in the programmable circuit of Figure A.1. We input 2 quadrature-squeezed modes and

6 quantum-noise limited vacuum modes into the linear optics circuit, and we have the freedom to

programmatically vary each beam-splitter’s reflectivity. We simply set a beam-splitter reflectivity

to r = 100% and turn it into a perfect mirror when we choose not to mix a particular input mode

into the state. For example, for the familiar bipartite EPR state, we set the first beam-splitter

reflectivity to r = 50% and set all other beam-splitters to mirrors. The measurement returns a

bipartie EPR state, and 6 unmixed vacuum modes which are discarded. In general our linear optics

networks have 7 beam-splitters. In order to create an N -qumode state we set N − 1 of these to

function as beam-splitters and the remaining 8−N to function as mirrors.

Figure A.1: Programmable Linear Optics Circuit for demonstrating steering.

Homodyne detection is employed to measure the inferred variances of each quantum mode

in the state. Each mode is characterised by the conjugate quadrature operators x̂ and p̂ of the

quantum harmonic oscillator mode of the light field. Optimal circuits are created that take into

account asymmetries in squeezing values of the input modes.

In all of our networks, when the two squeezed modes are pure states and equal in squeezing

magnitude, the optimal beam-splitter reflectivity of the first beam-splitter is always r = 50%.

This is unsurprising for the states containing an even number of qumodes. For the odd num-

bered states it is less intuitive, as one might expect that an unbalanced beam-splitter will favour

the unbalanced network. However, this asymmetry can be balanced by the quadrature ampli-

tude optimisation gains, owing to the larger parameter space available in optimising the inferred

variances by weighting the qumodes via the gains. For two mixed states that are unequal in squeez-

ing values, the optimal beam-splitter ratio for even numbered states is still r = 50%. Although

counter-intuitive, the symmetry condition makes sense considering we are characterising genuine

EPR steering here, and therefore must consider all possible directions. Our symmetry breaks down

for mixed-state inputs when we consider odd-numbered states. In this situation we benefit from
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biasing the beam-splitters.

The most optimal networks we can create are found to have the following beam-splitter reflec-

tivities (table A.1)

N BS1 BS2 BS3 BS4 BS5 BS6 BS7

2 50 100 100 100 100 100 100

3 51.1 50 100 100 100 100 100

4 50 50 50 100 100 100 100

5 50.8 33.3 50 50 100 100 100

6 50 33.3 33.3 50 50 100 100

7 50.6 25 33.3 33.3 50 50 100

8 50 25 25 33.3 33.3 50 50

Table A.1: Beam-splittter reflectivities for optics networks.

Interestingly, it is only necessary to optimise the first beam-splitter in odd numbered states.

We see that the reflectivities are 51.1%, 50.8%, and 50.6% for the 3−qumode, 5−qumode, and

7−qumode states, respectively.

A.1.2 Input mode basis

We operated the optical parametric amplifiers (OPAs) at parametric gain values of G = 10. The

x̂ and p̂ variance measurements of the eight modes in the input basis are shown in table x, for a

parametric gain of G = 10. The sideband frequency is 2.98kHz with a resolution bandwidth of

10kHz.

Input △2p̂ (dB) △2x̂ (dB)

1 -3.64 8.89

2 -4.14 9.49

3 -0.04 -0.02

4 0.09 0.14

5 0.03 0.13

6 0.02 0.04

7 -0.03 0.24

8 -0.06 0.20

Note that the variances of the vacuum modes are not strictly equal to 0dB, as mentioned in the

previous chapter. There is some technical noise that we have picked up in the process of extracting

them from the measurements. Each mode vector is normalised and orthogonal to each other mode

vector to very high precision, this is not the source of the discrepancies. Interestingly, I found that

changing the orthonormal basis returns slightly different variance measurements for the vacuum

modes. This suggests an asymmetry in the detected light.

While we did not provide a careful treatment in chapter 6, we investigate this noise here for the

following reason. We see the effects of this noise more prominently in the steering experiments

as opposed to the entanglement experiments. This is because the inferred variance measurements

required for EPR steering contain a larger dependence on the anti-squeezing noise and asymmetric

loss compared to the inseparability measurements.

Slight asymmetry in input mode basis

There is a slight asymmetry in the measurements of the two squeezed modes with respect to

the 8 photodiodes used in the MPHD. This wasn’t apparent in the chapter 6, largely because
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the measured entanglement was quantified as inseparability, which is much less sensitive to anti-

squeezing and asymmetry in general. We can exploit the asymmetric nature of EPR steering to

observe this slight asymmetry. Figure A.2 shows two traces of the same data set, with slightly

different theory traces. One has an offset in beam-splitter reflectivity.
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Figure A.2: Misalignment indicated by data analysis. Adjusting for a constant offset in beam-

splitter reflectivity returns a perfect match between theory and experiment.

We see in (a) that there is a slight offset between theory and experiment. The theory trace

here is produced by simulating exactly the same linear optics network, with the only information

available about the input modes being their variances in both quadratures. The theory curve in

Fig. A.2(b) is created as before but this time with a r=0.005 offset in the beam-splitter reflectivity.

This suggests that we have a slight misalignment of the signal beam on the MPHD, and more

specifically, photodiodes 1 to 4 detect slightly more or less light than photodiodes 5 to 8. One

important assumption made in recovering the input mode basis is that the two halves were equal.

In my genetic algorithm that recovers the 2 squeezed modes I imposed a condition that fixes pairs

of photodiodes, so that we have the following:

[g1 g2 g3 g4 g4 g3 g2 g1] (A.6)

We therefore appreciate the slight error in measurement and include this in our error bars.

Investigations of bipartite steering were also performed. Interestingly, only losses or asymme-

tries introduced after the mixing beam-splitter influence any discrepancy between the two inferred

variances ∆2
A|B and ∆2

B|A. Any losses or asymmetries in squeezing before the beam-splitter is

averaged out after mixing and the steering from A to B will equal the steering from B to A.

Networks for unbiased experimental conditions

When no bias is introduced regarding squeezing levels between the different input modes, the

reflectivity for the first beam-splitter in the network is found by following an intuitive method.

We see how many modes there will be in the reflected half of the network as a ratio of the total

number of modes in the state. For an even-numbered state this will be r = 50% of course. For

an odd-numbered state, it will be N−1
2N . Consider for example a 7-qumode state. There will be

3 modes in the reflected half of the network, and 4 modes in the transmitted half. Therefore the

beam-splitter reflectivity will be 3
7 . In creating networks we consider each state that is produced

by the programmable networks and compare the odd-numbered states against the networks that

we would use if we had N pure and equal states. We see that the larger the state gets, the less

effect the biasing of the first beam-splitter has. This is simply because the asymmetry diminishes
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as the state gets larger,

lim
N→∞

N − 1

2N
=

1

2
. (A.7)

A.2 Summary of results

The EPR correlations in each state can be visualised by parametrically plotting components of the

inferred variance terms. This is shown in Fig. A.3.

Figure A.3: Parametric plots for visualising correlations.

In all plots of Fig. A.3, the x axis is the x̂(p̂) quadrature amplitude of the first qumode in the

state, and the y axis is the linear combination of the x̂(p̂) quadrature amplitudes of the remaining

N − 1 qumodes in the N -mode state. Perfect correlations would correspond to a semi-major axis

of infinite length, strictly on the diagonal. This would require infinite energy and is unphysical; the

eccentricities of the ellipses are indicative of finite squeezing. We see that the higher the number

of qumodes in the state, the weaker the correlations become. This is evident in the slight rotation

off the strictly diagonal axis in both quadratures, as well as the diminishing eccentricity of the

correlation ellipses. This is due to additional vacuum contributions in our circuit as we go to

higher mode numbers.

Figure A.4 quantifies the correlations in terms of the product S2
j|k of the inferred variances in both

quadratures, termed the EPR number. For each N -mode state, there are N EPR numbers that

can be tested, in order to confirm the multipartite EPR steering of each mode. Each EPR number

represents the steering from one partition of the state to the other, or the direction of steering

within the state.

We see that the condition S2
j|k < 1 of equation (A.1) for the EPR steering of mode j is satisfied

in each case.
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Figure A.4: Multipartite EPR steering values for the N-partite entangled states. The blue

circles give for each N -partite state the N experimental values for the EPR steering number S2
j|k, where

we consider the steering of the jth mode (j = 1,..., N) by the remaining group k.
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